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lntvoAuction 


Ave you in an algebva class? Yes? Then you NEED this book. Heve’s why: 

Fact #1: The best way to leavn algebra is by wovking out algebra problems. 
Theve's no Aenying it. If you coulda figure this class out just by veading the 
textbook ov taking good notes in class, everybody would pass with flying colors. 
Unfortunately, the havsh truth is that you have to buckle Aown anda wovk 
problems out until your fingers ave numb. 


Fact #2: Most textbooks only tell you WHAT the answers to theiv practice 
problems ave, but not HOW to Ao them! Suve, your textbook may have |75 
problems fov every topic, but most of them only give you the answers. That 
means if you Aont get the answer vight youve totally out of luck! Knowing youve 
wrong is no help at all if you Aon't know why you've wrong. Math textbooks sit on a 
huge throne like the Great and Tevwvilble Oz and say, “Nope, try again,’ anda we 
Ao. Over and over. AnA we keep getting the problem wrong. What a Aelightful 
way to leavu! (Let’s not even get into why they only tell you the answers to the 
OAA problems. Does that meow the book's actual author AiAnt even feel like 
working out the even ones?) 


Fact #%3: Even when math books try to show you the steps fov a problem, they 

do a lousy job. Math people love to skip steps. You'll be following along fine with 

an explanation and then all of a sudden BAM, youve lost. You'll think to youvsel€, 
“How Aid they Ao that?” ov “wheve the heck aid that 42 come frow? It wasn't 
theve in the last step!” Why Ao almost all of these books assume that in ovder to 
work out a problem on page 200, youa better know pages | through 197 like the 
back of your hand? You Aow't want to spend the vest of your life on homework! 
You just want to know why you keep getting a negative number when youve 
calculating the minimum cost of building a pool whose length is four times the 
sum of its Aepth plus the vate at which the water is leaking out of a train that 
left Chicago at 4:00 a.m. traveling Aue west at the same speed cavbon Aecays. 
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Fact #4: Reading lists of facts is fun for a while, but then it gets 
olA, Let’s cut to the chase. Just about every single kind of 
algebra prolblem you could possibly vun into is in heve—atter alll, 
this book is HHMONGOUS! If a thousand problems aven't enough, 
then youve got some kind of crazy math hungey, my fviend, and 
IA seek professional help. This practice book was 900A at vst, 
but to make it gveat, | went through and worked out all the 
problems and took notes in the mavgins when | thought something 


All of wy 
notes ave off to 
the side like this anda 
point to the parts of 
the book I’m trying to 
explain. 


was confusing ov needed a little move explanation. | also Avew 


little skulls next to the havdest problems, so youd know not to aN Vl 
freak out if they weve too challenging. After alll, if youve wovking @@ 
on a problem and youve totally stumped, iswt it better to know Hf CAS 


that the problem is SUPPOSED to be hava? It’s veassuving, at 
least fov me. 


I think you'll be pleasantly suvpvisea by how Aetailea the answer explanations 
ave, and | hope youll find wy little notes helpful along the way. Call me crazy, 
but | think that people who want to leavn algebra and ave willing to spend the 
time avilling theiv way through practice problems shoula actually be able to 
figuve the problems out and leavn as they ge, but that’s just my two cents. 


Good luck and make suve to come visit my website at www.calculus-help.com. If 
you feel so inclined, Avop me an email and give me your two cents. (Not literally, 
though—veal pennies clog up the Internet pipes.) 
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ALGEBRAIC FUNDAMENTALS 


Algebra, at its core, is a compendium of mathematical concepts, axioms, 
theorems, and algorithms rooted in abstraction. Mathematics is most pow- 
erful when it is not fettered by the limitations of the concrete, and the first 
step toward shedding those restrictions is the introduction of the variable, 
a structure into which any number of values may be substituted. However, 

algebra students must first possess considerable knowledge of numbers be- 
fore they can make the next logical step, representing concrete values with 
abstract notation. 


This chapter ensures that you are thoroughly familiar with the most com- 
mon classifications used to describe numbers, provides an opportunity to 
manipulate signed numbers arithmetically, and investigates the founda- 
tional mathematical principles that govern algebra. 


18 might be anxious to Aive into the nuts and belts of algebra, but 
Aout skip over the stuf? in this c haptey. It’s full of key are A 
such as rational mumber” and “commutative Property.” You also oe ie 
ike the difference between veal and complex numbers and wh a ee 
IS OAA ov even. Some of the problems might be ean: : : ev 0 
Suvpvised to leavn Something new. z oni 


Chapter One — Algebraic Fundamentals 


The hnatuvall 
numbers ave also 
calleA the “counting 
numbers,” because 
when you veaad them, 
it sounds like youve 
counting: bales 45, 
ANA So on. Most people 
Aout stawt co unting 
with 0, 


So you 
get the 
whole numbers 
by taking the 
natuval numbers 
and sticking 0 
in theve. 


Numbers like 
8, that aven't prime 
because they ave 
Aivisible by too many 
things, ave callea 
Composite wumbers.” 


Number Classification 
Numbers fall into Aifferent groups 


Describe the difference between the whole numbers and the natural numbers. 


Number theory dictates that the set of whole numbers and the set of natural 
numbers contain nearly all of the same members: {1, 2, 3, 4, 5, 6, ...}. The 
characteristic difference between the two is that the whole numbers also 
include the number 0. Therefore, the set of natural numbers is equivalent to 
the set of positive integers {1, 2, 3, 4, 5, ...}, whereas the set of whole numbers is 
equivalent to the set of nonnegative integers {0, 1, 2, 3, 4, 5, ...}. 


What set of numbers consists of integers that are not natural numbers? What 
mathematical term best describes that set? 


The integers are numbers that contain no explicit fraction or decimal. 
: 1 
Therefore, numbers such as 5, 0, and -6 are integers but 4.3 and — are not. 


Thus, all integers belong to the set {..., -3, -2, -1, 0, 1, 2, 3, ...}. According to 
Problem 1.1, the set of natural numbers is {1, 2, 3, 4, 5, ...}. Remove the natural 
numbers from the set of integers to create the set described in this problem: 
{..., -4, -3, -2, -1, 0}. This set, which contains all of the negative integers and 
the number 0, is described as the “nonpositive numbers.” 


Is the number 0 even or odd? Positive or negative? Justify your answers. 


By definition, a number is even if there is no remainder when you divide it by 2. 
To determine whether 0 is an even number, divide it by 2: 0+2=0. (Note that 0 
divided by any real number—except for 0—is equal to 0.) The result, 0, has no 
remainder, so 0 is an even number. 


However, 0 is neither positive nor negative. Positive numbers are defined as 
the real numbers greater than (but not equal to) 0, and negative numbers are 
defined as real numbers less than (but not equal to) 0, so 0 can be classified 
only as “nonpositive” or “nonnegative.” 


Identify the smallest positive prime number and justify your answer. 


A number is described as “prime” if it cannot be evenly divided by any number 
other than the number itself and 1. According to this definition, the number 8 
is not prime, because the numbers 2 and 4 both divide evenly into 8. However, 
the numbers 2, 3, 5, 7, and 11 are prime, because none of those numbers is 
evenly divisible by a value other than the number itself and 1. Note that the 
number | is conspicuously absent from this list and is not a prime number. 


By definition, a prime number must be divisible by exactly two unique values, 
the number itself and the number 1. In the case of 1, those two values are equal 
and, therefore, not unique. Although this might seem a technicality, it excludes 
1 from the set of prime numbers, so the smallest positive prime number is 2. 
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List the two characteristics most commonly associated with a rational number. 


The fundamental characteristic of a rational number is that it can be expressed 
as a fraction, a quotient of two integers. Therefore, 2 and Tao examples 


of rational numbers. Rational numbers expressed in decimal form feature 
either a terminating decimal (a finite, rather than infinite, number of values 
after the decimal point) or a repeating decimal (a pattern of digits that repeats 
infinitely). Consider the following decimal representations of rational numbers 
to better understand the concepts of terminating and repeating decimals. 


3 
2 i = 2.75 terminating decimal 
; = ().66666666... = 0.6 repeating decimal 
8 
a3 = —0.615384615384 ...=—0.615384 repeating decimal 


The irrational mathematical constant 7 is sometimes approximated with the 


fraction ae Explain why that approximation cannot be the exact value of 7. 


When expanded to millions, billions, and even trillions of decimal places, 

the digits in the decimal representation of m do not repeat in a discernable 
pattern. Because & is equal to a nonterminating, nonrepeating decimal, 7 is an 
irrational number, and irrational numbers cannot be expressed as fractions. 


Which is larger, the set of real numbers or the set of complex numbers? 
Explain your answer. 


Combining the set of rational numbers together with the set of irrational 
numbers produces the set of real numbers. In other words, every real number 
must be either rational or irrational. The set of complex numbers is far larger 
than the set of real numbers, and the reasoning is simple: All real numbers are 
complex numbers as well. The set of complex numbers is larger than the set of 
real numbers in the same way that the set of human beings on Earth is larger 
than the set of men on Earth. All men are humans, but not all humans are 
necessarily men. Similarly, all real numbers are complex, but not all complex 
numbers are real. 


Little paws 
like this ave 
used to mdAicate 
which digits of a 
vepeating Aecimall 
actually vepeat. 
Sometimes, a few Aigits 
in front wow't vepeat, 


but the number is still 


vational. For example, 
8.32104 = 8321041041 04.. 
is a vational number. 


Complex 
humbevs ave 
Aiscussea in 

move Aetaiil latey 
'n the boek, in 

Problems 13.37- 
13.44, 
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Accovaing 
to Problem |.], 
the single element 
that the whole 
numbers contain and 
the natuveil nuwbers 
exclude is the 
number 0, 


Avy infinitely 
long Aecimal 
that has no 
pattern of vepeating 
Aigits vepvesents an 
iwvational number, on 
the other hana, vational 
Aecimals either have 

to vepeat ov terminate, 
Because theve ave a 
lot move ways to write 
rational numbers as 
Aecimals than theve 
ave to write vational 
numbers as Aecimals, 
theve ave a lot wove 
iwational numbers 
than vational 
numbers, 


Avy number 
Aaivided by itself 


1.10 


List the following sets of numbers in order from smallest to largest: complex 
numbers, integers, irrational numbers, natural numbers, rational numbers, 
real numbers, and whole numbers. 


Although each of these sets is infinitely large, they are not the same size. The 
smallest set is the natural numbers, followed by the whole numbers, which is 
exactly one element larger than the natural numbers. Appending the negative 
integers to the whole numbers results in the next largest set, the integers. The 
set of rational numbers is significantly larger than the integers, and the set 
of irrational numbers is significantly larger than the set of rational numbers. 
The real numbers must be larger than the irrational numbers, because all 
irrational numbers are real numbers. The complex numbers are larger than 
the real numbers, as explained in Problem 1.7. Therefore, this is the correct 
order: natural numbers, whole numbers, integers, rational numbers, irrational 
numbers, real numbers, and complex numbers. 


Describe the number 13 by identifying the number sets to which it belongs. 


Because 13 has no explicit decimal or fraction, it is an integer. All positive 
integers are also natural numbers and whole numbers. It is not evenly divisible 
by 2, so 13 is an odd number. In fact, 13 is not evenly divisible by any number 


other than | and 13, so it isa prime number. You can express 13 as a fraction 


is , so 13 is a rational number. It follows, therefore, that 13 is also a real 


number and a complex number. In conclusion, 13 is odd, prime, a natural 
number, a whole number, an integer, a rational number, a real number, and a 
complex number. 


2 
Describe the number ao by identifying the number sets to which it belongs. 
2, . . bios ; 
Because —— is less than 0 (Le., to the left of 0 on a number line), it is a negative 


number. It is a fraction, so by definition it is a rational number and, therefore, it 
is areal number and a complex number as well. 
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Expressions Containing Signed Numbers 
AAA, sutvact, multiply, anda Aivide positive and ne 


1.12 


1.13 


Some algebra 
books write positive 
And negative signs 

higher ana smailley, like 

this: 16 + -9, Im Sovvy, but 
that's just weiva, It's 
perfectly fine to turn 
that teeny floating 
Sign into a vegulay 

Sign: |¢ + -9, 


ative numbers 


Simplify the expression: 16 + (-9). 


This expression contains adjacent or “double” signs, two signs next to one 
another. To simplify this expression, you must convert the double sign into a 
single sign. The method is simple: If the two signs in question are different, 
replace them with a single negative sign; if the signs are the same (whether both 
positive or both negative), replace them with a single positive sign. 


’ 


In this problem, the adjacent signs are different, “+ -,” so you must replace them 
with a single negative sign: -. 


Think of it 
this way, If the 
two signs Agree with 
each other (if they've 
both positive ov both 
negative), they that’s a 
goo thing, a POSITIVE 
thing. On the other hana 
when two SIQMS Cow't 
AEE with each othey 
(one’s positive and one’s 
negative), then that’s 
NO 900A. That's 


16+(-9)=16-9 
=7 


Simplify the expression: —5 — (+6). 


This expression contains the adjacent signs “— +.” As explained in Problem 1.11, 
the double sign must be rewritten as a single sign. Because the adjacent signs 
are different, they must be replaced with a single negative sign. 


-5 — (+6) =-5-6 


To simplify the expression —5 — 6, or in fact any expression that contains 
signed numbers, think in terms of payments and debts. Every negative number 
represents money you owe, and every positive number represents money you’ve 
earned. In this analogy, —5 — 6 would be interpreted as a debt of $5 followed by 
a debt of $6, as both numbers are negative. Therefore, —5 — 6 = -11, a total debt 
of $11. 


Simplify the expression: 4 — (—5) — (+10). 


This expression contains two sets of adjacent or “double” signs: “- —” between 
the numbers 4 and 5 and “— +” between the numbers 5 and 10. Replace like 
signs with a single + and unlike signs with a single -. 


4—(-5) — (+10) =4+5-10 


Simplify the expression from left to right, beginning with 4 + 5 =9. 


4+5-10=9-10 


There's one other technique you can use to AAA amd subtvact 
signed numbers. If two numbers have Aiffevent signs (like 7 and -10), then subtvact 
them (10 - 4 = |) ana use the sign from the biggev number (|0 7 1, so use the negative sign 
attached to the |0 to get -| instead of I). If the signs on the numbers ave the same, then 
aaa the numbers together ana use the shaved sign. In othev wovds, to simplify -|2 
-4, ada |2 ana 4 to get |6 ana then stick the shaved negative sign 
out fvont: -1¢, 
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To simplify 9 — 10 using the payments and debts analogy from Problem 1.12, 9 
represents $9 in cash and -10 represents $10 in debts. The net result would be a 
debt of $1, so 9-10 =-1. 


1.14 Simplify the expression: 6 x (—3). 


Choosing the sign to use when you multiply and divide numbers works very 
similarly to the method described in Problem 1.11 to eliminate double signs. 
When two numbers of the same sign are multiplied, the result is always positive. 
If, however, you multiply two numbers with different signs, the result is always 
negative. 


In this case, you are asked to multiply the numbers 6 and —3. Because one is 
positive and one is negative (that is, their signs are different), the result must be 
negative. 


6x(—3) =—-18 


1.15 Simplify the expression: —16 +(—2). 


You coula 
also write 
—|¢ + (-2) = +f, 
ut you Aont HAVE 
to write a+ sign in 
front of a positive 
number, If a number 
has no sign in 
front of tt, that 
meows it’s 


When signed numbers are divided, the sign of the result once again depends 
upon the signs of the numbers involved. If the numbers have the same sign, the 
result will be positive, and if the numbers have different signs, the result will be 
negative. In this case, both of the numbers in the expression, —16 and —2, have 
the same sign, so the result is positive: —16+(—2)=8. 


1.16 Simplify the expression: (3)(-3) (4) (-4). 


Multiply the signed numbers in this expression together working from left to 
right. In this way, because you are multiplying only two numbers at a time, you 
can apply the technique described in Problem 1.14 to determine the sign of 
each result. The leftmost two numbers are 3 and —3; they have different signs, so 
multiplying them together results in a negative number: (3)(—3) = —9. 


Theve’s no 
multiplication 
Sign written 
between (3) and 
(3), so how AiA 
you know to multiply 
thew together? It’s 
an “unwritten vule” 
of algebva. when two 
quantities ave written 
next to one another 
And vo sign sepavates 
them, multiplication is 
implied. That means 
things like 4(9), l0y, 
ANA xy ave all 
multiplication 
problems, 


(3)(-3)(4)(-4) = (-9) (4) (-4) 


Again multiply the two leftmost numbers. The signs of —9 and 4 are different, so 
the result is negative: (-9) (4) =-36. 


(-9) (4) (—-4) = (-36)(-4) 


The remaining signed numbers are both negative; because the signs match, 
multiplying them together results in a positive number. 


(-36)( —4) = 144 
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1.17 


1.18 


1.19 


Simplify the expression: 4—|9|. 


The straight lines surrounding 9 in this expression represent an absolute value. 
Evaluating the absolute value of a signed number is a trivial matter—simply 
make the signed number within the absolute value bars positive and then 
remove the bars from the expression. In this case, the number within the 
absolute value notation is already positive, so it remains unchanged. 


4—|9|=4-9 


You are left with two signed numbers to combine: +4 and —9. According to the 


technique described in Problem 1.11, combining $4 in assets with $9 in debt has 


a net result of $5 in debt: 4-9 =—-5. 


Simplify the expression: |—-10|-14. 


The absolute value of a negative number, in this case —10, is the opposite of the 
negative number: |—10|=10. 


|-10/-14=10-14 


Simplify the expression: —|5|—|—5]. 


If this problem had no absolute value bars and used parentheses instead, your 
approach would be entirely different. The expression —(5) — (—5) has the 
double sign “—-,” which should be eliminated using the technique described in 
Problems 1.11—1.13. However, absolute value bars are treated differently than 
parentheses, so this expression technically does not contain double signs. Begin 
by evaluating the absolute values: |5|=5 and |-5|=5. 


—|5|—|-5| = -(5)-(+5) 
=-5—5 


See? Theve's 
the double sign. 
When |-s| tuvned inte 
(+8), the neg 
in Pvont of 


ative sign 
the absolute 
values AiAwt J° away, 
In the next step, you , 
eliminate the Aouble 
sign +" bo get 
“5-5 


of the number inside. 
That means |-2| = 2. 


Aoubdle signs YET. 
It will in just a 


Absolute 
value baws 
ave the ant- 
Aepressauts of the 
mathematical wovla, 
They make everything 
inside positive. To say 
that move precisely, they 
take away the negative 


Howevevy, the mooa- 

alteving lines have no 
effect on positive 
numbers: |7| = 7. 


Absolute 
values ave 
simple when 
there's only one 
number inside, If 
the number inside 

is negative, make it 
Positive and Avop the 
absolute value baws. 
If the number's 
alveady positive, 
leave it alone 
and just Avop 
the bavs, 


Well, tt 
Aoesut contain 


moment. 
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1.20 Simplify the expression: |2|—|—7|+|—5|—|9}. 


Do not eliminate double signs in this expression until you have first addressed 
the absolute values. 
|2|—|-7]+|-5|—|9| = 2— (+7) + (+5) — (49) 
=2-7+5-9 
Combine the signed numbers two at a time, working from left to right. Begin 
with 2-—7=-5. 


2-74+5-9=-5+5-9 


Simplify the expression: |3 + (—16) —(—9)]. 


This problem contains the absolute value of an entire expression, not just a single 
number. In these cases, you cannot simply remove the negative signs from each 
term of the expression, but rather simplify the expression first and then take the 
absolute value of the result. 
To simplify the expression 3 + (—16) — (—9), you must eliminate the double signs 
and them combine the numbers one at a time, from left to right. 
|3 + (—16) —(—9)| =|3 -16 + 9| 

=|-134+9| 

= al 

=4 


Grouping Symbols 
When numbers band togethey, Aeal with them ivst 


1.22 Simplify the expression: (3 x7) +10. 


Fov now, the 
paventheses and 
other grouping 
symbols will tell 
you what pieces of 
a problem to simplify 
fivst. When paventheses 
avent theve to help, you 
have to apply something 
callea the “ovder of 
operations,” which 
is covevea in 
Problems 3.30- 
334. 


When portions of an expression are contained within grouping symbols—like 
parentheses (), brackets [], and braces {}—simplify those portions of the 
expression first, no matter where in the expression it occurs. In this expression, 
3X7 is contained within parentheses, so multiply those numbers: 3 X7 = 21. 


(3X 7)+10=21410 
=31 


1.23 Simplify the expression: 3 x (7 +10). 


The only difference between this expression and Problem 1.22 is the placement 
of the parentheses. This time, the expression 7 + 10 is surrounded by grouping 


symbols and must be simplified first. 


3x(7+10)=3x(17) 
=51 
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1.24 


1.25 


1.26 


By comparing this solution to the solution for Problem 1.22, it is clear that the 
placement of the parentheses in the expression had a significant impact on the 
solution. 


Simplify the expression: [19+(-11)]+2. 


Although this expression contains parentheses and brackets, the brackets are 
technically the only grouping symbols present; the parentheses surrounding —11 
are there for notation purposes only. Simplify the expression inside the brackets 
first. 


Doudle signs, like 
in the expression 
17 + Ell), ave ugly 
enough, but it’s just 
too ugly to write the 
signs vight next to each 
other like this: 
19 +- IL. If you look 
back at Problems 
1.1 I-1.13, you'll notice 
that the secona 
Signed number is 
always encaseA 
in paventheses if 
leaving them out 
woulda mean two 
Signs ave 
touching. 


[19+(-11)]+2=[19-11]+2 
=8+2 
=4 


Simplify the expression: [30 +(3X 5)] —4. 


This expression contains two sets of nested grouping symbols, brackets and 
parentheses. When one grouped expression is contained inside another, 
always simplify the innermost expression first and work outward from there. 
In this case, the parenthetical expression (3 X 5) should be simplified first. 


[30 +(3x5)|—4=[30+15]-4 


A grouped expression still remains in the expression, so it must be simplified 
next. 


[30+15]-4=2-4 
=-2 


“Nested” 
meows that 
one expression 
is inside the 
other one. In this 
case, (3*S) is 
nested inside the 
bracketed expression 
[30+(3%*S) ] because 
the expression inside 
paventheses is also 
inside the brackets. 
Nested expressions ave 
like those egg-shapea 
Russian nesting Adlls. 
You know the ones? 
When you open 
one of the Adlls, 
theve’s anothey, 
smaller one 
inside? 


Simplify thi one 
Sa ee 


Grouping symbols are not limited to parentheses, brackets, and braces. Though 
it contains none of the aforementioned elements, this fraction consists of two 
grouped expressions. Treat the numerator (6 + 10) and the denominator (14 

— 8) as individual expressions and simplify them separately. 


If youve not suve how i turned 


into - you Aivide the numbers in the top and bottom 
of the fraction by 2: |6 + 2= 8 anda 6+2=% . That process 
is called “simplifying” ov “veAucing’ the fraction ana is 
explained in Problems 2.||-2.17. 
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Bally 
1.27 Simplify the expression: -14)—5" 


Like Problem 1.26, this fractional expression has, by definition, two implicit 
groups, the numerator and the denominator. However, it contains a second 
grouping symbol as well, absolute value bars. The absolute value expression is 
nested within the denominator, so simplify the innermost expression, first. 


The “numerator” 
is the top pavt of the 
fraction and the 
‘Acnominator’ is 

the bottom part, 


3-12 3-12 
|-14|-5 14-5 


Now simplify the numerator and denominator separately. 


3-12 _-9 


14-5 9 
Pe : 9 
Any number divided by itself equals 1, so 9 = 1, but note that the numerator 
is negative. According to Problem 1.15, when numbers with different signs are 
divided, the result is negative. 


1.28 Simplify the expression: 


is) 
This expression consists of two separate absolute value expressions that are 
subtracted. The left fractional expression requires the most attention, so begin 


by simplifying it. 


Accovding to 
the end of Problem 
1.27, when you Aide 


A Number and its 
~?), you get =|, : 
-|4-re 
4 
sili 


Now that the fraction is in a more manageable form, determine both of the 


absolute values in the expression. 


Pals 2l=t=02) 


a _f = 


=-1 


f ERNo 1.29 Simplify the expression: {[8 -—(3+|- 1/) | + Py : 


This problem contains numerous nested expressions—braces that contain 
brackets that, in turn, contain parentheses that include an absolute value. 
Begin with the innermost of these, the absolute value expression. 


{[8—(8+|-1))]+ 2} = {[8-(8+1)]+3} 
The innermost expression surrounded by grouping symbols is now (3 + 1), so 


simplify it next. 


Thee if you 
Aowt count 

|-l| as a group 
(because it has 
only one number 
inside). Four tf 
you Ao count 
th 
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{[8-(3+1)]+ 2} = {[8 — 4] +2} 
The bracketed expression is now the innermost group; simplify it next. 
{[8 —4]+ 2} = {4+ 2} 
=6 
Sai ee2) 
|6|+[1-(+4)] 
The numerator and denominator both contain double signs within their 


innermost nested expressions. Begin simplifying there, and carefully work your 


way outward. For the moment, ignore the absolute value signs surrounding the 
entire fraction. 


1.30 Simplify the expression: 


Leave the 
big, outside 
absolute value bows 
until the very end, 

after you have a single 
number on the top 


4—|3—(-2) _| 4-13 +2I and bottom of the 
l6|+[1-(+4)]) le] + 1-4] fraction. 
4 —|5| 
~ H6-+(—3) 
4—|5| 
 i6|—3 
Evaluate |5| and |6| to continue simplifying. 
4—|5|| [4-5 
E - , ‘ = 
—l 
+ 


Now that the numerator and denominator each contain a single real number 
value, take the absolute value of the fraction that remains. 


Fl-3 
ieee 


Algebraic Properties 
Basic assumptions about algebra 


1.31 


Simplify the expressions on each side of the following equation to verify that 
the sides of the equation are, in fact, equal. 


(3+9)+10=3+ (9+ 10) 


Each side of the equation contains a pair of terms added within grouping 


symbols. According to Problem 1.22, those expressions should be simplified 
first. 


12+10=3+19 
22 = 22 
Both sides of the equation have a value of 22 and are, therefore, equal. 
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There's also an 
assoct-ative 

propevty for mul- 
tiplication, which 
says that you can 
vegvoup numbers that 
ave multiplied together 
and it won't change 
the answer. Heve's an 
example: 


(AKS) KF =4x(Sx 8) 
20 x8 = 4x40 
1¢0 = |¢0 


The vule 

Stating that you 

shoula multiply A stvin 

of numbers from left ty : 

vight is part of the ovAey 

of oPevations. Problems 
3.30-3:34 cover this in 

move Aetaiil, 


W 
ProAuct” is 


4 %. 
‘sum? Sa 


a fancy word Lor 
what YOU get when 
you multiply things,” like 
€ fancy way to 
Say “what You get when 
YOUadAa things.” 


1.32 What algebraic property guarantees that the equation (3 + 9) + 10=3+ 
(9 + 10) from Problem 1.31 is true? 


The only difference between the sides of the equation is the placement of 
the parentheses. According to the associative property of addition, if a set of 
numbers is added together, the manner in which they are grouped will not 
affect the total sum. 


1.33 Simplify the expressions on each side of the following equation to verify that 
the sides of the equation are, in fact, equal: 


3x9x(—4) =(—4)x3x9 


There are no grouping symbols present to indicate the order in which you 
should multiply the numbers on each side of the equation. Therefore, you 
should multiply the numbers from left to right, starting with 3X9 on the left 
side of the equation and (—4) X3 on the right. 


27 x (—4) =-12x9 
—108 =—108 


1.34 What algebraic property guarantees that the equation in Problem 1.31 is true? 


The sides of the equation in Problem 1.33 contain the same values; however, 
they are listed in a different order. The commutative property of multiplication 
states that re-ordering a set of real numbers multiplied together will not affect 
the product. 


Just like the 
associative property, the 
commutative property works for both 
addition and multiplication. If youve got a 
big list of numbers aAdAeA together, you can add 
them in any ovdev you want, and youll get the same 

thing. In case youd like to see visual evidence, heve’s 
Exhibit A: 


J+9+6+2=64+|+2+49 
1\0+6+2=7+2+49 
16+2=9+49 
1g =|8 


12 
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1.35 


1.36 


1.37 


1.38 


According to the associative properties of addition and multiplication, 

the manner in which values are grouped does not affect the value of the 
expression. However, Problems 1.22 and 1.23, which contain only addition and 
multiplication, prove that (3X7)+10#3x(7+10). 


How is it possible that grouping the expressions differently changed their 
values, despite the guarantees of the associative properties? 


The associative properties of addition and multiplication are separate and 
cannot be combined. In other words, you can apply the associative property of 
addition only when addition is the sole operation present, and you can apply 
the associative property of multiplication only when the numbers involved 

are multiplied. Neither associative property can be applied to the expression 
3X7+10 because it contains both addition and multiplication. 


Describe the identity properties of addition and multiplication, including the 
role of the additive and multiplicative identities. 


Dow't ovev 
think this Che—it’s 
nothing you don't 

alveady know, If you 
multiply a number b 

lov AAA Oto it, the 
number's IDENTITY 
Aceswy't change: 
T+ O=S ana 

3xl=3, 


According to the identity property of addition, adding 0 (the additive identity) 
to any real number will not change the value of that number. Similarly, 

the multiplicative identity states that multiplying a real number by | (the 
multiplicative identity) doesn’t change the value either. 


Complete the following statement and explain your answer: 
According to the property, if a= 6, then b= a. 


The symmetric property guarantees that two equal quantities are still equal 
if written on opposite sides of the equal sign. In other words, if x= 5, then it 
is equally correct to state that 5 = x. 


According to the distributive property, if a, b, and care real numbers, 
then a(b+c)=axXb+axXc. Apply the distributive property to simplify the 
expression 3(2— 7). 


So tf youve 
as ola as | am, 
then lamas cla as 
you ave, Hmmmm, 
Not vevy shocking 
ov pavticulavly 

groundbreaking, 


The distributive property applies to expressions within grouping symbols that 
are multiplied by another term. Here, the entire expression (2 — 7) is multiplied 
by 3. The distributive property allows you to multiply each term within the 
parentheses by 3. 


3(2—7)=3(2)+3(—7) 


Multiply 3(2) and 3(-7) before adding the terms together. According to the 
algebraic order of operations, multiplication within an expression should be 
completed before addition. For a more thorough investigation of this topic, see 
Problems 3.30-3.39. 


3(2)+3(—7) =6+(-21) 
=6-21 
=-15 
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1.39 Simplify the expression 3(2- 7) (from Problem 1.38) once again, this time 
calculating the sum within the grouping symbols first. Verify that the result 
matches the answer produced by the distributive property in Problem 1.38. 


Although the distributive property applies to this expression (as explained in 
Problem 1.38), simplifying the expression inside the grouping symbols first 


makes the problem significantly easier. 
3(2—7)=3(-5) 
=-15 


Problem |.3¢ 
explains why 
the additive 
iAentity is 0 ana 
the multiplicative 
iAeutity is |. 


The expressions in Problems 1.38 and 1.39, though simplified differently, have 


the same value. 


1.40 Explain the additive inverse property and demonstrate it mathematically using 


a real number. 


The additive inverse property states that adding any real number to its opposite 
results in the additive identity, 0. Consider the number 6; the sum of 6 and its 
opposite, —6, is 0: 6 + (-6) = 0. The property applies to negative numbers as well. 
Adding -3 to its opposite, +3, also results in 0: -3 + 3 =0. 


The ve- 
Cipvocal of 
an integer like 2 
equals the fraction 
| divided by that 
number: 7: (So the 
vecipvocal of 
“Ais ~y ama the 


vecipvocal of 7 is +) 


Explain the multiplicative inverse property and demonstrate it mathematically 


using a real number. 


The multiplicative inverse property states that multiplying a number by its 
reciprocal results in the multiplicative identity, 1. For instance, if you multiply 


The vecipvocal of a 
fraction is the fraction 
you get by veversing 
the numevatov and 
Aenominator. (So the 
vecipvocal of 


2 by its reciprocal ; , the product is 1. 


1.42 Complete the following statement and explain your answer: 


GL. Ss 
=o Sy ana the According to the transitive property, if a= band b=, then 


vecipvocal of — a 


The transitive property describes the relative equality of three quantities. Here, 
the quantity ais equal to the quantity b. In turn, bis equal to a third quantity, c. 
If bis equal to both aand ¢, it follows logically that a and c must also be equal. 
Therefore, the equation a= c correctly completes the statement. 


is 2, ov just 
-10,) 


If multiplying 
ov simplifying 

fvactions makes 
you nauseated, Aow't 
wovvy. Youll fina 

lots of practice in 
Problems 2.33- 
23 
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Identify the mathematical property that justifies the following statement and 


1.43 
explain your answer: 
3x(5x6)xX(1x7)=(3X5)x(6X1)x7 
If the 
Both sides of the equation contain the same numbers in the same order. The wumbers 
only difference between the sides of the equation is the way the numbers are had been Wa 
grouped by the parentheses. Therefore, this statement is true by the associative aivferent ovAer 
property of multiplication, which states that the way a set of real numbers is on either side 
grouped does not affect its product. of the equal sign, 
the commutative 
1.44 Identify the mathematical properties that justify the following statement and property woula have 
come into play. The 


commutative property 
says “eyAev Aoeswt 
matter, ana the 
associative property 
says “it Aoeswt 
matter where 
you stick the 
paventheses.” 


explain your answer: 
If 3=xand x=, then y=3. 


According to the transitive property, if 3 = x and x= 4, then 3 = y. To rewrite 
3 = yas y= 3 to match the given statement, you must apply the symmetric 


property. 


See Problem 
1.42 fov move 
infovmation olbout 
the tvausitive property 
ana Problem | 37 ov 
move info about the 
symmetvic property. 
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RATIONAL NUMBERS 


Understanding fractions suve beats being afraid of them 


Chapter | introduced the concept of rational numbers, real numbers that 
can be expressed as a fraction, a terminating decimal, or a repeating deci- 
mal. Rational numbers are truly Gestalt, which is to say they are greater 
than the sum of their parts. By nature they are merely quotients of integers, 
but their complexity requires a unique set of concepts (such as the least 
common denominator) and procedures (such as reducing to lowest terms 
and transforming rational numbers from fractions to decimals and vice ver- 
sa). Through the study of rational numbers, and the careful, often rigorous, 
techniques that surround them, unique and otherwise obfuscated proper- 


ties of integers are uncovered. 


aie yu gee ve integers, you get a fraction. The fancy name 
or fraction is "vational number,” and that's what you Aeal with | 
Has cuapice Fractions aven't as hoawa to handle as most people Sick 
You Just need to know that when fractions ave in the mix . ‘ 7 
to Follow specific vules. For instance, you com only AAA an 5 atoee L 
Fractions iP they have the same Aenominatoy, Simple enough iS 
if Pyactions have DIFFERENT Aenowinators you CAN waite wae 
Aivide them, 3 Ply ana 


nee some one getting familiow with fvactions in this chaptey. When 
ses misly you'll be able to change Aecimails inte fractions, change 
peantea nto Aecimalls; simplify fractions; t\Aentify a least common 
Cnomuatov;, AMA AAA, subtract wmultiel ivi 
7 / 7 naa t 
heart's content, a aetna ae 
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Rational Number Notation 
Propev and impvoper fractions, Aecimals, and mixed numbers 


2.1 Express 0.013 as a percentage. 


Decimal numbers, like percentages, express a value in terms of a whole. 

This whole value can be expressed in decimal form, as 1 (or 1.0), and asa 
percentage, 100%. Transforming a decimal into a percent is as simple as moving 
the decimal point exactly two digits to the right. Here, 0.013 = 1.3%. 


You cam put 
AS Many Zevoes 
AS YOU want at the 
beginning of a Aecimal: 
0.25, 00.25, 000.25, 
and 0000000000.2¢5 all 
mean the same thing. 
You can also aaa 
zevoes at the end of 
a decimal: |.5, 1.50, 
1.500, and so on, 


2.2 Express 0.25% as a decimal. 


According to Problem 2.1, converting from a decimal to a percentage requires 
you to move the decimal point two digits to the right. It comes as no surprise, 
then, that performing the opposite conversion, from percentage to decimal, 
requires you to move the decimal exactly two digits to the left. 


In this problem, only one digit, 0, appears to the left of the decimal. The 
second, unwritten, digit is also 0. Therefore, 0.25% = 00.25% = 0.0025%. 


Note: Problems 2.3—2.4 refer to the rational number . 


2.3. Express the fraction as a decimal. 


The number 
youve dividing BY 
is callea the “aivisov” 
ana the number youve 
Aividing INTO is callea 
the ‘Aividena.” The 
answer you get 
once youve Aone 
Aividing is callea 
the “quotient.” 


1 ; F 
The rational number — represents the quotient 1 + 4. To express the fraction as 


a decimal, use long division to divide 4 by 1. Set up the long division problem, 
writing an additional zero at the end of the dividend. Copy the decimal point 


above the division symbol. 


For the moment, ignore the decimal point within the dividend and imagine 
that 1.0 is equal to 10. Because 4 divides into 10 two times, place a 2 above 
the rightmost digit of 10. Because 4 does not divide evenly into 10, a remainder 


will exist. 


You can 
AAA as many 
ZEVOeS AS You want, 
ana you can Ao it at any 
Hme Auving the problem, 

Heve’s your goal: you want 
the answer to have either 
terminated ov begun to 
vepeat. If it haswt Aone 
eithey, pop some move 
Zevoes up theve and 
keep going. 


4)1.0 


Multiply 2 in the quotient by the divisor (4) and write the result (2x 4 =8) 
below the dividend (10). Draw a horizontal line beneath 8. 


2 
4)1.0 
8 
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Subtract 8 from 10 and write the result below the horizontal line. 


2 
4)1.0 
—8 


2 


The difference (10 - 8 = 2) is not 0, so the quotient has not yet terminated. Place 
another 0 on the end of the dividend and on the end of the number below the 
horizontal line. 


This time, dividing the bottommost number by the divisor produces no 
remainder; 4 divides evenly into 20. Write the result above the division symbol 
20+4=5 next to the 2 already there. 


.25 


4)1.00 
= 
20 


Multiply the newest digit in the quotient (5) by the divisor (4) and write the 
result beneath 20. 


Subtract the bottom two numbers. 


Rational 
numbers either 
vepeat ov terminate. 
When you get a 
vemainder of 0, you 
stop Aiding, ana 
the Aecimal 
terminates. 


Because the remainder is 0, the division problem is complete: 
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Note: Problems 2.3—2.4 refer to the rational number 2 


2.4 Express the fraction as a percentage. 


1 
According to Problem 2.3, ri = 0.25. To transform a decimal into a percentage, 
move the decimal point two digits to the right: 0.25 = 25.0%, or simply 25%. 


Note: Problems 2.5—2.7 refer to the rational number 2. 


Iy Problem 
2.3, you haa 
fo AAA a zevo 
_ Because 4 divides 
thto 10 but it veally 
Aoesut Aivide inte 
very well. In Problem 
2.5, howevey, ¢ Aves 
Avide inte ee 
YOu Aout need 
to wvite || as 


2.5 Express the fraction as a decimal. 


Use the method described in Problem 2.3 to rewrite the fraction as a long di- 
vision problem. Here, however, there is no immediate need to place a 0 in the 
dividend. No decimal point is written explicitly, so write one at the end of the 


dividend and copy it above the division symbol. 
6)11. 


Six divides into eleven one time, so write 1 above the rightmost digit of 11. 


1. 
6)11. 
Multiply the divisor by the digit just written above the dividend (1X 6 =6), write 


the result below the dividend and subtract. 
1. 
6) 11. 
—6 


5 


When youve 
long dividing, 
what you've 
Aividing INTO has to 
be bigger than what 
you've dividing BY. If 
it’s not, AAA a zeve 
to the Aividena 


The divisor (6) cannot divide into the result (5) a whole number of times. As 
Problem 2.3 directed, change 5 into 50 and also add a zero to the end of the 


dividend. 


and the bottom 
number, 1. 
6) 11.0 
-—6 
50 


Six divides into 50 eight times, so place 8 at the right end of the quotient. 
Multiply the new digit by the divisor (6), write the result (8 X 6 = 48) below 50, 


and subtract. 
1.8 


6) 11.0 
~6 

50 

—48 

2 
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Six does not divide into 2 a whole number of times, so once again insert zeroes 
after 2 and 11.0. 
1.8 
6) 11.00 
= 
50 


Put a% 
aoove the 
Aivision symbol, 
multiply it by the 
Aivisov (6), write 


Six divides into 20 three times. Take the appropriate actions in the long division 


problem. 


—6 
— that multiplication 
50 vesult (1%) below 
— 48 20, anda then 
20 subtvact tt 
_18 Lvow 20. 
2 


Once again, 2 is the bottommost number in the long division problem. If you 
place zeros after it and after the dividend, it produces another 3 in the quotient. 


1.833 


6) 11.000 
-6 
50 
— 48 
20 

-18 
20 
—18 
2 


If the 
Aecimal fovm of 
A vational humbey 
Aocesy't tevminate, 
One ov Move Aigits will 
vepeat infinitely, Wvite 
the Aecimal with a 
litHe baw over the 
3 to thdicate th at 
it’s an infinitely 
vepeating Aigit in 
the Aecimal, 


Once again, 2 is the bottommost number. Repeating this process is futile—each 
time a zero is added, it produces another 3 in the quotient and a difference of 
2, the same number with which you started. Because the division problem has 
turned into an infinite loop producing the same pattern of digits, you can 


1l = 
conclude that E =1.83. 
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Note: Problems 2.5—2.7 refer to the rational number 2. 


2.6 Express the fraction as a percentage. 


11 
According to problem 2.5, 6. = 1.83333.... Move the decimal two places to the 


right to convert the decimal into a percentage: 1.83333 = 183.3% . 


Note: Problems 2.5—2.7 refer to the rational number . 


ImMpvopey 
Aoesu’t mean 
unacceptable, 
It’s fine to have 
fractions with bigger 
numbers on top than 
on bottom, anda most 
teachers woula 
vather you leave 
fractions in improper 
form, vather than 
wvite them as 
mixed numbers, 


2.7 Express the fraction as a mixed number. 


wees vl . 
The fraction — is considered improper because its numerator is greater than 


its denominator. To express it as a mixed number, divide 11] by 6. There is no 
need to use long division—it is sufficient to conclude that 6 divides into 11 one 


ll 15 
time with a remainder of 5. Thus € = Li . The whole number portion of the 


mixed number is the number of times the divisor divides into the dividend; the 
remainder is the numerator of the fraction. The denominator of the fraction 
matches the denominator of the original fraction. 

ae ae : 

— , if x divides into ya total of w 


In other words, given the improper fraction 
Y 


. ; ; J 
times with a remainder of 7, then Es at we : 


65 
Express the improper fraction ee mixed number. 


3 
Here's ai Four divides into 65 a total of 16 times with a remainder of 1. Therefore 


quick way to 
Figure this out 
Eithey long Aivide 
CS 4 ov use a 
calculator, You get 
16.25, the number let 
of the Aecimal (Id) is 
the nonfraction pave: 


65 1 
=16—-. The fractional part of the mixed number consists of the remainder 


4 
divided by the original denominator. 


3 
2.9 Express oF as an improper fraction. 


To convert a mixed number into a fraction, multiply the denominator and the 
whole number and then add the numerator. Divide by the denominator 


of the mixes number, ; b  (ca)+b 
To figure out the of the mixed number: ae. 
ee me, multiply 
at whole numbey 3 _(7X9)+3 _ 63+3 _ 66 
7 7 7 7 


by the Aenominatoy 
(6x4 =¢4) ana 
Subtvact what you 
get from the 
wumevator: 
6S - 64 = l. 


5 
2.10 Express 479 as an improper fraction. 


b +b 
According to Problem 2.9, a—= (ca) +5 Substitute a= 4, b=5, and c= 12 into 
Cc Cc 


the formula. 


5 _(12xX4)+5 4845 53 
2 ~=—Sod ~ 42 42 


4 
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Simplifying Fractions 
Reducing fractions to lowest terms, like 4 instead of 7 


2.11 Explain the process used to reduce a fraction to its lowest terms. 


A fraction is in lowest terms only when its numerator and denominator no 
longer share any common factors. In other words, the fraction is reduced if no 
number divides evenly into both the numerator and denominator. One effective 
way to reduce a fraction is to identify the greatest common factor (GCF) of both 
numbers and then divide each by that GCF. 


Except |, 
because | con 

aivide evenly into 
anything. 


Note: Problems 2.12-2.13 refer to the rational number = 


2.12 Identify the greatest common factor of the numerator and denominator. 


IP you have 
two dozen e99s, 
most people would 
say, “I have one-thiva 
of the e998” rather 
than “| have ¥ of the 
24 eggs.” Both eee 
Covvect, but the 
ivst is easier to 


List all the factors of the numerator (numbers that divide evenly into 8) and the 
denominator (numbers that divide evenly into 24). 


Factors of 8: 1, 2,4, 8 
Factors of 24: 1, 2, 3, 4, 6, 8, 12, 24 


The largest factor common to both lists is 8, so the greatest common factor of 8 
and 24 is 8. 


Note: Problems 2.12-2.13 refer to the rational number <=. 


2.13 Reduce the fraction to lowest terms. 


Theve’s no 
magic trick 
fov genevating 
the list of factovs. 
Stavt by trying to 
Aivide the number 
by 2, then by 3, and 
So on, until you iAentify 
all the numbers that 
Aivide in evenly. Heve’s 
one tip: All the numbers 
in the list ave paived up. 
For instance, after you 
Figuve out that 3 is a 
factor of 63, then 
63+3=2| also has 
to be in the list 
of factors. 


According to Problem 2.12, the greatest common factor of 8 and 24 is 8, so 
divide both the numerator and the denominator by 8 to reduce the fraction. 
8 8+8 1 


24. 9448 3 


1 8 
Though a and oq ae different fractions, they have equivalent values: 


1+3=8+24=03. 


Note: Problems 2.14—-2.15 refer to the rational number =. 


2.14 Identify the greatest common factor of the numerator and denominator. 


List the factors of the numerator and denominator. 
Factors of 27: 1, 3, 9, 27 
Factors of 63: 1, 3, 7, 9, 21, 63 


The largest factor common to both lists is 9, so the greatest common factor of 
27 and 63 is 9. 
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Note: Problems 2.14—-2.15 refer to the rational number 27. 


2.15 Express the fraction in lowest terms. 
According to Problem 2.14, the greatest common factor of 27 and 63 is 9, so 
divide the numerator and denominator by 9 to reduce the fraction. 
2f “21S 


63 63+9 7 


; 28 
2.16 Reduce the fraction 59 to lowest terms. 
List the factors of the numerator and denominator. Although this fraction is 
negative, the technique you use to reduce it to lowest terms remains unchanged. 


Factors of 28: 1, 2, 4, 7, 14, 28 
Factors of 52: 1, 2, 4, 13, 26, 52 


Divide the numerator and denominator by 4, the greatest common factor. 


282 8- BB SE 1 T 


52 -5b2=4.—«d43 


024 
Va 2.17 Reduce the fraction = oa to lowest terms and identify the greatest common 
ON factor of 2,024 and 8,448. 
ef 

b —=3 The technique demonstrated in Problems 2.11—2.16 is not convenient when the 

Nod) numbers in the numerator and denominator are very large. Because 2,024 and 
8,448 each have many factors, rather than list all of them, identify one common 

factor (it does not matter which) and use it to reduce the fraction. In this case, 

both numbers are even, so you can divide each by 2. 


2,024+2 1,012 
8,448+2 4,224 


12 it 
woulda take 
too long to write 
all the factevs, 
find something that 
Aivides evenly into the 
top ana the bottom 
of the fraction and 
veduce tt. Keep Aoing 
that until you cant 
Find any common 
Lactovs. 


The fraction is not yet reduced to lowest terms. Notice that the numerator and 
denominator of the resulting fraction are again even, so divide both by 2. 
1,012+2 506 
4,224+2 2,112 


Once again the fraction consists of even numbers. Divide by 2. 


506 +2 253 


9112+2 1,056 
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2.18 


2.19 


2.20 


Continue to look for common factors. Notice that 253 and 1,056 are evenly 
divisible by 11. 


253+11 23 


1,056+11 96 


Now that the fraction is reduced to lowest terms, calculate the greatest common 
factor by multiplying each of the numbers that were eliminated from the 
fraction. 


GCF =2x2x2x11=88 


Express 0.45 as a fraction in lowest terms. 
The decimal 0.45 is read “forty-five hundredths,” because it extends two digits 
to the right of the decimal point. Forty-five hundredths literally translates into 


4 P 
the fraction 100 . Reduce the fraction to lowest terms. 


45+5 9 
100+5 20 


Express 1.843 as an improper fraction. 


The decimal 1.843 is read “one and eight hundred forty-three thousandths.” 
Therefore, you should divide 843 by one thousand to convert the decimal into 


a mixed number: 1 . The number left of the decimal, 1, becomes the 


Bie 
1,000 
whole part of the mixed number. That fraction cannot be reduced, because the 
greatest common factor of 843 and 1,000 is 1. 


Use the method described in Problem 2.7 to convert the mixed number into an 
improper fraction. 

843 (1,000) (1) + 843 _ 1,000+ 843 _ 1,843 

1,000 1,000 1,000 1,000 


Express 0.5 asa fraction. 


The decimal 0.5 repeats infinitely (0.5= 0.5555555...) ; therefore, you cannot 
use the method described in Problems 2.18—2.19 to convert this number into a 
fraction. If the digits of a repeating decimal begin repeating immediately after 
the decimal point (that is, the repeated string begins in the tenths place of the 
decimal), then you can apply a shortcut to rewrite the decimal as a fraction: 
Divide the repeated string by as many 9s as there are digits in the repeated 


When youve 
looking fov 
factors, Aont stop 
checking at 10, ov 
youll miss this one. 
You Aowt have to 
tyy evevy number in 
the wovla, though—it 
Aependas on the smaller 
of the two numbers 

in the numerator and 
Aenominator. If that 
number is less than 225, 
you cam stop looking for 
factors at Is. If it’s less 
than 400, you cam stop 
looking fov factors 

at 20. Basically, if 
the smailley number 
is less than a 
number N, then 
stop checking 
at NKN. 


0.5 is five 
tenths, 0.05 is five 
hundveaths, 0.005 
is five thousanaths, 
0.0005 is five ten 
thousanaths, etc. 


Each digit 
vight of the 
Aecimal point is a 
Power of 10. Because 
0.45 ends two digits 
vight of the Aecimall, 
you Aivide it by 10. Te 
make 0.12996 into a 
fraction, you Aivide 
it by 105, because it 
has five digits left 
of the Aecimal. 
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In this case, the repeated string is consists of one digit (5). To convert 0.5 intoa 
fraction, divide the repeated string by 9. 


If the 
vepeated stving 
is two Aigits long, 

Aaivide by 11. If it’s 
thvee Aigits long, 
Aide by 199. 


0.5= 


wl]or 


The rationale behind this shortcut is omitted here, as it is based on skills 
not discussed until Chapter 4. This technique, in its more rigorous form, is 
explained in greater detail in Problems 4.26—4.28. 


2.21 Express 0.72 asa fraction. 


The repeated string of 0.727272 ... consists of two digits, so divide the repeated 
string (72) by two nines (99) and reduce the fraction to lowest terms. 
2 ZS Ps 


0.72=—= =— 
99 99+9 11 


Remember that this technique applies only when the repeated string of digits 
begins immediately to the left of the decimal point. If the repeated string 


begins farther left in the decimal, you should apply the technique described in 
Problems 4.26-4.28. 


Combining Fractions 
AAA, sudtvact, multiply, and Aivide fractions 


2.22 Explain what is meant by a least common denominator. 


Equivalent fractions might have different denominators. For instance, Problem 
8 1 1. 8 

2.13 demonstrated that 94 and 3 have the same value, as a 24 expressed 

in lowest terms. It is often useful to rewrite one or more fractions so that their 

denominators are equal. Usually, there are numerous options from which you 

can choose a common denominator, and the least common denominator is the 

smallest of those options. 


1 3 
Note: Problems 2.23—2.25 refer to the fractions a and rae 


ln othev 
wovds, |0+2 has 
no vemaindey. 


2.23 Identify the least common denominator of the fractions. 


Begin by identifying the largest of the given denominators; here, the largest 
denominator is 10. Because the other denominator (2) is a factor of 10, 
then 10 is the least common denominator (LCD). The LCD is never 

smaller than the largest denominator. 
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1 3 
Note: Problems 2.23—2.25 refer to the fractions — and —. c 
2 10 Multiplying 
2.24 Generate equivalent fractions using the least common denominator. the top ana 
yottow of the 
fraction by S is 


1 
To rewrite 9 using the least common denominator, divide the LCD by the 


like multiplying the 
eutive fraction by 


current denominator: 10+2=5. Multiply the numerator and denominator of 


2 . Youve allowea 
to Ao that because 
S+S5=\|,ana 
multiplying any number 
vy | Acesnt change 
it, accovaing to the 
multiplicative 
iAentity property 
in Problem 
\3e, 


1 
9 by that result. 


1x55 


2x5 10 


Because — already contains the least common denominator, it does not need 


to be rewritten. 


3 


1 
Note: Problems 2.23—2.25 refer to the fractions 3 and ie 


2.25 Calculate the sum of the fractions. 


To calculate the sum or difference of fractions, those fractions must have a 


5 
common denominator. According to Problem 2.24, 3 mri 


In other 
wovas, if you 
want to ADD 
ov SUBTRACT 
fvactions ,... 


3 5 83 


1 
4+ ee ents 
2 10 10 10 


Add the numerators of the fractions, but not the denominators. 


Bors 8 
10 10 10 #10 


Unless otherwise directed, you should always reduce answers to lowest terms. 


7 


4 Ss 
Note: Problems 2.26—2.27 refer to the fractions Goes and Be 


If |¥ AiAwt 
work, youd test 
to see if ¢x3=27 
weve the LCD. If 

27 Aidw't wovk, youa 
multiply 7 by 4, then 
S, then 6, and so on, 
until finally all the 
Aenominatovs 
Aided in 


2.26 Identify the least common denominator. 


The largest denominator of the three fractions is 9. However, both of the 
remaining denominators are not factors of 9, so 9 is not the LCD. To identify 
another potential LCD candidate, multiply the largest denominator by 2: 
9x2=18. All the denominators (3, 6, and 9) are factors of 18, so it is the LCD. 
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2 5 7 
Note: Problems 2.26—2.27 refer to the fractions 3° 6? and oe 
Been? ; De OF 
2.27 Simplify the expression: = ies 5: 


To rewrite the fraction using the least common denominator, divide each 
denominator into 18: 18+3=6, 18+6=3,and 18+9=2. Multiply the 
numerator and denominator of each fraction by the corresponding result. In 


Don't Simplify, 
these fractions 
ov you'll end up with 
what you Stavtea 
with ana Aestvoy 
the common 
Aenowminators. 


6 
other words, multiply the first fraction by 6° the second fraction by 3° and the 


2 
third fraction by 5; 


28, US2XG os Xe 
3 6 9 3x6 6X3 9x2 


Combine the numerators into a single numerator divided by the least common 
denominator and simplify. 


12 15 14 12+15-14 


18 18 18 18 
_ 27-14 
~ 18 
_ 13 
~ 18 


13 
The result is already in lowest terms: 138° 


eee : ae ore eett 
2.28 Simplify the expression: So AG: 
The largest denominator (16) is not evenly divisible by both of the other 
denominators (3 and 12) so multiply it by 2: 16 x 2= 32. However, 32 is not 
divisible by all of the denominators either, so multiply the largest denominator 
by 3: 16X3=48. Because 48 is divisible by 3, 12, and 16, it is the least common 
denominator. 


Rewrite the expression using the method described by Problem 2.27: Divide 
each denominator into the LCD and multiply the numerator and denominator 
of each fraction by the corresponding result. 


1x16 5x4, 7X3 _16 20, 21 
3x16 12x4 16x3 48 48 48 
_ 16-20+21 
7 48 
_ 4421 
48 
17 
~ 48 
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1 
2.29 Simplify the expression: —+—-—. 


The largest denominator (12) is not divisible by both of the remaining 
denominators, and neither is 12 X 2 = 24. However, 12 X 3 = 36 is divisible by 4, 
9, and 12, so 36 is the least common denominator. Rewrite the expression using 
equivalent fractions with the LCD. 


1 Fi _ 1x4) 7x9 1X3 
9 4 12 9x4 4x9 12x3 


4 63 33 
~ 36 | 36. 36 Divide the 
4+ 63-33 wumevator and 
36. Aenominator by 2 
67 — 33 to veAuce the 
sae fraction, 
_ 34 
~ 36 
_17 


~ 18 


11 
Note: Problems 2.30-2.31 refer to the fractions 30 and Poe 


2.30 Identify the least common denominator. 


The technique described in Problem 2.23, calculating the least common de- 
nominator using consecutive multiples of the largest denominator, are not well 
suited to these fractions; 64 is not divisibly by 30, and neither are 64 x 2=128, 
64X%3=192, 64x4= 256, or 645 = 320. Rather than continue to follow 
this pattern, you can use the prime factorizations of the denominators 
to determine the LCD. 


Every number 
unvavels into a 
unique proAuct 

of prime numbers, 
according to something 
callea the Fundamental 
Theorem of Algebra. A 
prime Lactovization 
is like a number's 
unique fingerprint. 


The first step, appropriately, is to determine the prime factorization of each 
denominator, 30 and 64; to accomplish this, write each number as a product. 
There is no single correct product, so it is equally valid to express 30 as 215, 
3X10, or 5X6. Similarly, you could write 64 as 2X32, 4X16,o0r 8x8. 


30=5x6 
64=8x8 


Factor any composite numbers in the products. For instance, 6 can be expressed 
as 2X3 and 8 can be expressed as 4X2. 


In other Wovds, 
leave all prime 
wumbers (like S) alone 
However, if YOu can 
vewvite a number AS A 
multiplication Problem 
Containing Something 


besides | 
7 YOU need 
fad to Ao 


30 =5x(2x3) 
64 =(4x2)x(4x2) 


Continue factoring until only prime numbers remain. The only remaining 
composite number is 4, so express 4 as 2X 2. 


30=5x2x3 
64 =(22)x2x(2x2)x2 
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Rewrite the factorizations by listing the factors in order from least to greatest, 
using exponents when possible. 


30=2x3x5 
64 = 2° 


Exponents ave 
coveveA move in 
Aepth in Problems 
3.8-3.18. Fov now it’s 
enough to know that 
2xK2K2K2K2x2= 2° 
Count up how many 
2s ave multiplieA 
together ana turn 
that number into 
A powey. 


Now that the prime factorizations have been identified, you can begin to 
construct the least common denominator. Start by listing each unique factor 
that appears in either factorization. For instance, 30 has prime factors 2, 3, 
and 5; 64 has a single prime factor, 2, which is already included in the prime 
factorization of 30, so it isn’t included a second time. 


LCD=2x3x5 


Each factor in the LCD should be raised to the highest power of that factor in 
either factorization. Both 3 and 5 only appear in the prime factorization of 30 
and are raised to the first power, so 3 and 5 are also raised to the first power in 
the LCD. However, 2 appears in both factorizations, once to the first power and 
once to the sixth power. Choose the higher of the two powers, 2°, for the LCD. 


LCD = 2° x31 x5! = 9° x 3x5 


Multiply the factors of the LCD together. 


LCD = 64x3x5 
=192x5 
= 960 


The least common denominator is 960. 
XY Wa Rel 19 
Note: Problems 2.30-2.31 refer to the fractions —~ and —. 
e@ 30 64 
~ 2.31 Simplify th i eae 
4 impli xpression: —~——— 
AO plify the expression: 37 — = 
According to problem 2.30, the least common denominator is 960. Multiply the 
numerator and denominator of the first fraction by 32 (because 960 + 30 = 32). 
Similarly, the numbers in the second fraction should be multiplied by 


960 + 64 =15. These operations rewrite the expression using equivalent 
fractions with the least common denominator. 


119 11x32 19x15 
30 64 30x32 64x15 


G7 is a prime 


numbey, So you _ 352 285 
can only veauce the ~ 960 960 
fraction if 960 is 352 — 285 
Aivisible by ¢7, ~ 960 
and it’s not. 67 
~ 960 
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2.32 Use the prime factorization technique described in Problem 2.30 to simplify 

Ret alone 

¢ expression: O75 L375 

Identify the prime factorizations of 945 and 1,575. 
945 =3° X5X7 


1,575 =3° x5? x7 


Both numbers 
ave Aaivisible by S: 
IAS = (S)(184) 
and I,575 = (5)315). 
Additionally, 184 ana 31S 
ave Aaivisible by 7: 
FAS = (S)(A(Z\) ana 
S75 = (S\(NGS). Finally, 
Z| ana 35 ave both 
Aivisible by 7. 


Both factorizations include the same factors (3, 5, and 7), so the LCD includes 
those factors as well. The highest power of 3 is 3° (from the factorization of 
945), and the highest power of 5 is 5° (from the factorization of 1,575), so apply 
those powers to the factors in the LCD. The remaining factor, 7, is raised to the 
same power in both factorizations (1). 


LCD = 3° x5" x7! 
=27X25x7 
= 4,725 


Divide the LCD by each denominator to identify the value by which you 
should multiply to generate the equivalent fractions: 4,725 +945 =5 and 
4,725 +1,575 =3. 

6 |. 612 _ H6x5 | 6123 

945 1,575 945x5 1,575x3 


_ 580, 1,836 
~ 4,725 | 4,725 
_ 580 +1,836 
4,795 

_ 2,416 

~ 4,725 


2.33 Simplify the expression: =(2}, 


Multiplying and dividing fractions does not require a common denominator. 
Multiply the numerators of the fractions together and divide by the product of 
the denominators. 


3(2)=2%2 6 
8\5) 8x5 40 


To reduce the fraction to lowest terms, divide the numerator and denominator 
by 2. 
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Note: Problems 2.34—2.35 refer to the expression (- 2\(2) 6 


2.34 Simplify the expression using the method described in Problem 2.33. 


Multiply the numerators and divide by the product of the denominators. Note 
that the product of numbers with different signs is negative. 


(-sallia) soa 
36)\14) 504 


Divide 126 and 504 by their greatest common factor (126) to reduce the 
fraction. 


126+126 1 
504+1296 4 


Note: Problems 2.34—-2.35 refer to the expression (- 2\(2| ; 


2.35 Reduce the numerators and denominators of the expression before calculating 
the product. 


This isa Qveat 
trick because your 
MMswevs won't need 
end of the problem, 


If a number in any numerator shares a common factor with a number in any 
denominator, it is beneficial to express the numbers as products that include 
the common factor. Here, the left numerator and the right denominator share 
the common factor 7; the left denominator and the right numerator share the 


common factor 18. 


Multiply the fractions together but do not calculate the individual products. 
(- 7 8 )=- 7x18 
2x18/\2x7 2x18X2x7 


Eliminate the matching pairs of factors in the numerator and denominator. 


_ TX ee! 
9XxIWx2x7 2x2 


In other wovas, 
leave it as a big stving 
of mumbers multiplicA 
togethey. 


IP you 
Cvoss out a 

7 in the top of 
the fraction, you 
CaN Cvoss out a 7 
im the Aenominatoy, 
It’s a one-fov-one 
exchange—one 
number on the top 
fov one matching 
number on the 
bottowm, 


No factors remain in the numerator other than the (usually) unwritten factor 1. 
Notice that this answer and the answer to Problem 2.34 are equal. The method 
you use to multiply the fraction has no affect on the product. 


6 \/14 
2.36 Simplify th (24). 
1M p. 1 y e expression 35 15 


Write the product as a single fraction. 


(\(4\- 24 
35/\15) 35x15 
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Identify common factors of the numerator and denominator: 6 and 15 have 
common factor 3; 14 and 35 have common factor 7. Rewrite the fraction so that 
the common factors are explicitly identified. 
6x14 _ (2x3)x(2x7) 
35x15 (5X7)X(3X5) 
_ 2X2X3x7 
~ 3X5X5xX7 


Eliminate pairs of common factors from the numerator and denominator to 
reduce the fraction. 
2x2x 8x7 2x2 
BxXdx5x7 5x5 
_4 
~ 25 


2.37 Simplify the expression: 6(-2}. 


Integers are rational numbers, as any number divided by 1 is equal to itself: 


{-a)-Cits) 


6=-. 
1 
Multiply the fractions. Note that 6 and 9 have common factor 3. 


fiIts)--ies 


__(3X2)x2 

1x (3x3) 
_2x2x B 

Px aS HK Some stu- 

= _ 2x2 aeuts ca this 
hae the KFC vule (it 

2s has nothing to Ao 
° with chicken), which | 


stoanas Lov keep, lip, 
change. When you <a 
Aide something by 

a fvaction, KEEP the 
fivst Pvaction the same, 


Ng 
ne 


2.38 Describe the relationship between multiplying and dividing fractions. 


Dividing by a fraction is equivalent to multiplying by the reciprocal of that 


fraction. \ 
FLIP the fraction youve 
oon tye Aividing by (take the 
pe : veciprocal), anA CHANGE 


the Aivision sign to a 
multiplication sign. 
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4 
2.39 Simplify the expression: 5 Saeoe 


So Aividing by 
2 is the same as 


multiplying by > 


é : 2 P i 
Express the integer as a rational number (2 ne and rewrite the quotient as a 


product, using the method described in Problem 2.38. 


That makes sense— 


Aividing A VWWMbey by be, ‘i . 3 

2 ana taking half of 2295 ea 
the number mean 4 

Re a: 

5 2 


the same thing, 


Multiply the fractions and reduce the product to lowest terms. 


4x1 


5x2 
_(2x2)x1 
~  5xg 


sl 


4 1 
—x-= 
5 2 


2.40 Simplify the expression: (- =) + (-z] ‘ 


Rewrite the quotient as a product, multiply the fractions, and write the result in 
lowest terms. Recall that the quotient (and product) of two negative numbers is 


If you Aont 

like locking fov 
common factors and 
canceling them out, you 


positive. 


Aont have to. You can Be 
always wait until the aera 
very last step and Aivide 
5X6 

by the gveatest common = 

factor. However, it’s (2 x 6 ) x1 

usually easier to spot _5 

2 


common factors 
when the numbers 
ave smailley. 
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2.41 Simplify the complex fraction: 9/7" 


A complex fraction contains a fraction in its numerator, denominator, or 
both. This fraction is complex because its denominator is the fraction 7 All 
fractions, including complex fractions, can be rewritten as a quotient. 


ae eee 
9/7 


“7 
3.9 

Ley 
Convert the quotient into a product, calculate the product, and reduce the 
result to lowest terms. 


2/3 
S7e 
Use the method described in Problem 2.41: Rewrite the complex fraction as a 


quotient and then as a product. Calculate the product and ensure the result is 
reduced to lowest terms. 


2.42 Simplify the complex fraction: 
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20/9 
16/27° 


2.43 Simplify the complex fraction: 


Rewrite the complex fraction as a quotient and then as a product. Calculate the 
product and ensure the result is reduced to lowest terms. 
20/9 20 , 16 
16/27 9 27 
20 27 
=— x — 
9 16 
_ 20X27 
~ 9x16 


Notice that 20 and 16 have common factor 4; 27 and 9 have common factor 9. 


20x27 _ (4 x5)x(3x 9) 
9x16  §x(Ax4) 
_ 5x3 
4! 
_15 
4 
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BASIC ALGEBRAIC EXPRESSIONS 
time for x ko make its stunning Aelbut 


This chapter further develops the preceding chapters’ rigorous discussion 
of numbers by introducing a new element, the variable. Variables provide 
entirely new avenues of exploration, and the study of algebraic expressions 
containing these unknown values immediately supersedes all discussion of 


numeric expressions. 


Vawiables avew't Avastically Aiffeveut th an numbers. After alll 
the entive purpose of a vaviable is te represent a number, either ¢ 
that’s unknown ov one that coula change values. In this ia: 
leavn how to Ao many of the same things you weve Aoing in the ees 
sisiban but now x's and y’s will be in the mix, However, this chapt , 
not Just a one-tvick pony, It has a Lew other things up a sleeves, ae 
] ee of exponents, the ovAer of operations, and scientific 
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Translating Expressions 
The alchemy of turning wovds into math 


3.1 Translate the following phrases into algebraic expressions and evaluate the 
expressions: “the sum of three and six” and “the difference of three and six.” 


Add two numbers to calculate the sum (3 + 6 = 9) and subtract two numbers to 
calculate the difference (3 — 6 =—3). Because addition is commutative, the order 
in which you add is inconsequential: 3 + 6 = 6 + 3 = 9. However, subtraction is 
not commutative. Ensure that you subtract in the order stated. In this case, the 
difference of three and six translates to the expression 3 — 6, not 6 — 3. 


See Problem 
134 Lov move 
infovmation. 


3.2 Translate into an algebraic expression: eight more than a number. 


If the 
phrase haa 
veen “Eight 
IS move than 

a number,” YOuA 
tvouslate that into 
¥>x. The aifference? 
the ver “is.” This 
chapter deals with math 
PHRASES, not math 
SENTENCES that 
include vevbs—those 
ave covered 
Chapter 4. 


In this instance, “more than” indicates addition; if one number is 8 more than 
another, then adding 8 to the smaller number produces the larger number. 
Unlike Problem 3.1, neither number is stated explicitly. Rather than adding 
known values like 3 and 6, you are asked to add 8 to an unknown number. Use 
a variable to represent the unknown number: x + 8. Although it is common to 
represent the unknown value with x, any variable might be used. Thus, y+ 8, 


k+8, and w+ 8 are equally valid answers. 


3.3. Explain the difference between the following expressions: “10 less a number” 
and “10 less than a number.” 


To understand the subtle difference in meaning, replace “a number” with a 

real number value, such as 7. “10 less 7” represents the subtraction problem 

10 — 7, whereas “10 less than 7” represents “7 — 10.” Though both phrases 
indicate subtraction, the order in which the operation is performed differs, and 
the result differs as well. Algebraically, “10 less a number” is translated as 10 — x, 
and “10 less than a number” is interpreted as “x— 10.” 


Because 
subtvaction is 
not commutative, as 


Problem 3. in ented 3.4 = Translate into an algebraic expression: the product of a number and 7. 


The word “product” indicates multiplication. Thus, the product of an unknown 
number x and seven is x- 7 or 7x. There are two important things of which 

to take note. First, the notation 7x is preferred to x7; numbers are typically 
written before variables in a product and are called coefficients. In this case, 

x has a coefficient of 7. Second, dot notation «(rather than the traditional 
multiplication operator x) is preferred to avoid confusing the operator x with 
the variable x. For that reason, and with rare exception, the dot notation is used 
to represent multiplication for the remainder of this book. 


When it comes to 
scientific notation 
(ike im Problems 
3.19-3.22), x notation is 
better because youve 
dealing with Aecimals. 
It’s easy to confuse 
multiplication Aots 
ana decimal points 
if youve writing 
fast. 
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3.5 


3.6 


Translate into an algebraic expression: the quotient of a number and five fewer 
than that number. 


If x represents the unknown number, then x— 5 is five fewer than x. To calculate 


the quotient of two numbers, divide them. 
x 


x—5 


Note that, like subtraction, division is not commutative—divide the first value 
stated by the second value stated. 


Translate into an algebraic expression and simplify the expression: one-third 
of a number less half of the same number. 


The word “of,” when used alone, usually indicates multiplication. Specifically, it 


usually indicates multiplication by a rational number. Here, one-third of a 
1 1 
number is written ae x or >x. Similarly, one-half of the same unknown num- 


1 


1 
ber should be written 9 ‘x or Pa 


The word “less” indicates subtraction. Because that operation is not l l 


commutative, ensure that the values are written in the correct order: a ——x. 


2 


Because both terms of the expression contain the same variable (x), they are 
like terms and can be combined. To combine them, however, the fractions must 
have a common denominator. Use the technique outlined in Problem 2.23 (or 
the more advanced technique in Problem 2.30) to identify a least common 
denominator and combine the coefficients of the terms. 


oN 


"a 
eo 


You coula also 


write x as a 


fraction fa and 


When you 
have like 
tevms, Combine 
the coefficients 
(the wumbevs) and 
attach the matc! 
Vavialble, Foy example 
to ada Fy ana By, Pw 
7+3 ana attach the 
y that both terms have 
iM Common: |2y, Problemy 
3.6 is a litte voughey 
because you have to 
AAA fractions, but 
it’s the same 


hing 


The Humongous Book of Algebva Problems 


39 


Chapter Three — Basic Algebraic Expressions 


3.7 John is exactly 4 years less than half of Annie’s age. Express John’s age in terms 
of a, Annie’s age. 


You com ailso 
“vw 


Annie’s age, although unknown, is defined as a. Writing John’s age in terms 


simplify > ~ * 
of Annie’s age simply writing John’s age using the variable a. Express “half of 


using Common 
Aenominatovs anda 
write John’s age as a 
single fraction: 


1 1 “ ; 
Annie’s age” as a product E ‘a or 4] or as a quotient (5) . John’s age is 4 


a 
years less than that: ao —4 or a As, 


Exponential Expressions 
Rules fov simplifying expressions that contain powers 


3.8 Simplify the expression and verify the result: (2°) (24). 


To calculate the product of two exponential expressions with the same base, 
raise the common base to the sum of the powers: (x%) (x) = x**?, 


(23) (24) = 93 +4 = 97 
To verify the result, expand the expressions 2? and 2‘. An exponential 
expression indicates that the given base is multiplied by itself repeatedly, 
according to the value of the exponent. To calculate 2°, you must multiply three 
2s together, and to calculate 2‘, multiply four 2s. 
2°=2:2-2=8 
2° =2-2-2-2=16 


When you vaise 
awumber toa 
powey, that number 
is callea the base. 
In this problem, 2? 
ona 2* have the 
same base: 2. To 
multiply things with 
the same base, AAA 
the powers (3+ 4= 
7) ama vaise the 
base to that 
power: 2’, 


Substitute 2° = 8 and 2* = 16 into the original expression and verify that the 
product equals 2’. 


(2°)(2*) =(8)(16) 
=128 
=9' 


3.9 Simplify the expression: y° - y® + y! - y. 


The rightmost factor in this expression has no explicit exponent value, so 
its implicit exponent is 1. Rewrite the expression so that each factor has a 
corresponding exponent. 


If no powev 
is written, the 
power is |. 


ye ye gh. ya yd ye gld sgh 
All the factors have common base y, so add the powers to calculate the product 
(as explained in Problem 3.8). 


3 6 13 a a ayer aie. 


y? 
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3.10 


3.11 


3.12 


3.13 


Simplify the expression: (x*y°) (xy®). 


Even though 
theve ave two 
groups AetineA 
by the parentheses, 
everything's just 
getting wmultiplicA 
together in a big pile, 
so avvange the pile any 
way you want. The 
vest way is to stick 
the x's ana y's 
together. 


Multiplication is commutative, so the order in which the factors are written 

has no impact upon the product. Rewrite the expression by grouping the 
common bases and express xy’ as x!y° so that each factor has an explicitly stated 
exponent. 


To calculate the product of exponential expressions with a common base, raise 
the common base to the sum of the exponents. In this case, x* and x! share a 
common base, as do y° and 9°. 


3 1 5 9 3+1 5+9 
yy ics “yy =x “y 


=x y 


9 


Simplify the expression: — . 
x 


Let's say you 
have two things 
with the same base 
Such as w and we. ms 
multiply them, ada he 


To determine the quotient of two exponential expressions with a common base, 
calculate the difference S&the exponents and raise the common base to that 

x” 
power: “7 =x 


a-b 


% _ 
— =x" exponents: (w)(w2) = 
x wit2n. e 
=, = w’, To divide 
them, Subtvact the 
13,11 exponents: 


é 
: : : wre - 
Simplify the expression: Wor We = wen? ot 


As explained in Problem 3.11, the quotient of two exponential expressions with 
a common base is the common base raised to the difference of the exponents. 
13,11 


2 3-7_11-4 
a a ee 
xz 


2) 5 6 
Simplify the expression: [= a (4) . Assume that w #0. 
yz )\ xw 


Rewrite the product as a single fraction by multiplying the numerators together 
and dividing by the product of the denominators. State the exponents of x and z 
in the denominator explicitly: x= x! and z= 2. 


wx yr? 7 wx ye 
yz nw? ~ wx! y?z) 
Apply the exponential property described in Problem 3.11: The quotient of 


exponential expressions with the same base is equal to the common base raised 
to the difference of the powers. 


All the factors 
in the top of the 
fraction can be moved 
AvouNnd, as com the 
factors in the bottom, if 
the things on top stay 
on top and the things 
in the bottom Stay 
Aown theve, 
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2.3.5.6 
wx ye 9-9 34 5-3 6-1 
2131 U0 * Y % 


wx yz 


0 é 
=w x? y?2° 


Any nonzero number raised to the 0 power is equal to 1. The problem states 
that w# 0, so w® = 1. 
wx yz? = 1 7 x? y?z? 
= xyz? 
3.14 Simplify the expression: (5xy” ie 


The entire expression 5xy? is squared (raised to the second power), so square 
each of the factors individually. Express x as x! to state its exponent explicitly. 


(5092)? = (6) (af (5°) 


When two 
common bases ave 
multiplied, AAA the 
Powevs: x? (x8) = xI0 When 
Something vaisea to 

A power is vaised te 
another power, multiply 
the Powers: 

(RF = PF le 


When an exponential expression is, itself, raised to a power, the result is the 
original base raised to the product of the powers: (x*) Sy; 


(5)° (x!) ‘(y?) ane ate ye? 
= 25x" y4 


3.15 Simplify the expression: 2w(6w?z°)’. 


The entire expression 6w?z? is raised to the seventh power, so raise each 
individual factor to that exponent. Note that 2w is not raised to the seventh 


power. 
7 


2w (6w*z° i = (2w)(6)’ (w* ‘i (z*) 
Raise exponential expressions to a power by multiplying the exponents. Note 
that 6’ =6-6-6-6-6-6 = 279,936. 
(2w)(6)' (w° y (2 )’ = (2w)(279, 936)(w>” ) (77 ) 
= (2w)(279,936)(w"* )(z") 


Simplify the product. 
(2w)(279,936)(w"* )(z") = 2(279,936)(w)(w"* )(z?") 
= 559, 872w 2” 
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3.16 


3.17 


Simplify the expression: (2x)3(8x?y)?. 


Raise each factor of 2x to the third power and raise each factor of 8xy to the 
second power. 


(2x) (8x*y) =(2)(x') 8) O') 


313 92.22. 19 
= -xl3.8 “x? vy)? 


Multiply the integers together, as well as the exponential factors with a common 
base (x* and x*). 


To simplify (x4), 
Aont multiply the 
exponents, AAA thew: 
x (64) = x7, Multiply 
the exponents when 
ONE base has A powey 
VAISCA to a powey: 
(<3)* = x2 


8x° + 64x"? = 8(64)-x° x4 + y? 
= 512x7*4y? 
=512x’y° 


2 


Simplify the expression: (%) : 
J 


The entire fraction is raised to the —3 power, so raise the numerator and 
denominator (and all the factors therein) to the —3 power. 


py se 


y 
To raise an exponential expression to a power (even a negative power), multiply 
the exponents. 


When an 
eutive fraction 


3 -3(,1\% -31(-3) ; i 
(3) (x') _3 x is vaised toa 


23 a3) : 
Ce) J negative power 
33x? (like in Problem 3.17), 
. ye you can take the 


veciprocal befove 
you Ao anything else 
to eliminate the 
negative exponent 
vight away: 


ae) 


Move factors with a negative exponent to the opposite side of the fraction 
bar. In other words, 3~° and x~* should be moved from the numerator to the 
denominator; conversely, y~° should be moved from the denominator to the 
numerator. After the factors are relocated, remove the negative sign from the 
exponent. 


B35 48 _ y° 
ye ~ 933 
6 

_) 
97x? 


Unless otherwise directed, a final answer should never contain a negative 
exponent—such answers are not considered fully simplified. 
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chawge the powers 
to positive after you 
wove the factevs. 


N Va 3.18 Simplify the expression: (8x7*y° i (4x? 97! Ve 


Make suve to 


3.19 


Raise each factor of 8x~*y° to the second power and raise each factor of 4x°y-! to 
the —3 power. 
-9 5\2 3 -1)\73 9) (-5 5)(9) 41(—3) 3-3) (<1)(— 
(8'x >y*) (4' xy *) = g®) xf 712) 6 (2) gC 3) 36 yf 1)(-3) 
= 8? -4,.10 4-3-9, 3 


Divide the entire product by | to express it as a fraction. Move each factor that is 
raised to a negative power to the denominator of the fraction. 


1 
Bed 
= ee 
2 8? Py? 


~~ 43.4.9 
4 xx 


To multiply exponential expressions with a common base, add the exponents. 


Divide the numerator and denominator by 64 (the greatest common factor of 
the coefficients) to reduce the fraction to lowest terms. 


Express the number 23,900,000 using scientific notation. 


Scientific notation allows you to express very large and very small numbers 
easily. To express large numbers using scientific notation, move the decimal 
point (whether it is explicitly stated or implicitly understood to follow the 
number) to the left until only one nonzero digit remains left of the decimal 
point. 


The number 23,900,000 has no explicit decimal point, so assume it follows the 
number. 


23,900,000 = 23,900,000.0 


Move the decimal point seven digits to the left, leaving the single nonzero digit 
2 left of the decimal point. 


2.39000000 = 2.39 
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3.20 


3.21 


3.22 


Distributive Property 
Multiply one thing by a bunch of things ih paventheses 


3.23 Simplify the expression: —2(4x + 3y). 


Multiply the resulting decimal (2.39) by 10”, where nis the number of digits you 
moved the decimal to the left. 


23,900,000 = 2.39 x 107 


The Sy 
_ Multiplication symbol 
(S USEA iy Scientific 
hotation, $0 that the 
multiplication Act 
na the Aecimal 
Point Aowt get 
confused, 


Express the number 958,000,000,000,000,000,000 using scientific notation. 


Assume the decimal point is located at the end of the number, to the right 

of the 18th zero. Move it 20 digits to the left so that only the nonzero digit 9 
remains left of the decimal point. Multiply the resulting decimal (9.58) by 10”, 
where nis the number of digits the decimal point moved left. 


958,000,000,000,000,000,000 = 9.58 x 107° 


When you 
wove the 
Aecimail point 
RIGHT, the lO im 
scientific notation 
has a negative 
exponent. When you 
wove the Aecimail point 
LEFT, 10 has a positive 
exponent. Remember 
that, because in math, 
vight usually means 
positive ana left 
usually means 
negative. 


Express the number 0.000049 using scientific notation. 


To write small numbers using scientific notation, count the number of times 
you must move the decimal point to the right until exactly one nonzero digit 
appears left of the decimal point. In this case, moving the decimal five digits to 
the right produces the decimal 4.9. Multiply that decimal by 10~”, where n is the 
number of digits the decimal moved right. 


0.000049 = 4.9 x 10-> 


Express the number —0.00000000412 in scientific notation. 


Apply the technique described in Problem 3.21—scientific notation does not 
require different procedures for positive and negative numbers. Move the 
decimal point nine places to the right so that a single nonzero digit appears left 
of the decimal point. 


—0.00000000412 = —4.12 x 10° 


Inu other 
Wwovas, every tevm 
in the paventheses 
gets multipliea by the 
number outside the 
Paveutheses, one at 
a time, 


To multiply the entire parenthetical quantity (4x + 3y) by -2, apply the 
distributive property: a(b+ c) = ab+ ac. 


—2(4x + 3y) = (-2)(4x) + (-2) Sy) 
Multiply the coefficient of each term by —2. 


Multiply 
the numbers 
together ana 
then stick the 
vawiolle on at 
the ena. 


(—2)(4x) + (-2)(3y) = —8x + (—6y) 
=—8x—6y 
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3.24 Simplify the expression: 8x(7x? - 3). 


Multiply each term of the quantity 7x - 3 by 8x. 

8x(7x? — 3) = (8x) (7x*) + (8x) (-3) 
To calculate the product of 8x and 7x?, multiply the coefficients and then 
apply the technique described in Problem 3.8 to multiply the x-terms. Both 
exponential terms have the same base, so the product is the common base 
raised to the sum of the individual powers. 


(8x)(7x") + (8x)(—3) =8-7-x'-x? +8(-3)-x! 
= 56-x'*? +(-24)x! 
= 56x° — 24x 


If a tevw 
Aoesnt howe a 
coef-ficient—the 
vawvialble Aoeswt 
have a wumber in 
fvont of tt—then you 
shoula assume the 
coefficient is |. Just 
like the power of x is 

| if theve’s no power 
wvitten: x = x!) That 
WEANS YOU Can 
wite -y* as -ly® 
ana y* as ly®. 


3.25 Simplify the expression: —y>(-12x* + y°). 


Apply the distributive property, multiplying each term of the expression 
—12x? + y® by -y®. Writing the coefficients of —y? and y® explicitly might facilitate 


the calculation of the products. 
-y° (—12x° + y°) = (—1y°)(—12x?) + (-1y°)(1y°) 
= (=1)(-12)(x*)(y) + DM") 0") 


Because y* and y° have the same base, calculate their product by adding the 
powers. Note that x? and 9° have different bases, so those powers should not be 


summed. 


(—1)(-12)(x?)(y°)+(-DG)(y°) (9°) = 12x? y? + (—1) y?** 
=12x"y° -y¥ 


3.26 Simplify the expression: x(9x° — 6x? + 2x+ 1). 


Distribute x to each term in the parenthetical quantity. Express the implicit 


exponents explicitly. 
x! (9x? — 6x" +2x+ 1) 7 (x! )(9x°) + (x! )(=6x" ) + (x! )(2x! )+ (x! )a) 
=9-x)-x° +(-6)- x) x? +2-x1 +x 41° x! 


You Aow’t HAVE 

to do this. It’s sovt 

Be to wvite x 
x, SO when OU 

get the youu he 

without these Is, A 

Stop writing thew, 


= 9x'*9 — 6x"? + 9x"? 41x) 


= 9x* — 6x? + 2x7 +x 
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3.27 Simplify the expression: 5xy(x? — 4xy + 25y°). 


Distribute 5xy to each term in the parenthetical quantity. 
5xy (x2 — 4xy + 25y7) = (5x! y!) (x?) + (Sxlyt) (—4aly!) + (Sxlyt) (25y?) 
Multiply the coefficients of each term, followed by the variables. 
(5x'y" \(x? ) + (5x'y! )(—4x"y! ) + (5x'y! )(25y° )= Bal? yl + (—20) x" y"? 4125x197? 
= 5x°y — 20x79? + 125xy° 


3.28 Simplify the expression: 6x(2x—- 3y) — y(11x-5y). 


Distribute 6x to the terms of the expression (2x - 3y) and distribute IY to the 
terms of the expression (11x- 5y). 


6x (2x —3y)— y(11x — 5y) = 6x (2x) + (6x)(—3y) + (—1y) (11x) + (-1y)(—5y) 
=6-2-x"1 +6(—3)- x: y+(-1)-11-x%- y+(-1)(—5)- 9" 
= 12x? —18xy—1lxy+5y° 


Because the terms —18xy and —11xy contain the same variable expression (xy), 


they are like terms. Combine like terms by combining their coefficients and 


multiplying the result by the common variable expression: —18xy— 11 xy = (-18 


— 11) xy = -29xy. 
12x? — 18xy— 11 xy + 5y? = 12x? — 29xy + 5y? 


3.29 


Apply the SiS UNS property to the expression and eliminate negative 
exponents: 10x°y2z! (4x29 + 8xy-°z? — 3y!2z-4, Do not combine the resulting 
fractions. 


Apply the distributive property. 


10x°y?z7 (4x + Bxy 2" - By"z =) 
=10(4)x**2y 241-1 +10(8)x*"y 2+(—5) 2? $10(-3) x2y2z 4 
= 40x? y?z + 80x" y 3} 


3. 14,-5 


— 30x y"z 
Move factors with negative exponents across the fraction bar into the 
denominator, a process explained in Problem 3.18. 

40x’? 80x*z 


+ 80x*y°z! - 30x? y4z° = a eer 
Zz y Zz 


30x° yl4 


5 


40x? yt 


lustead 
of Aistributing 
-y, you coula 
Aistvilbute a positive y 
to get -(IIxy - sy’) and 
THEN Aistvibute the 
negative sign. Either 
way, you'll ae up with 


This explanation 
of like tevms is not 
very satisfying, but if 
youve confused, Aon't 
wovvy, The whele concept 
of tevms (including like 
tevws) is explaineA 

much move in Aepth in 
Problems |1.9-I1.1¢. 
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Order of Operations 
My Aeav Aunt Sally is eternally excused 


Most people 
use the 
expvession “Please 
Excuse My Deaw Aunt 
Sally” to vemembev 
the ovdev of operations. 
take the fivst letter of 
each wova and you get 
PEMDAS, which stands 
fov Paventheses (grouping 
symbols), Exponents; 
Multiplication anda 
Division, anda Addition 
and Subtvaction. 


3.30 In what order should arithmetic operations be performed when simplifying an 
expression? 


Any expressions within grouping symbols should be performed first, followed by 
exponential expressions. Next, any multiplication and division in the expression 
should be performed from left to right. Multiplication is not performed before 
division, nor is the opposite true. Rather, both operations are performed in the 
same step. Finally, any addition and subtraction in the expression should be 
performed from left to right. 


3.31 Simplify the expression: 8 - 2 - 7. 


According to the order of operations presented in Problem 3.30, multiplication 
should be completed before subtraction. 


8-2-7=8-14 
The only remaining operation is subtraction; calculate the difference of 8 and 
14. 
8-14=-6 


If you get 42, 
youve not Aoing the 
OPevations in the vight 
ovAev, Even though 
Subtraction is written 
vst, it’s last in the 
ovAer of Opevations. (See 
Problem 3.30.) Multiply 
Aivst, then Subtvact, 


3.32 Simplify the expression: (8 - 2) - 7. 


This expression is very similar to the expression in Problem 3.31, but in this 
case, parentheses are present. Perform operations within grouping symbols 
first. 


(8-2):7=6-7 
= 42 


Here, the presence of grouping symbols alters the order in which the expression 
is simplified, and thus produces a different result than Problem 3.31. 


3.33 Simplify the expression: 6 - 10? = 4. 


Notice that 
~10" = -100 nop 
!00. The negative 
Sign isn’t vaised to the 

SECONA power: 

“l0" = ~(10?) = -109, 

le theve weve Paven- 

theses avound -10, 
howevey, that changes 

everything: = 10)2 a 

ClOCIO) = 109, 


This expression includes subtraction, an exponential power, and division. 
According to the order of operations presented in Problem 3.30, the exponent 
should be addressed first. 


6-10?+4=6-100+4 


Two operations remain: subtraction and division. Division should be performed 
first. 


6—-100+4=6-—25 
=-19 


48 ree Humongous Book of Algebva Pvolblems 


Chapter Three — Basic Algebraic Expressions 


3.34 


3.35 


3.36 


3.37 


Simplify the expression: (6 — 10)? + 4. 


Though similar to Problem 3.33, this expression contains grouping symbols. 
The expression within parentheses must be simplified first. 
(6-10)?+4 = (-4)? +4 
The exponent must be addressed before division can be performed. 
(-4)' +4=(-4)(-4)+4 
=16+4 
=4 


Is the following statement true or false? 


-5*=-(-5)? 


Simplify the expressions on both sides of the equal sign separately and compare 


See w 
the results. g 


note on 
Problem 333 
if you Aowt 

understand why 
-S*=-25 ana 
not +25, 


—5? =—(5) =—(25) =—25 
—(-5)" =-[(-5)(—5)] = -[25] = -25 


Because both expressions have the same value, the statement —5* = —(—5)? is 
true. 


Simplify the expression: 10+ 2-6+8-3-1. 


This expression contains addition, subtraction, multiplication, and division. 
Multiplication and division should be performed first, in the same step, from 
left to right. Calculate the quotient 10 + 2 = 5 first, followed by the product 
8-3=24. 


10+2-6+8:3-1=5-6+8:3-1 
=5-6+24-1 
Addition and subtraction remain in the expression; perform the operations 
from left to right. 
5-6+24-1=-14+24-1 
= 23-1 
= 22 


Simplify the expression: 10 - 4— [3 + 6(—2)] +5. 


Simplify the expression within grouping symbols first. That expression, 
3 + 6(-2), must be simplified according to the order of operations as well, so 
multiply before adding. 


10:4—-[3+6(-2)]+5=10-4—[3+(-12)]+5 
=10-4—-[3-12]+5 
=10-4-[-9]+5 
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Multiply and divide from left to right. 


Technically, 
-I-7] is the 
multiplication 
Problem —|[-9] = 9, faa 


10-4-—[-9]+5=40-[-9]+5 
=40+9+5 


poe 8 
Stowt by + poate 
writing 40 as a prnaer 
ears Saogtte 
40 = —-. Flip back _ 200 9 
to Problems 2.23-2.25 : 5 
if you need hele = a8 


calculating the least 
common Aenominatov 
ov adding the 

Lvactions after 
you Figuve out 
the LCD. 


3.38 Simplify the expression: {10 — [8(3 + 2)]}+ 6(-1). 


This expression contains three nested sets of grouping symbols: parentheses 
within brackets within braces. According to Problem 1.25, you must start with 
the innermost group and work outward. Therefore, begin with the expression 
inside parentheses, then simplify the expression in brackets, and finally simplify 


the expression in braces. 


{10 —[8(3 + 2)]}+6(-1) = jo-[s-3]}+o-n 


-e-[3]» 


= {10 -12}+6(-1) 
=-2+6(-1) 


Of the remaining operations, multiplication and addition, multiplication should 


be completed first. 
—2+6(-1)=-2+(-6) 
=-2-6 
=—8 
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3.39 Simplify the expression: 2 +5 + [-10- (-5 + 11)74]. OQ y 
According to the order of operations, the grouped expression should be ef =F 
simplified first. The operations in that bracketed expression should be . J) 
completed in the following order: Simplify the inner group, apply the f 
exponential power, and then multiply. 


2+5+[-10-(-5+11)']=2+5+[-10-(6) "| 


= 2+5+|-10-| the bracketea 
expression has a 
=2+5+ a nested group inside 
6 that's suvvounded by 


paventheses: 


=2+5+ 
(s+ Wyle 


joe= 2 
3 


Of the operations that remain, division and subtraction, division should be 
completed first. 


Raising some- 
thing to the -| 
POWev moves it acy. oss 
the fraction bay. When 
YOu vaise an integer ov 
fraction to the 
it’s the same thing as 
taking the veciproca) 
the veCcipvocal of 


—I powey, 


Bb 228. Beh 
5 3 53 3-5 
6 25 


The LCD 
is IS. The 
lavger of the 

two Aenowminators 
is S. The smaller 
Aenominator Acesw't 
Avide evenly inte 
S-l=Sevs-2=19 
but it Aoes Aivide 
evenly inte 
S-3=|¢, 


Evaluating Expressions 
Replace vaviables with numbers 


3.40 Evaluate the expression 14x + (—x)? if x=—2. 


Substitute x =—2 into the expression. 


14x + (—x)? = 14(-2) + (-[-2])2 


4 


Before you address the exponent, simplify the expression within the 
parentheses: —[-2] =-1 - [-2] = 2. 


14(-2)+(-[-2])° =14(—2) + (2)" 


ln othev 


=14(-2)+4 wovas, change alll 
=—28+4 the x’s to “-2’s.” 
=—94 
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: AL 
3.41 Calculate the value of min the formula m= a if A=7 and B=-28 


A negative times . . 
a negative is pesitive, Substitute A and B into the formula. 
So both negative Signs 
vanish in the next 


step. 


Divide the numerator and denominator by 7 to reduce the fraction to lowest 


terms. 
7-7 1 
Mn = —=- 

7 4 


28~ 


Y = 
3.42 Evaluate the expression *) ifx=land jemt 
8x + 3y 


Substitute the given values of x and y into the expression, simplify the 


Follow the 
ovder of opevations— numerator and denominator separately, and reduce the fraction to lowest terms 
multiply befove 
2x-y _ 20)-(C4) 


you subtvact in the - 
8x+3y 8(1)+3(-4) 


numerator ana 
Aenomimator. _ 244 
~ 8-12 
_ 6 

a8 

_ 6 

aA 

zs 3 

“4 


3.43 Evaluate the expression b* — 4acif a=-2, b=-3, and c=5. 


Substitute the given values of a, b, and c into the expression. 
b? — 4ac = (-3)* — 4(-2) (5) 
According to the order of operations, you should begin by simplifying the 


exponential expression: (-3)? = (-3)(-3) =9. 
(-3)* — 4(-2)(5) = 9 — 4(-2) (5) 
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3.44 


Multiplication precedes subtraction in the order of operations, and this 
expression contains two instances of multiplication. Work from left to right, 
beginning with —4(-2) = 8. 


9—4(-2)(5)=9+8(5) 


=9+ 40 
= 49 
Evaluate the expression (a+ b)(a* — ab+ b*) if a= al and b= f \ 
P 9 4° de 
Substitute the given values of a and 0 into the expression. A - SS 


2 2 
conor LT -LIEPED 
2 4 2 21,4 4 

The right factor contains exponential expressions, which should be simplified 

Ca) “Ca)Ca}ea ee) “GG sa 
next: {-——| =|-——]|-—]=— and = =—. 

2 2/\ 2) 4 4 4/\4] 16 
Cll] -Fslehal)-Cal- Ths) 

-=+=—]/}-=| -|- + =|-—+ -|- + 
2 4 2 2IL4 4 2 4/\4 21,4] 16 


According to the order of operations, multiplication should be completed 


before addition and subtraction: 5 | H = -; F 


CEE LaLa Ea 
Slee alata ae 


Combine the fractions in each set of parentheses independently. The least 
common denominator of the left group is 4, and the LCD of the right group 


the squave of 
any veal number 
is positive. 


is 16. 
(-4 *\(4 1 “| 1-2 “(<4 1-2 *| 
——+ $o pe} + + + 
2 4/\4 8 16 2-2 4)\4-4 8:2 16 
2 “(3 2 *) 
=(-—+ ++ 
4 4/\16 16 16 
_ eee) 
Kd 16 
“a 
4)\16 
wes 
64 
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Chapter 4 


LINEAR EQUATIONS IN ONE VARIABLE 
How to solve yasic equations 


This chapter explores basic linear equations—equations with degree one— 
that are expressed in terms of a single, unique variable. Unlike the expres- 
sions of Chapter 3, equations are complete algebraic sentences, statements 
that express the equality of two expressions that are separated by an equal 


sign. 


The difference between an expression and an equation can be 
exPresseA in two words: equal sign. Expressions Aout have them but 
equations Ao. That one litte symbol makes a huge difference. F, 
one thing, your overall goal is AifFerent. You spent most of Chapter 3 
simplifying equations, writing the some expression in a aiPLevent usuaill 
shovtey, way. Equations ave easier te Aeal with than expre oer Suailly 
because you actually get a tangible numevic answer one that ’ " 
can go back and check to make sure you got it nal Y 


In this chaptey, you start out with basic equation-solving techni 

and they'll slowly evelve, becoming move and move peeled of 
the ena, you should be able to selve Just about any equation tie : 
Ehvow at you, if there's only one unique vavialle is in the equatio ‘ 
(like x) and that vaviable is only vaisead to the first power. : ° 


Chapter Four — Linear Equations in One Variable 


Adding and Subtracting to Solve an Equation 
AAA to/suotvact frow both sides 


Note: Problems 4.1—4.3 refer to this statement: “Five more than a number is equal to thirteen?” 
4.l Express the statement as an algebraic equation in terms of x. 


According to Problem 3.2, the statement “more than” in this context indicates 
a sum, so “five more than a number” is expressed as“x + 5. The phrase “is equal 
to” indicates the presence of an equal sign, so the algebraic equivalent of “five 
more than a number is equal to thirteen” is x + 5 = 13. 


Note: Problems 4.1—4.3 refer to this statement: “Five more than a number is equal to thirteen” 


“Isolating” a 4.2 Solve the equation generated in Problem 4.1 for x. 


vawiable means 
that it, alone, 

is on one side of 
the equal sign anda 
everything else is on 
the other side. After 


To solve an equation for a variable, you must isolate that variable on one side of 
the equal sign, usually the left side. The equation x + 5 = 13 has two things left 

of the equal sign, x and the number 5. If you subtract 5 from the left side of the 
equation to eliminate it, you must subtract 5 from the right side of the equation 


as well to maintain the equality of the statement. 


you isolate x, you end 
up with Ke oy Y= x? x + 5 = 13 
7 
an equation with sat —5 
x + 0 = 8 


only x on either 
the left ov 
vig ht side. 


When five is subtracted from both sides of the equation, isolating x left of the 
equal sign, you are left with x = 8, the solution to the equation. 


Note: Problems 4.1—4.3 refer to this statement: “Five more than a number is equal to thirteen.” 


If you 

add some-thing 
to (ov subtvact 
something from) one 


4.3 Verify that the solution to Problem 4.2 is correct. 


To verify that x= 8 is the solution to the equation x + 5 = 13, substitute 8 into the 


equation for x. 


side of an equation, 

dao the same thing to x+5=13 

the other side. The two 84+5=13 
13=13 


sides only stay equal 
if you treat them 
exactly the same 


Because substituting x = 8 into the equation produces a true statement (13 = 13), 


x = 8 is the correct solution. 


T] heve's only one covvect solution, When 

aa have one unique vaviable and the 
gnest power of that vavialle i 

ca ets |, you only get 
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4.4 


Express the following statement as an equation and solve it: -6 equals the 
difference of a number and 19. 


The word “difference” indicates subtraction, so the difference of a number 
and 19 is expressed as x— 19. According to the statement, —6 is equal to that 
difference, so the corresponding equation is —6 = x- 19. 


To solve the equation, you must isolate x. In this case, it is simpler to isolate x 
right of the equal sign by adding 19 to both sides of the equation. 
-6 = x - 19 

+19 
13 = 


The solution to the equation is 13 = x, or x= 13. According to the symmetric 
property described in Problem 1.37, those solutions are equivalent. 


Note: Problems 4.5—4.6 refer to the equation 2x + I =x — 3. 


4.5 


Solve the equation for x. 


To isolate x, all the variable terms (the terms containing x) should be moved 
to the left side of the equation and all the constant terms (the terms with no 
variables) should be moved to the right side of the equation. In other words, 
move x on the right side of the equation by subtracting x from both sides, and 
move | on the left side of the equation by subtracting | from both sides. 


2x + I 
-x - 1 —-x -— | 
+ 0 = 0- 4 


Il 
R 

| 
oe) 


x 


The solution to the equation is x = —4. 


Note: Problems 4.5—4.6 refer to the equation 2x + I =x -— 3. 


4.6 


Verify the solution generated in Problem 4.5. 


Substitute x =—4 into the equation 2x + 1 = x— 3. Ensure that you replace the x’s 
on both sides of the equation with —4. 


2x+l=x-3 
2(-—4)+1=(-4)-3 
~8+1=-4-3 
-7=-7 


Because substituting x = —4 into the equation produces a true statement 
(-7 = —-7), x= —4 is the correct solution. 


You wat to 
get x by itself, 
put x has a-|4F 
next to it, Get via of 

that negative 11 with 
a positive 19. AAA 19 
to both sides. 


When you 
subtvact things, 
wvite them under 
theiv like terms. In 
other wovas, when you 
subtvact x from the 
vight side, write -x 
underneath 2x, anda 
when you subtvact 
| fvowm the left 
side, wvite -| 
underneath -3. 


2x and -x ave 
like terms, but 2x — x 
Aces NOT equal 2! You 
Aow't cance] out the 
Vawialbles. Remembey 
“x is the same as ae 
SO 2x — |x = [x Two of 
Something (2x) minus 
one of those things (Ix 
ov x) leaves behind one 
thing (x ov x). 
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Check out 4.7 Solve the equation 5 + 6(x— 1) = 11 + 5x for x and verify the solution. 


Problem 3.23 
if you need Before you attempt to isolate x, simplify the left side of the equation using the 
to veview the distributive property. 
Aistvibutive 


5+6(x—-1)=11+5x 
5+ 6(x)+6(—-1) =114+5x 
5+6x—-6=11+5x 


Further simplify the left side of the equation by combining like terms 5 and —6: 


6x+5-6=11+4+5x 
6x—-1=11+5x 


“Moving” 
terms is a by- 
pvoAuct of 
getting via of 
tevms you Aont 
wamt. You Aowt woawt 
-| on the left side, so 


Isolate x on the left side of the equation by moving the variable terms left of the 
equal sign and moving the constant terms right of the equal sign. 


you Zap it by adding |. 6x -— 1 = 11 + 5x 
However, you have to Ao —5x + 1 +1 -— 5x 
the same thing to both x + 0 = 12 + O 


sides of the equation, 
so that banishea | 
moves ovev to the vight 
side of the equation, 
wheve it’s combined 
with the constoawt 
tevw || that’s 
alveady 
theve. 


The solution to the equation is x= 12. Verify the solution by substituting it into 
the original equation. 


5+6(x-1l=11+5x 
5+6(12—1)=11+5(12) 
5+6(11)=11+5(12) 
5+66=11+60 
71=71 


Because substituting x = 12 into the equation produces a true statement 
(71 = 71), x= 12 is the correct solution. 


Solve the equation and verify the solution: 4(x +7) — 18 = 3(«+ 10) + 6. 


4(x+7)—-18 = 3(x+10)+6 
4(x)+4(7)—-18 =3(x)+3(10)+6 
Ax + 28-18 = 3x+30+6 
4x +10 = 3x +36 


To remove 3x from the right side of the equation, subtract it from both sides. 


4x —3x+10= 3x —3x + 36 
x+10=36 
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Subtract 10 from both sides of the equation to isolate x. 
x+10—10=36—10 
x = 26 


The solution to the equation is x = 26. Verify the solution by substituting it into 
the original equation. 


4(x+7)—18 = 3(x+10)+6 
4(26+7)—-18 = 3(26+10)+6 
4(33) -18 = 3(36)+6 
132-18 =108+6 
114=114 


Because substituting x = 26 into the equation produces a true statement 
(114 = 114), x= 26 is the correct solution. 


Multiplying and Dividing to Solve an Equation 
Multiply/Aivide both sides 
Note: Problems 4.9-4.10 refer to the statement “the product of three and a number is 42.” 


4.9 Express the statement as an algebraic equation in terms of x. 


The word “product” indicates multiplication—the product of 3 and a number x 

is 3- x, or 3x. According to the problem, that product is equal to 42: 3x = 42. 
Note: Problems 4.9-4.10 refer to the statement “the product of three and a number is 42.” 
4.10 Solve the equation generated in Problem 4.9 for x. 

To solve an equation, you must isolate x on one side of the equal sign. In this 


case, isolating x requires you to eliminate the coefficient 3; to do so, divide both 
sides of the equation by 3. 


3 ana x 
ave multiplied, 


42 ‘ 
r3 sare so to get viA 
of 3, you have 
gate to Ao the 
3 


opposite of 
multiplying: 
Aividing. 


Reduce the fraction to lowest terms. 


49+3 14 
ped ay 
3+3 1 
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4.11 Solve the equation 10x = 16 for x. 


To isolate x on the left side of the equation, you must eliminate its coefficient. 
Apply the technique described in Problem 4.10; divide both sides of the 


equation by 10. 
10x 16 


To veAuce this 
fraction, divide the 
top And bottom by 2. 


10 10 
8 
x= > 
5 


2 
4.12 Solve the equation Be 24 for x. 


Multiplying 


Eliminate the coefficient of x to isolate the variable on the left side of the 


by 7 ts the 


2 
Same as Aivi ding equation. To eliminate the coefficient 3° multiply both sides of the equation by 


; f 3 
its reciprocal, 9° 


by 3° 


6 72 
2 eee 
6 2 

x = 36 


1 
4.13 Solve the equation . = Fp for x. 


x 
Rewrite the fraction 9 3s the product of x and a fractional coefficient: 


x Il-x 1»x 1 
= = . = x 
9 9 91 9 


If xis alone 
iy the top of a 
Fraction, You can pull 

iF out of the fraction 
ana leave a | in its 
Place, 
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by 
4.14 Solve the equation — = 7 for x. 
ie 


the 


statement 
Before you can isolate x, it must appear in the numerator of the fraction. Take 


the reciprocal of both sides of the equation to accomplish this—it will have no 
impact on the equality statement. 


\ 


—= + is true, 


and it stays true ' 
if you flip both 7] 


>< 
oA 


x é 
5 Rractions upside 
: iat Mt ea ; x 1x 1 
Write the fraction 5 using an explicit coefficient: 5 = B 1 = 5% ; you learn cross 
l 7 multiplication 
ane Problems 21.1-21.8, tt 


wowk matter if the 
x is Hy the numerator 
or Aenominator. For 
now, though, youve 


1 
To eliminate the coefficient 5° and thereby isolate x, multiply by its reciprocal: 
5 


i? 


iG : = (2) solving for x, wot Pr 
1\5 1\2 so that x needs 
eee tobe up top. YW 
5 2 
35 
par 
2 


Solving Equations Using Multiple Steps 
Nothing new heve, just move steps 


4.15 Solve the equation 4x + 3 = 27 for x. 


Subtract 3 from both sides of the equation so that only the variable term 4x is 
left of the equal sign and the constants are right of the equal sign. 


4x+3=27 . Keep anything 
sf with an x in it on 
4x = 27-3 the left side of the 
4x = 24 


eqwation (because youve 

Solving Pov x). Any tevu, 

without an x (such as 3 
in this eqvation) gets 


To eliminate the coefficient of 4x, and thereby solve for x, divide both sides of 
the equation by the coefficient. 


4x 24 Moved to the vight 
a ae side, 
x=6 
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Note: Problems 4.16—4.17 refer to the equation 19 — (x — 5) = 4. 


4.16 Solve the equation by isolating x on the right side of the equal sign. 


Pretena 
; the negative 

_ 39h outside (x — s) 
‘Sa-l ana multiply 
Kanda -¢$ by -|. 


Apply the distributive property to simplify the left side of the equation. 
19+(-1)(x)+(-1)(-5) =4 
19-x+5=4 
24-—x=4 


You are directed to isolate x right of the equal sign, so add x to both sides of the 
equation to eliminate variable terms on the left side. 


24=4+%x 
Subtract 4 from both sides of the equation to solve for x. 
24-4=x 
20=x 
Note: Problems 4.16—4.17 refer to the equation 19 — (x — 5) = 4. 


4.17 Solve the equation by isolating x on the left side of the equal sign and verify 
that the solutions to Problems 4.16 and 4.17 are equal. 


Simplify the left side of the equation. 


19+(—1)(x)+(-1)(-5) =4 
19-x+5=4 
24-—x=4 
You are instructed to isolate x on the left side of the equation, so eliminate the 
constant left of the equal sign by subtracting it from both sides of the equation. 
—x=4-—24 
—x = —20 


You coula 
also Aivide both 
sides by -l. 


The equation is not solved for x, because x has a coefficient of —1. Eliminate the 
coefficient by multiplying both sides of the equation by -1. 


—1(-—x) =—-1(-20) 
x = 20 


Problems 4.16 and 4.17 have the same solution: x = 20. 


4.18 Solve the equation 6x- 3 = 9x + 2 for x. 


Group the x-terms left of the equal sign by subtracting 9x from both sides of 
the equation. 
6x — 9x —-3=2 
—3x—3=2 


Group the constant terms right of the equal sign by adding 3 to both sides of 
the equation. 
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—3x =2+3 
—3x=5 


Dowt fov- 
get that 
you can always 


Divide both sides of the equation by the coefficient of x. 


SoM check your answer 
=as, Ee by plugging it back 
oe into the oviginal 
3 equation fov x: 


6x -—3 = Ix+2 


3. 5 
4.19 Solve the equation — = — for x. 
x 4x 


Move the x-terms to the numerators of the fractions by taking the reciprocal of 
both sides of the equation. 
_ 4x 


x 
“= -lo-3=-\Ist+2 
3 5 6@ 


-\3=-\% 


Write each fraction as the product of a rational number and x. 


dat oaem 
a 
Tx _4 x 
2 4-8 
1 4 
3x TX 
5 


4 
Move the variable terms left of the equal sign by subtracting 5% from both 
sides of the equation. 


—x--x=0 


5 


Use the least common denominator 15 to combine the like terms. 


Both of 
these terms have 
the same vaviable 
aan ef (x), so they've like 
tevms. Combine theiv 


> — x=0 coefficients and 
7 multiply the vesult 
ae 0 by the common 


vawialle x, 


7 
Multiply both sides of the equation by the reciprocal of 1e) 
15 7 15 
——|/—— x ]=|-—— |(0 
| 7 5) | a 
x=0 


Although x= 0 appears to be a valid solution, it is not. Substituting x = 0 into the 
original equation produces undefined statements, therefore invalidating the 
solution. 
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Youve not 
allowea to 
divide by 0. It’s 
a fundamental 
math law. Because 
substituting x = 0 into 
the equation produces 
AO in at least one of 
the Aenominatovs—it 
actually makes both 
of the Aenominatovs 
O—it breaks the 
law, and 0 iswt a 
valiaA onswevy. 


er ae ' 
The equation — = Te has no real number solutions. 
x 4x 


4.20 


Solve the equation 4x + 2(5 — x) =-7 for x. 


Use the distributive property to simplify the left side of the equation. 


4x +2(5)+2(—x)=-7 
4x+10—2x=—7 

4x —2x+10=-7 
2x+10=-7 


Move 10 left of the equal sign by subtracting it from both sides of the equation. 
2x =—7—-10 
2x =—-17 


Divide both sides of the equation by 2 to isolate x and, therefore, solve the 


equation. 
Cale 
2 2 
17 
x= —— 
2 


1 5 
Note: Problems 4.21—4.23 refer to the equation eos 8= Fig +6). 
4.21 


Solve the equation for x. 


Expand the right side of the equation by applying the distributive property. 


3\1 
1 
page eee 
3 3 3 
1 5 
—x—-8=-—x+10 
3 3 


Separate the variable and constant terms on opposite sides of the equal sign by 


5 
subtracting 3 x from, and adding 8 to, both sides of the equation. 
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as x ae =10+8 
oe These two 
1-5 £ i 
x=10+8 oe 
3 (ke tevms because 
PAs they have the same 
a0 variable (x). They 
evi 
sy aa en have a Common 


Aehouminatoy. 


54 

wees 
4 

27 

x=—-— 
2 


1 5 
Note: Problems 4.21—4.23 refer to the equation Bae 8= 3 (x+6). 


4.22 Verify the solution generated in Problem 4.21. 


Substitute x =—— into the equation and verify that the result is a true 
statement. 2 

1 

3 x—-8=—(x+6) 


Use common 
Aenominators to 
combine these paivs 
of fractions. 


5[-=]-2=3[-2 +6] 
3\ 2 3\ 2 
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1 5 
Note: Problems 4.21—4.23 refer to the equation ee —8= Fla +6). 


Create an equivalent equation by eliminating the fractions and verify that 
its solution matches the solution generated in Problem 4.21 and verified in 


Problem 4.22. 


4.23 


This gets 

a little tricky 
when the least 
common Aenominator 
contains vaviables, 

ana that’s Aiscussea 
in Problems 20.9- 


20.19. 


Eliminate the fractions in an equation by multiplying every term by the least 
common denominator. The fractions in this equation both have the same 


denominator, 3, the LCD by default. 


‘[5=-8|=2 3(«+0)| 


1,3 
$G+)#@C8=F(F+0) 


Sx (-24)= (x +6) 


(x + 6) 
is alveady 
multiplica by a 


x —-24=5(x+6) 


ee when you multiply All the fractions have been eliminated from the equation. Solve the resulting 
3 by 3, you multiply 


equation for x. 


x —-24=5(x)+5(6) 


everything inside 
(x +6) by 3 as x—24=5x+ 30 
well, x—5x = 304+ 24 
—4x = 54 

54 

x=—-— 

4 

27 

x=—-— 

2 


4 
Note: Problems 4.24—4.25 refer to the equation 11x — r (x+3)=—-4. 


4.24 Create an equivalent equation by eliminating the fraction and solve that 


equation for x. 


Use the method described in Problem 4.23 to eliminate the fraction: Multiply 
each term of the equation by 5, the least common denominator. 


sf S(«+3)| =5(-4) 


san) [4|[-S]e+9)=5-0 


55x + (—4)(x+ 3) =—20 
55x + (—4x) + (—4)(3) = —20 
55x —4x -12=-20 


ipl 4 
multiplicd by == 15 


multiplying -4 by $ 


Automatically multiplies 51x —12=—20 
everything inside 5lx =—-20+12 
(x +3) by 5, 5lx=—8 
8 
__ 51 
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4 
Note: Problems 4.24—4.25 refer to the equation 11x — 5 (x+3)=-4, 


4.25 Solve the equation for x without eliminating the fractions in the original \ Va 
equation. Verify that the solution is equal to the solution generated in Problem ee 


4.24. VAN 


Apply the distributive property to simplify the left side of the equation and then 
isolate x on that side of the equal sign. 


4 
llx—- F(x +3)=—4 


nee Se-$E 


4 1 
lige pees 
5 
4 1 
Ie-Fx=—44+> 


Combine like terms on both sides of the equal sign using the least common 
denominator 5. 


11-5 4 —4°5 12 
—--y= 
1-5 5 1-5 5 
55 4 —20 12 
x-Tx= + 
5 5 5 5 
55-4 —204+12 
x= 
5 5 
ot ud 
5 
it mecita 
BI\ B) 5I\ B 
8 
x=-— 
51 


4.26 Express the rational number 0.94 as a fraction. 


If a decimal contains a repeating string of digits that begins immediately to the 
right of the decimal point, in the tenths place, apply the technique described 
in Problems 2.20—2.21 to convert the decimal into a fraction. The decimal 

0.94 = 0.944444... , however, requires a slightly more rigorous approach. 


Set x equal to the repeating decimal. 


x= 0.9444444444.,., 


Multiply both sides of this equation by 10”, where n is the number of digits in 
the repeating string. Here, the single digit 4 repeats infinitely, so n = 1. 


10! (x) = 10! (0.9444444444...) 
10x = 9.444444444... 
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Subtract the original equation (x = 0.9444444444...) from the modified 
equation (10x = 9.444444444. ..). 


When you 


rire assume 10x = 9.444444444... 
at all the infinitely —x = -—0.944444444... 


out the infinitely 
Many 4s below. That 
means the equation 
voils Aowny te this 


Express 8.5 as an improper fraction, using the technique described in Problem 
2.19. 


: 5 
i J = &.S, 1 
9x = a5 
gus 2-8+1 
2 
1 
on - 1641 
2 
17 
9x = — 
2 


Eliminate the coefficient of x to solve for x and thereby express 
x= 0.9444444444... asa fraction. The equation contains a fraction, so rather 
than divide both sides by 9, multiply both sides by the reciprocal of 9. 


Gli Gl 


4.27 Express the rational number 0.583 asa fraction. 


Apply the technique described in Problem 4.26. The repeating string in this 
decimal consists of one digit (3), so subtract the equation x = 0.5833333333... 
from 10!(x) = 10'(0.5833333333...). 


10x = 5.833333333... 
—x = —0.583333333... 
9x = 5,25 


Express 5.25 as an improper fraction and solve the equation for x. 
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Express the fraction in lowest terns. 
mC pees 


x bao 


36+3 12 


4.28 Express the rational number 6.139 as an improper fraction. 


Apply the technique described in Problem 4.26. The decimal 6.13939393939... 


contains a two-digit repeating string, so subtract the equation 
x = 6.13939393939 from 10?(x) = 10?(6.1393939393939). 


100x = 613.93939393939... 
—x = —  6.13939393939... 
99x = 607.8 


Express 607.8 as an improper fraction and solve the equation for x. 


99x = 607 
10 


99x = 6072 
5 


_5-607+4 
8 
_ 3,039 
aan ta 
1 \(99 _{l 3,039 
(soll }*= (eal 5 
3,039 
* 495 


99x 


99x 


Express the fraction in lowest terms. 


3,039+3 1,013 
x= = 
495 +3 165 


You multiply 
by 10 to the 
SECOND power 
because TWO Aigits 
(3 and 4) vepeat 
infinitely. 
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Absolute Value Equations 
Most of them have two selutions 


Use the 
wova “ov” 
to sepavate 
possible solutions, 
because you get a 
tvue statement by 
plugging either x = ¢ 
OR x = -G into the 


4.29 What values of x satisfy the equation |x| = 6? 


This absolute value equation has two valid solutions, the value on the left side of 
the equation and its opposite: x = 6 or x =—6. Substituting either for x results in 


a true statement. 


\6|=6 |-6|=6 


equation. 
The solutions to the equation |x|=yr (where ris a positive real number) are 
rand —r. 


Solve the equation |x|— 3=1 for x and verify the solutions. 


So whatever's 


Isolate the absolute value expression left of the equal sign by adding 3 to both 


eg inside the 
QP avsclute value : 
pars either equals sides of the equation. 
OW 
the left side of |x| =1+3 
|x| =4 


the equation ov the 
opposite of the 
left side. 


According to Problem 4.29, x =—4 or x= 4. 
To verify the solutions, substitute each into the original equation and verify that 


the results are true statements. 
Verify x =4: 


Verify x =—4: 
, snes you |-4|-3=1 4|-3=1 
olare: tive 4-3=1 Pay 
absolute value i = 
on the left side of = - 
the equation, set 
whatevev’s inside the 
4.31 Explain why the equation |x + 4|=—8 has no real solutions. 


baws (im this case x) 
equal to the vight side 
of the equation (A) 
and the opposite of 
that number (-4), 
These ave the 
solutions, 


The expression left of the equal sign, |x + 4|, is entirely enclosed by absolute 
value bars. Therefore, the left side of the equation must be positive no matter 
what value of x is substituted into it. The right side of the equation contains a 
negative constant, —8. If the left side of the equation must be positive for all 
real x and the right side of the equation is always negative, no x-value can be 
substituted into the equation that results in a true statement. 


+ he Humongous Book of Algebva Problems 


70 


Chapter Four — Linear Equations in One Variable 


4.32 Solve the equation |x +4|=12 for x. 


The absolute value expression is isolated on one side of the equation, so create 
two new equations—one that sets the contents of the absolute value expression 


equal to 12 and one that sets the same expression equal to -12. 


x+4=12 x+4=-12 
x=12-4 x=—-12-4 
x=8 x=—-16 


The solution is x=—-16 or x= 8. 


4.33 Solve the equation |2x —3|=15 for x. 
The absolute value expression is isolated on one side of the equation, so create 
two new equations—one that sets the contents of the absolute value expression 
equal to 15 and one that sets the same expression equal to —15. 
2x —3=15 2x—3=—15 
2x =154+3 2x =—-15+3 
2x =18 2x=—-12 
18 12 
C= x=-—— 
2 2 
x=9 x=-6 
The solution is x =-—6 or x= 9. 
4.34 Solve the equation |x—5|+1=9 for x. 


Isolate the absolute value expression left of the equal sign by subtracting 1 from 


both sides of the equation. 
|x -—5|=9-1 
|x -—5|=8 


Create two equations by setting the expression within the absolute value 
symbols equal to 8 and its opposite, —8. 


x-5=8 x—-5=-8 
x=8+5 x=-84+5 
x=13 x=-3 


The solution is x= —3 or x= 13. 


The ivst 
step is to get the 
absolute values on one 
Side of the equal sign 
and everything else on 
the other side. In this 
problem, the absolute 
value bas ave 
alveady all alone on 
the left side. 
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4.35 Solve the equation 3|2x —4|—9 =18 for x. 


To isolate the absolute value expression left of the equal sign, add 9 to both 


sides of the equation. 


This works 
just like a 
vegulaw, nonaosolute 
value, equation. To 
solve 3x = 27 fev x, 
youa aivide both sides 
by 3. If youve isolating 
something (either a 
vaviolle ov an alpsolute 
value expression), its 
coefficient’s got 
to go. 


3|2x —4|=18+9 
3|2x — 4|=27 


The absolute value expression is not yet isolated because of its coefficient. 
Divide both sides of the equation by 3. 


Blex-4| _ 27 
B 3 


|2x — 4] =9 


Rewrite the statement as two equations that do not contain absolute values and 


solve them. 


It’s the same ares et 
thing you've been aia Bans 
doing since Problem oe a 

430. Set whatever's al eae: 
2 2 


inside the absolute 
value bavs equal to 
the number on the 
vight side of the 
equation. Then set 
it equal to the 
opposite of the 
number on 
the vight. 


5 13 
The solution is ae or iar 


1 
4.36 Solve the equation 96x +3|-12=1 for x. 


Isolate the absolute value expression on the left side of the equation. 


1 
gl6x+3)=1412 


1 
5 (6x +3/=13 
Move the 
= les 
the left Side (by | | 
6x + 3} = 26 


Adding 12) befove 
you eliminate the 
absolute value 


Create two new equations using the technique described in Problem 4.32. 


: | 
coefficient oe 6x +3 =26 6x +3 =—26 
6x = 26-3 6x =—-26-3 
6x = 23 6x =—29 
23 29 
x= x=-—— 
6 6 
9 3 
The solution is r=-= or rae, 
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Equations Containing Multiple Variables 
Equations with TWO vavwiales (like x and y) ov move 


So, v Is 
multiplied by 
three things— 
two wmambers (2 
OMA 7) MA a 
vaviavle (W). Either 
Aivide both sides by 
2trh ov multiply both 


4.37 Solve C=2arh, the formula for the lateral surface a right circular cylinder, 


for 7. 


Whether an equation contains one variable or many, the same technique is 
employed to solve for (or isolate) a variable. To isolate ron the left side of the 


equation, eliminate the values by which ris multiplied. 


C=2mrh 
C _fZaArk 
2th Zt Kh 
Ge 
Oth 


‘ \ 
sides by Dar to 
wove thew 
AWaAy vow ve. 


r 


9 
Solve F =—C +32, the formula that converts degrees Celsius to degrees 


4.38 


Fahrenheit, for C. 


The vecipvocal 
of C’s coefficient. 


Isolate Cleft of the equal sign by subtracting 32 from both sides of the equation 


and then multiplying every term by a 


9 
F-32==C 

5 
5 5(9 
~(F—32)=—-|=C 
( ) als 
5 
-(F-32)=C 
as ) 


5 160 
The equivalent equation —f — ar =C, obtained by applying the distributive 


property, represents another acceptable answer. 


Note: Problems 4.39-4.40 refer to the equation 5x — 3y = 30. 
Move the 
hon x-tevm to the 
other side of the 
equation befove 
you Aeal with x's 


4.39 Solve the equation for x. 


To isolate x, add 3y to both sides of the equation and then divide each term by 


5, the coefficient of x. 


Sanne coefficient 
5x 30 3y 
SS — + ie 
5 5 5 Ie = 
3) S.A YO0A iAen to write Vaviable + 
~=6 befove number + a 
z ; evms. You cow pull + i 
: of its fraction because : ae bs 
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Note: Problems 4.39-4.40 refer to the equation 5x — 3y = 30. 


4.40 


Solve the equation for y. 


To isolate y, subtract 5x from both sides of the equation and then divide each 
term by —3, the coefficient of y. 


—3y = 30—5x 
—3y _ 30 5x 
-3 -3 -3 
5 
5x 
=-10+— 
i 3 
5 
=—x-10 
y a 


Note: Problems 4.41-4.42 refer to the equation a — (b + 4) = 2a + 3b-6. 


4.4l 


Think of 
-(o +4) as 
lI) + 4): 
-\(o+4) 
=(—|)(») +(-I)(4) 
=-by-4 


Solve the equation for a. 


Apply the distributive property to the left side of the equation. 
a—b—4=2a+t 3b-6 
Move all of the a—terms, the terms that contain the variable for which you are 
solving, left of the equal sign by subtracting 2a from both sides of the equation 
and combine like terms. In this case, a— 2a= la—2a=-la=-—a. 
a-2a—b-—4=3b-6 
-a-—b—4=3b-6 


Move all terms not containing a to the right side of the equation and simplify 
the result. 

—a=3b+b-6+4 

—a=4b—-2 


Multiply each term of the equation by —1 to isolate a left of the equal sign and 
thereby solve the equation for a. 


(-1)(-a) = (-1)(46) + (-1)(-2) 
a=—4b+2 
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Note: Problems 4.41—4.42 refer to the equation a — (b + 4) = 2a + 3b- 6. 
4.42 Solve the equation for 0. 


Use the technique described in Problem 4.41, this time isolating 5 left of the 
equal sign. 
a-—b-—4=2at+3b-6 
a—b—3b—-4=2a-6 
a-—4b—4=2a-6 
—4b=2a-—a-—6+4 


—4b=a-2 
~4b_ a 2 
—4 -4 -4 
1 1 
b=--at-— 
4 2 


4.43 Solve the equation xy + 2 =—7y(x+ 1) for x. (Assume y# 0.) 


Apply the distributive property. 


xt2= —7y(x)+(—7y)() 
xy+2=—Txy—7y 


XY ANA Txy 
ave like tevms 
because theiv 
Vawviables match— 
they both Contain xy. 
Combining like terms 
Means Combining 
theiv coeffcj ents: 
xy + Ixy = Ixy + 
Txy = Sxy, 


Move all terms containing x, the variable for which you are solving, to the left 
side of the equation. Move all other terms right of the equal sign. 


xy + 7xy=—-7y—2 
8xy=—7y—2 


To isolate (and, therefore, solve the equation for) x, divide each term in the 
equation by 8y. 


You cant write 


eae 
8 4y 

eee You caw only pull y out 
4y 8 of the fraction when 


it’s in the numevatov, 
ana this y is in the 
Aenominatoy. 
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES 
lAentify the pots that make an equation true 


After you solve equations, it is useful to represent those solutions graphi- 
cally. Unlike the equations in Chapter 4, some linear equations have more 
than one solution. In fact, most linear equations in two variables have an 
infinite number of solutions, and the most effective way to present those 
solutions is visually, by means of a graph. In this chapter, you learn how to 
graph the solutions of equations that contain only one variable (usually x), 
equations that contain two variables (usually x and y), and absolute value 
equations in two variables. Aside from these graphing techniques, the prob- 
lems also introduce the concept of slope, the key component necessary to 
create linear equations, a task undertaken in Chapter 6. 


Graphs allow you to visualize the solutions of an equation. There’ 
really uo need to visualize a solution when theve's only one ( like ia 
but when theve ave an infinite number of WAlAee Pia aa es 
ee listing them alll is mpossible, Graphing them is the next best i 
You! leavn two ways to graph lines: using a table of values Pear 
utercepts. You'll also learn how to calculate the slope of a line 
how to gvaph an equation containing absolute values. an 


2) 
Yation 
hing. 


Mg 
A 
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Number Lines and the Coordinate Plane 
Which shoula you use to graph? 


A line is 
one-Aimensional 
because tt just 
allows hovizoutal 
travel, left ana vight 
along the line. On 
a coovAinate plane, 
howevev, you can 
travel hovizoutallly 
and vertically, in two 
Aimensions. Think of on 
aut crawling along a 
stick as opposed to 
crawling avound 
on a piece of 
parpev. 


5.1 What characteristic of an equation dictates whether its solution should be 
graphed on a number line or a coordinate plane? 


A number line is, like any line, one-dimensional, whereas a coordinate plane 
is two-dimensional. Equations with one variable are one-dimensional, so their 
solutions must be graphed on a number line. Equations with two different 


variables have a two-dimensional graph. 


9 
,and z= 4 on the number line in 


2 
5.2 Graph the values w= 6, x=—5, y= 
Figure 5-1 2 
igure 5-1. 


Figure 5-1: Plot w, x, y, and z on this number line. 


To plot w, count six units to the right of 0 and mark the value with a solid dot. 
Because x is negative, it should be five units to the /eft of 0. Plot y two-thirds of a 
unit to the right of 0 (66.6% of the distance from 0 to 1 on the number line). It 
is easier to plot z if you first convert it from am improper fraction into a mixed 


If youve 
not suve how 
to Ao this, check 
out Problems 
2.7-2.8. 


9 1 
number: =F = =e . It is located 2.25 units to the left of 0, two full units and 


then one-fourth of a unit beyond that. All four values, w, x, y, and z, are 
illustrated in Figure 5-2. 


Figure 5-2: Negative values, like x and x, are located left of the number 0, and positive 
values, like w and y, are located to the right of 0. 


5.3 Solve the equation 2x — 3(x + 1) —5 =—6 and graph the solution. 


Use the method described in Problems 4.1—4.36 to isolate x and solve the 
equation. Begin by distributing —3 through the parentheses, then combine like 
terms, isolate x on the left side of the equation and eliminate the coefficient of x. 
2x —3(x+1)-5 =-6 
2x — 3x —-3-5=—-6 


—x—8=—6 
—x=8-6 
—x=2 

(—1)(-x) =(-D() 
x=-2 
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To plot the solution, mark the value —2 on a number line, as illustrated by 
Figure 5-3. 


-7 -6 - --4 -3 -2 -l 0 1 2 3 4 5 6 7 


Figure 5-3: Only one real number, x = —2, satisfies the equation 2x — 3(x + 1)- 5 =-6. 


A point 
on the plane 
is vepvesentea 
by coovAinates, 
sovt of like on 
adavess for each 
point. It’s made up 
of two numbers ih 
paventheses ana looks 
like B = (2-1). The 
fivst wumber in the 
paventheses gives 

the hovizontal location 
of the point (+2 means 
two units vight of the 
ovigin), and the secona 
number vepresents 
its vertical location 
(-| means one unit 
velow the ovigin). 
Youll practice 
plotting points 
in Problem 
oS. 


5.4 Identify lines kand mand point A on the coordinate plane in Figure 5-4. 


Figure 5-4: Lines k and m intersect at point A = (0,0). 


A coordinate plane is a two-dimensional plane created by two perpendicular 
lines. Typically, the horizontal line (min Figure 5-4) is called the x-axis and 
has equation y= 0. The vertical line (& in Figure 5-4) is called the y-axis and 
has equation x= 0. The axes intersect at a point called the origin, which has 
coordinates (0,0), point A in Figure 5-4. 
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Note: Problems 5.5—5.6 refer to the points A = (-1,5); B = (4,4); C = (6,-2); D= (-4,-3] s 
E = (0,1); and F = (-6,0). 3 


5.5 Plot the points on the coordinate plane in Figure 5-5. 


Figure 5-5: Use the coordinates of points A, B, C, D, E, and F to plot the points on this 
coordinate plane. 


Each coordinate pair has the form (x,y). The left value, x, indicates a signed 
horizontal distance from the y-axis. In other words, positive values of x 
correspond with points to the right of the y-axis, and negative x-values produce 
points left of the y-axis. Similarly, the right value of each coordinate pair, y, 
indicates a signed vertical distance from the x-axis. Coordinates with positive 
values of y are located above the x-axis, and negative y-values indicate points 
below the x-axis. With this in mind, plot each of the points; the results are 
graphed in Figure 5-6. 
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The x- ana 
y-axes split the 
plane into four 
vectangulay vegions, 
calleA quadvants. 
They've numbered in 
a Standava way, but 
that standova way 
is kind of stvange. 
Check out Problem 
5.6 Pov move 
information. 


Figure 5-6: One point appears in each of the four quadrants of the graph and the 
remaining points fall on the axes of the coordinate plane. 


1 
Note: Problems 5.5—5.6 refer to the points A = (-1,5); B = (4,4); C = (6,-2); D= (-4 .-3); 
E = (0,1); and F = (-6,0). 3 


5.6 Identify the quadrants in which each of the points A, B, C, and Dare located. 


Fov some 
veason, the 
Quadvauts ave 
usually labelea with 
Roman numerals, so 
qQuadvants one, two, 
thvee and four ave 

written I, IL, Ill, 
and IV, as shown 
in Figuve S-7, 


The upper-right quadrant of the coordinate plane is quadrant I, or the first 
quadrant. The remaining quadrants are numbered counterclockwise from 
there, as illustrated in Figure 5-7. 


Figure 5-7: Reversing quadrants I and I, thereby mistakenly identifying the top-left 
quadrant as quadrant I, is a common error. 


According to Figure 5-6, Bis in quadrant I, A is in quadrant I, Dis in quadrant 
II, and Cis in quadrant IV. 
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Because the num 
lg ev th the equation 
S~3. I the equation 
Nee Ss, then the 
graph would be a 
vertical line five units 
vight of the y-axis, 


After all, the 
equa-tion is «= 3 
So that's the ouly file 
for these points, The 
yvalue Aveswt mattey 
at alll. Each point 
heeds a y-value, of 
COMVse, but any veal 
number will Ao, 


5.7 


5.8 


Graph the line x =—3 on a coordinate plane and identify two points on its 
graph. 


Normally, you would graph x= -3 on a number line, much like Problem 5.3 
graphed the solution x =—2. However, this problem states that you are to graph 
a line, not a point. You can only graph a line on a coordinate plane—not on a 
number line. Lines of the form “x = number” are graphed as vertical lines on the 
coordinate plane. According to Problem 5.4, the y-axis—another vertical line in 
the coordinate plane—has an equation of this form: x = 0. The vertical line with 
equation x =—3 should be drawn three units left of the y-axis, as illustrated by 


Figure 5-8: Vertical lines in the coordinate plane have form “x =n,” where n is the 
signed distance from the y-axis. A positive value of n indicates a line right 
of the y-axis, and a negative value of n indicates a vertical line left of the 
y-AxiS. 


All the points on the graph in Figure 5-8 have an x-coordinate of —3. If the 
x-coordinate of a point is —3, its y-value need only be a real number to ensure 
that the graph of x =-3 passes through the point. Therefore, the points (—3,0), 


(-3,-9.6), (-3,V5), and (-32] all belong to the graph. 


Graph the line y= 2 on a coordinate plane and identify the coordinate at 
which it intersects the graph of the line x = —3 (from Problem 5.7). 


The graph of y= 2, illustrated in Figure 5-9, is a horizontal line two units above 
the x-axis. All horizontal lines have equation “y= n,” where nis the signed 
distance from the x-axis. A positive value of n indicates a line above the x-axis, 
and a negative value of n indicates a horizontal line below the x-axis. The lines 
y=2 and x=-3 intersect at (x,y) = (-3,2). 
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6 
5 
4 
3 
y=2 
lee 2g Se Ee ae: 1 2 38 4 5 6 


Figure 5-9: The graph of y = 2 is a horizontal line two units above the x-axis. 


| call the 
thiva Point a 
“check point.” If 
you make a mistake 
Finding either of the 
other two points, the 
check point won't be 
on the gvaph. that’s 
avea flag to go 
back and check 
your avithmetic 
fov all three 
CoovAinates, 


Graphing with a Table of Values 
Plug in some x's, plot some points, call it a Aay 


Note: Problems 5.9-5.11 refer to the linear equation 2x — y = 4. 


5.9 How many coordinates are required to draw the graph of the equation? 


Geometric principles dictate that two points on the same plane are required 

to draw the line that contains those points. If, however, you use coordinates to 
draw a linear graph, identifying and plotting at least one additional point is 
advised. The third point serves as a quick way to check your work. If it lies on 
the same line as the other two points, you're far less likely to have made an error 


in your calculations. 


Note: Problems 5.9-5.11 refer to the linear equation 2x — y = 4. 
5.10 Use a table of values to identify three points on the graph of the line. 


A table of values is a brute force arithmetic technique that generates lists of 
coordinate pairs satisfying the given equation. After a sufficient number of 
points has been identified and plotted, all that remains is to “connect the dots” 
on the coordinate plane to graph the equation. The number of points necessary 
to create an accurate graph varies based on the complexity of the equation. 
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Because 2x - y= 4 is a linear equation in two variables, a minimum of two points 
is required to graph it. However, as explained in Problem 5.9, three coordinates 
should be plotted to better ensure your calculations are correct. 


the ab- 
solute value 
graphs ar the ena 


Begin by solving the equation for y. 


of the chapter ave 2x-y=4 
a little trickier. You —y=—2x+4 
could get away with y=2x—4 


using only two points 
to make the graph, 
put youa be showing 
off, Better to use 
wove points as the 
equations get move 
complicated. 


Construct a table with columns labeled, from left to right, “x,” “y= 2x- 4,” and 
“y.” The outside columns, x and y, will eventually house the coordinates you will 
plot on the graph. The inner column contains the equation just solved for 4. 


x | y=2x-4|y 


Choose three values of x to plug into the equation y = 2x- 4. Select x-values that 
do not produce large or unnecessarily complicated results. Write the three x- 
values you chose in the left column of the table. 


See Problems 4.37- 
4.43 if you need help 
with this step. 


x | y=2x—-4] y 


Whenever 
possible, choose 
simple, small numbers 
like x =| 0: 
OMA x = |, 


Substitute each x-value into the equation to determine the corresponding values 
of yand record those in the right column. 


x y=2x—4 y 
y= 2(-1) -4 
-l| =-2-4 -6 


Combine the x- and y-values in each row to conclude that the graph contains 
the points (-1,-6), (0,-4), and (1,-2). 
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Note: Problems 5.9-5.11 refer to the linear equation 2x — y = 4. 
5.11 Graph the linear equation using the table of values generated by Problem 5.10. 


Plot the points identified in Problem 5.10 and connect them to create the linear 
graph illustrated by Figure 5-10. 


(-1,-6) 6 


Figure 5-9: The graph of 2x — = 4 passes through the points (-1,-6), (0,-4), and 
(1,-2). 


Note: Problems 5.12—5.13 refer to the linear equation x + 3y = —2. the table of 
values Aces not 
5.12 Use a table of values to identify three points on the graph of the equation. Contain x = —| and 


I, PNeVEY, the Pvaction 
tuvus into an integer. 


Solve the equation for y. 


x+3y=—-2 
Sy See That's why the other 
Q we values, x= -2 ana 
a 


they eliminate the 
fraction, 


Create a table of values based on three simple values of x, as demonstrated in 
Problem 5.10. 


The Humongous Book of Algebva Problems 85 


Chapter Five — Graphing Linear Equations in Two Variables 


-C2) isa 
Aoudle sign ana 
shoula be vewvitten 
as 2, accovaing to 
Problem |.11. You con 
also intevpvet -C2) as a 
multiplication problem, 
imagine that the 
outer “” equals -|: 


-(2) = €l\)C2) =2. 


According to the table of values, points (-2,0), (1-1) and (4,-2) belong to the 
graph of x + 3y=-2. 


Note: Problems 5.12—5.13 refer to the linear equation x + 3y = —2. 


5.13 Graph the linear equation using the points generated by Problem 5.12. 


Plot the points (—2,0), (1,-1) and (4,-2) on the coordinate plane and connect 
them to graph the linear equation. 


Figure 5-11: The graph of x + 3y = -2 passes through the points (-2,0), (1,-1) and 
(4,-2). 
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5.14 Use a table of values to graph the linear equation 2x— (y— 4x) = +2. 


Begin by solving the equation for y. 


2x —(y—4x) = y+2 
2x —y+t4x= y+2 


6x—y=y+2 
6x —2=2y 
6x 2 
ae a 
3x-l=y 


Substitute simple values of x into the equation to generate coordinates and 
graph the linear equation, as illustrated by Figure 5-12. 


x y=3x-1 y 
y=3(-1)-1 
x=-1| =-3-1 —4 
=-4 
y=3(0)-1 
x=0 =0-1 —l 
=-] 
y=3(01)-1 
x=1 =3-1 2 


Figure 5-12: A table of values containing x = -1, x = 0, and x = 1 produces three 
coordinates: (-L—4), (0,-1), and (1,2). Those three points are sufficient to 
graph 2x —(y —4x) = + 2. 


5.15 Through which of the following points, if any, does the graph of y= S x—7 
pass? 3 
A= (-12,1); B= (3,-5); C= (24,9) 


Design a table of values using the x-coordinates of each point: x = -12, x= 3, and 


x= 24. Substitute each into the equation to determine whether the resulting 
y-values satisfy the equation. 
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x y= oxn7 y 
2/ 12 
=—|-—|-7 
‘ | 1 | 
24 
=-19| e-Sa7 |=15 
x 2 3 
=-8-7 
=-15 
2(3 
=—|—|-7 
? (| 
x=3 =3-7 —5 
A lineow = : =, 
graph that’s not _ 
vertical only has =e 
IFA each x-value. In 3\ 1 
this case, the table of s Zs 48 7 
Values says when See ee ? 
*=-12, y= -Is, =16-7 


Therefore, the graph 
Cant contain the 
Point 12,1) as 


graph but (—12,-1) does not. 


5.16 


pass? 


According to the table of values, the points (3,-5) and (24,9) belong to the 


Through which of the following points, if any, does the graph of 3x—- 5y=2 


A= (-10,-16); B= (4,-2); C= (39,23) 


Use the method outlined in Problem 5.15—solve the equation for y, create a 
table of values containing x= -10, x= 4, and x= 39, and compare the results 
from the table with the y-coordinates in the given points. 
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5.17 


x = 39 SS 23 


Because the coordinate pair C= (39,23) matches the values generated in the 
last row of the table, point C belongs to the graph of 3x—- 5y = 2. 


If the graph of the line x— 2y= 10 passes through the points (8,a) and (0,3), 
what is the value of a+ b? 


If the line x— 2y= 10 passes through the point (8,q@), then substituting x = 8 and OD 
y = ainto the equation produces a true statement. Similarly, substituting x = 5 
and y= 3 into the equation also produces a true statement. 


Dowt tvy and 
get creative ana 
look for underlying 


Sue eG x—2y=10 meaning in the 
x— = - 
= . ay b -2(3)=10 expression a+, Just 


0 ave by plugging them 
inte the equation and 


Solve the left equation for aand the right equation for b. then ada them 


—~9a=10— $ 
. . 8 f= 16D pie at the 
a b=16 ; 
a=-1 


If a=-l and b= 16, then a+ D=-1+16=15. 
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In other 
words, if a graph 
has an x-intercept 
of -4, that meous it 
passes thvough the x- 
axis four units left 
of the ovigin. 


All lines 
(excluding 
hovizontal ana 
vertical lines) 
have exactly one 
intercept ana one 
ytatercept, So attey 
you've founa one x 
intercept Lov this line, 
youve found all of 


5.18 


5.19 


Graphing Using Intercepts 
The easiest way to plot two points on a line quickly 


What are the x- and y-intercepts of a graph? 


An x-intercept is a value at which a graph intersects the x-axis. It is usually 
reported as a signed value, indicating the location of the intersection point as 
though the x-axis were a number line. Similarly, the y-intercept reports the 
y-value at which a graph intersects the y-axis. 


Ifa graph has x-intercept —1 and y-intercept 9, what are the coordinates of 
those intercepts? 


All x-intercepts are located on the x-axis, which has equation y= 0 (according 
to Problem 5.4). Therefore, the coordinate of an x-intercept must always have 

a y-value of 0. Similarly, all y-intercepts are located on the y-axis, which has the 
equation x= 0. Therefore, the coordinate of a y-intercept must always have an 
x-value of 0. The graph in this problem must pass through the points (-1,0) and 
(0,9). 


Note: Problems 5.20—5.21 refer to the equation x — 3y = 12. 


5.20 


them, 


Identify the x- and y-intercepts of the linear graph. 


According to Problem 5.19, an x-intercept has a corresponding y-value of 0. 
Substitute y= 0 into the equation and solve for x to identify the x-intercept. 


x—3y=12 
x —3(0)=12 
x-0=12 
x=12 


The point at which a graph intersects the y-axis has an x-value of 0. Substitute 
x= 0 into the equation to determine the y-intercept. 


x—3y=12 

0-3y=12 

—3y=12 
hm 
ae 
y=-4 


The equation x- 3y= 12 has x-intercept 12 and y-intercept —4. 


Note: Problems 5.20—5.21 refer to the equation x — 3y = 12. 


5.21 


Graph the equation using the intercepts calculated in Problem 5.20. 


According to Problem 5.20, the intercepts are x= 12 and y=—4, so the graph 
passes through the points (12,0) and (0,—4). Plot those points on the coordinate 
plane and connect them to graph the line, as illustrated by Figure 5-13. 
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Figure 5-13: The graph of x — 3y = 12 has x-intercept 12 and y-intercept —4. 
Note: Problems 5.22—5.23 refer to the equation 2x — y = 0. 
5.22 Identify the x- and y-intercepts of the linear graph. 


Use the technique described in Problem 5.20; substitute y = 0 into the equation 
to calculate the x-intercept and substitute x = 0 to calculate the y-intercept. 


Calculate x-intercept: Calculate y-intercept: 
2x—y=0 
2x—y=0 es 
2(0)—y=0 
2x —(0) =0 
0O-y=0 
2x = 0 5 

; i ee 

x=— -l] -l 
: =0 

x=0 a= 


The preb- 
lew iswt that 
the intercepts 
ave both equal— 
that’s novmailly fine. 
The problem is that 
they’ve both 0. If the 
intercepts weve both 
3, Pov example, then 
youd know the graph 
passed thvough the 
points (3,0) ana 
(0;3). These ave 
two aiffevent 
points. 


The x- and y-intercepts of the graph are both 0. 


Note: Problems 5.22—5.23 refer to the equation 2x — y = 0. 


5.23 Explain why you cannot graph the equation using intercepts alone. 
Graph the equation using a different technique. 


According to Problem 5.22, the x- and y-intercepts are both 0, which means the 
graph passes through the origin. Unfortunately, when a linear graph passes 
through the origin, its x- and y-intercepts are represented by the same point: 
(0,0). However, two distinct points are required to graph a line. 


To overcome this obstacle, substitute a nonzero x- or y-value into the equation 
and solve for the remaining variable to identify a second point on the line. For 
instance, substitute x = 2 into the equation and solve for y. 
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2x —y=0 
2(2)—y=0 
4—y=0 
a= y 


Because y = 4 when x = 2, the point (2,4) also belongs to the graph. Connect this 
point and (0,0) to graph the line, as illustrated by Figure 5-14. 


Figure 5-14: The graph of 2x — y = 0 passes through the points (0,0) and (2,4). 


Note: Problems 5.24—5.25 refer to the equation 5x = 3y + 16. 
5.24 Identify the x- and y-intercepts of the linear graph. 


Use the technique described in Problem 5.20; substitute y= 0 into the equation 
to calculate the x-intercept and substitute x = 0 to calculate the y-intercept. 


Calculate x-intercept: Calculate y-intercept: 
5x = 3y+16 5x =3y+16 
5x = 3(0)+16 5(0) = 3y+16 
5x =16 0=3y+16 

16 —3y=16 
x=— 

5 __16 

"3 


16 16 
The equation has x-intercept 5 and y-intercept ae 
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Note: Problems 5.24—5.25 refer to the equation 5x = 3y + 16. 
5.25 Graph the equation using the intercepts calculated in Problem 5.24. 


Calculate the mixed number equivalents of the intercepts identified in Problem 


16 1 16 1 
5.24 & = 35 and ee = -53) , plot the points, and connect them to draw the 


graph, which is illustrated in Figure 5-15. 


5x = 3y+ 16 


the little 
triangles ave 
the Greek letter 
Aelta, which means 
“change in’ when it 
comes to math. So the 
slope is equal to the 
chawge in y Aividea 
by the change 
Mx, 


Figure 5-15: The graph of 5x = 3y + 16 passes through points [34.0] and (a-5 ;). 


Calculating Slope of a Line 
Figuve out how slanty a line is 


Ay 


5.26 The slope of a line is defined as m= ee Explain how to calculate the slope 
x 


of a line that passes through points (x,,y,) and (x,,9.). 


the letter mw 
is usually used to 
vepvesent slope, even 
though the wova “slope” 
Aoeswt have an wm in if. 
Heve’s another one that 
boggles wy mina: The 
y-intercept of a line is 
usually vepvesentea 
by the vaviale b. 
Go Figuve. 


The slope of a line is the quotient of the vertical change of a line (the change 

in the y direction) and the horizontal change of a line (the change in the x 

direction). To calculate the slope of a line, identify two points on the line, 

subtract their y-values, and divide by the difference of the corresponding x- 

values. Here, a line passes through points (x,,y,) and (x,,y,), so the slope of the 
Jo Ti 


line is ™=———., 
Xy ~ 
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™=6,ana y¥, =2 

: H2.1e 
Subscvipts tat a 
Suve the x 
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OMA y-values 
come from the same 


CoovAinate paiv, 


5.27 Describe the difference between a linear graph with a positive slope and a 


graph with a negative slope. 


As illustrated by Figure 5-16, lines with positive slopes rise from left to right. 
As the x-values increase from negative to positive (as you travel right along the 
x-axis), the y-values increase as well (the graph climbs vertically). On the other 
hand, lines with negative slopes decline from left to right in the coordinate 
plane. 


Slope of line k: m>0 Slope of line £ m<0 
Figure 5-16: Line k has a positive slope, so it increases from left to right in the 


coordinate plane. Conversely, line | has a negative slope and decreases. 


Calculate the slope of the line that passes through points (1,4) and (6,2). 


To apply the formula from Problem 5.26 | m= a= , set (1,4) = (x,,y,) and 
x. 


(6,2) = (x,,y,). Substitute the values into the slope formula to determine the 
slope of the line. 


Calculate the slope of the line that passes through points (—5,9) and (1,-9). 


Substitute x, =—5, y,=9, x, = 1, and y, = —9 into the slope formula. 
do 7 Ji S9> 9). Soo As. 


m= = 


x,—x, 1-(-5) 145 6 


3 
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5.30 Calculate the slope of the line that passes through points (7.-5) and 


J 
aos 
Substituting these values into the slope formula produces a complex fraction. 


To simplify the numerator and denominator of the slope, ensure that the 
fractions you combine have common denominators. 


Fov move 
information 
ile (- = fs about simplifying 
ppomen 5 RE Spa ie Ja ie 2 a complex fractions, 
Xy — % J se Be 6_ 49 _55 see Problems 2.4|- 
7 7 ae or | 7 


2.43. 


Once the numerator and denominator are rational numbers, rewrite the 
fraction as a quotient and simplify. 


2 ( : - d 14 
m= — Ft) - — | = | CS EF 
15 7 15\ 55 825 


5.31 Calculate the slope of the horizontal line y = 2. 


A fyaction 

_ Over a fraction 
‘Ss just a Aivision 

_ Problem, ana diviain 
(s the Same thing 9 
as multiplying bya 


Jo T ; 
yy, YOu need two points, (%;,),) 
1 


To calculate slope using the formula m= 


veCipvocall, TT , 
and (x,,y,), on the line. Every point on the line y= 2 has a y-value of 2; no oars how 
matter what real number is used for the x-value, the point (x,2) belongs to the you change Te + a 
horizontal line. For instance, set x= 0 and x= 5 to get points (0,2) and (5,2) on 7 


the graph of y = 2. Apply the slope formula. 
Yew 272 _ 0 


m= —} 


X%—x, 5-0 5 


The slope of the line y= 2 is 0. 


You get 


The Humongous Book of Algebva Problems 


95 


Chapter Five — Graphing Linear Equations in Two Variables 


5.32 Calculate the slope of the vertical line x = c. Assume that cis a real number. 


IL a ana 
b ave equal, you 

get 0 Aided by 0, 
which is a topic fov 
another Aay. Fov now, 
let's just say a com't 
equal b. 


All coordinate pairs on the line x= c have an x-value of c. Any value of y can be 

used to complete the coordinate pairs. If aand dare distinct real numbers, then 
(c,a) and (c,b) belong to the graph of x= c. Apply the slope formula to calculate 
the slope. 


Division by zero produces an undefined result. The slope of line x = ¢, like the 
slope of any vertical line, is undefined. It is equally correct to say that the line 
has “no slope.” However, it is ¢ncorrect to state that x= c has zero slope, because 
the number zero is defined. Horizontal lines have zero slope, and vertical lines 
have no slope (or an undefined slope). 


If you 
Aout like 
using the 
abstract y- 
values a and b, 
you Aout have to. 
You cam pick any 
veal numbers, say for 
exowple y = | ana 
y = 4, instead. The 
slope of the line 
through (cl) ana 
(4) is also 
undefinea. 


3 
5.33  Ifline kin the coordinate plane has slope —— and line lis parallel to line k, 
: 4 
what is the slope of /? 


If two lines are parallel, the slopes of those lines are equal. Therefore, line /also 


Aaeel 2 
aS SIOpe ——. 
pe "4 


5.34 Assume sand tare parallel lines. If line s passes through points (0,-2) and 
(-5,12) and line ¢has x-intercept 3, what is the y-intercept of line ¢? 


If sand tare parallel lines, their slopes are equal. Use the given points to 
calculate m,, the slope of line s. 
A 2) Ie __i4 


mM, = => 
Ny 6, —5-0 —5 5 


Rewmembey, 
the xvalue of 

a y-ntevcept is 0, 
just like the y-value 
of an x-intercept 
is 0. 


14 
The slope of line s (and, therefore, the slope of line ¢) is ee . If line thas 


x-intercept 3, then it passes through the point (3,0). Let (0,y) be the y-intercept 


. +i , 14 
of line #. In this instance, the slope is already known | m, =m, = -3) . Apply the 


slope formula again, substituting x, = 3, y, =0, x, = 0, and y, = y. Solve the 
resulting proportion for y. 


: i= 
A proportion m, = _ 
is an equation ee $ 
with one fraction on 4p 
each side. You usually ee 
use cross multiplication 1 
to solve pvoportions, 5 3 
ana that process is You shoulA waultiply 5y =14(3) 
explained in Problems both sides of this Beret 5y = 42 
21.1-21.8. by -| to cancel out the — 42 
5 


negative signs; that’s why 
they've gone in the next 
step, 
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7 
5.35 Ifline k has slope A and line /is perpendicular to line k, what is the slope of /? 


The slopes of perpendicular lines are opposite reciprocals. In other words, the 
7 
slopes are reciprocals and have opposite signs. If the slope of line k is 3° then 


the slope of line /must be at 


5.36 Assume sand tare perpendicular lines. Line s passes through point (—6,-2) 
and line ¢ passes through point (x,8); the lines intersect at (—5,1). Find x. 


Lines sand ¢ intersect at (—5,1), so both lines pass through that point. 
Therefore, line s contains the points (—6,—2) and (—5,1). Calculate m,, the slope 
of line s. 

HR aS) 1S |S 


m= — 


‘xy —x, —-5-(-6) -5+6 1 


=3 


Because sand ¢ are perpendicular lines, their slopes are opposite reciprocals, 
so if m, = T° then m,= = ee Recall that line ¢ passes through points (—5,1) and 


(x,8). Apply the slope formula. 


_ JoT7 
mn, =——— 
Xy ~ X 
gs OI 
3 x—-(-5) 
ay ee 
3 xt+5 


Cross multiply and solve the proportion for x. 


—1(x+5)=3(7) 


—-x-5=21 
—5-21=%x 
—26=x 


5.37 Calculate the x- and y-intercepts of the linear equation Ax + By = C, and use 
them to generate a formula for the slope of a line written in that form. Assume 
that A, B, and Care real numbers and B#0. 


Calculate the x-intercept by substituting y= 0 into the equation and calculate 
the y-intercept by substituting x = 0 into the equation. 


If A, B, anda C 
avewt fractions 
owd As positive, 


Calculate x-intercept: Calculate y- intercept: in online ie 
Ax + By=C Ax + By=C fovm Ax + By = Cis 
Ax+B(0)=C A(0)+ By=C in “stomdaava form.” 
Ax =C By=C Move on this in 
C C Problems 6.29- 
ae IB 6.36, 
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: A C ; , 
The graph of Ax + By= Cintersects the x-axis at (<.0) and intersects the y-axis 


at (0.5 . Apply the slope formula to calculate the slope of the line containing 


those points. 


This is a 
handy shovtcut, 
as you'll see in the 
next problem, 


A 
The slope of line Ax + By = Cis a . 


5.38 Use the formula generated in Problem 5.37 to determine the slope of the line 
with equation 3x = 6y +5. 


Subtract 6y from both sides of the equation 3x = 6y + 5 so that both of its 


variable terms appear on the left side of the equation and the constant term is 
isolated on the right side. 


3x-6y=5 


The equation is now in the form Ax + By = C, and you can calculate the slope of 
the line using the shortcut formula. 


A 
n=-—-= 


aoe 
Bo -6 
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5 
5.39 Graph the line that passes through (-3,1) and has slope mene 


The slope of a line indicates the vertical and horizontal change between points 
on the line. The numerator indicates vertical distance, and the denominator 
indicates horizontal distance. Here, the slope is negative, so place the negative 
sign either in the numerator or the denominator—your choice will not affect 
the outcome. 


A positive 
numerator 
means “up,” and a 
negative numerator 
meows “Aown.” A positive 
Aenominatov means 
‘vight,’ and a negative 
Aenominator means 
Vet” 


Plot the given point (—3,1) on the coordinate plane. According to the slope 


oe if you travel down five units and right two units from that point, you arrive 


E : ae ; 
at another point on the line. Because the slope = is equivalent, you can also 


travel up five units and /efi two units to reach another point on the line, as 
illustrated by Figure 5-17. Connect the points to graph the line. 


Figure 5-17: The point (-1,-4) is five units below and two units right of the starting 
point (—3,1). The point (—5,6) is five units above and two units left of 
(-3,1). 
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Graphing Absolute Value Equations 
Don't miss the point in these gvaphs (Get it?) 


When you toss 
_ Absolute values 
tnto a lineay equation 
you change the graph 
AS Well. Instead of a 
Stvaight line graph, you 


5.40 Graph the equation y=|x —1|—3 using a table of values. 


Substitute values of x that are less than | as well as values that are greater than 
1, or you will omit an important change in the graph at x= 1. 


s x =|x-]|-3 
ena up with Something 1 , 3 : 
J = =|-]-]/-2 
that’s pointy ana 25 
V-sha oh (eae ae -1 
ESA: =9-3 
=-1 
y=|0-1|-3 
0 eae.’ 
=1-3 : 
=|1-1|-3 
ihe : | 3 
y=|2-1|-3 
2 =1-3 =2 
=-2 
y=|3-1|-3 
3 | =2-3 -1 
=-1 


Figure 5-18: The point at which the direction of a linear absolute value graph changes 
is called its vertex. The vertex of y=|x —1|— 3 is (1,3). 


Note: Problems 5.41—5.42 refer to the equation y =|2x +5|+4. 


The vertex is the 5.41 Without using a table of values, identify the vertex of the graph. 


shawp point of the 
V-shapea gvaph. 


To identify the vertex of a linear absolute value graph written in terms of x, set 
the expression within the absolute value bars equal to 0 and solve for x. The 
resulting value is the x-coordinate of the vertex. 
2x+5=0 
2x =—5 


The equation is 
in terms of x because 
it’s solved fov y. 


x= 


2 


; Ds : 
Substitute x = "5 into the equation and solve for y. 


2(-3)+5 
1\ 2 


=+-Seo+4 
2 


y= +4 


=|-5+5|+4 
=4 


The vertex of the absolute value graph is (x,y) = (-5.4] = (-25.4] . 
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Note: Problems 5.41—5.42 refer to the equation y =|2x + 5|+4 


5.42 Graph the equation. 


According to Problem 5.41, the vertex of the graph is (-.4) , OF [-23.4]. 


The direction of the graph will change at the vertex, so you must plot at least 
one point left of the vertex and one point right of the vertex to draw the graph. 


1 
Substitute one x-value less than 745 (such as —4) and one value greater than 


1 
Rs (such as 0) into the equation and calculate the corresponding y-values. 


Substitute x =—4: Substitute x =0: 
y=|2x+5|+4 y =|2x +5|4+4 
=|2(-4)+5|+4 y=|2(0)+5|+4 
=|-84+5|+4 y =|5|+4 
=|—3|+4 y=9 
=3+4 
=7 


Therefore, the points (—4,7) and (0,9) belong to the graph. As illustrated in 


: : 5 
Figure 5-19, the graph consists of two rays, one that extends from (-3.4] 


through the point (—4,7) and one that extends from (-3.4] through the point 
(0,9). 


Figure 5-19: The graph of y =|2x + 5|+4 has vertex (-.4] : 
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— 5 and identify the vertex of the graph. 


5.43 Graph the equation y= Fa 
Use the method described in Problem 5.42 to identify the vertex. 


To get the 
x-coovaAinate 


of the vertex, set 
whatever's inside 
the absolute value ior y= F bee 
bavs equal to 0. Plug a7 0 2 
your answer back into x =2(0) ie 5o _s 
a 2 
=0 
—5 


the oviginal equation 
fov x to figure out y= 
the y-coovdAinate 


of the 


The vertex of the graph is (0,-5). Substitute one x-value less than 0 (such as 
x=-—4) and one x-value greater than 0 (such as x= 4) into the equation to 


identify two additional points on the graph. 
Substitute x= 4: 


Substitute x =—4: 
1 1 
=|-(-4)|-5 =|—(4)/-5 
=f] y= 5) 
=|-2|-5 =|21-5 
=-3 


The graph consists of two rays, one that extends from (0,-5) through (-—4,-3) 
and one that extends from (0,—5) through (4,-3), as illustrated by Figure 5-20. 


=D): 


Figure 5-20: The graph of y= Fe 
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5.44 Graph the equation y=|3x —13/+2 and identify the vertex of the graph. XY Va 
Use the method described in Problem 5.42 to identify the vertex. CH 
-~13= 13 h ~ 
Te »=p(2)-r3}+2 
3x =13 3 

39 

3 3 
1 =(13—-13/+ 
age ns—13|+2 
=2 


The vertex of the graph is (=.2), or [45.2] . Identify two additional points on 


the graph by substituting an x-value less than 45 (such as x= 3) and an x-value 


greater than a (such as x= 5) into the equation and solve for y. 
One ray of the graph extends from (=.2] through (3,6), and the other extends 


from (=.2) through (5,4), as illustrated by Figure 5-21. 


Figure 5-21: The graph of y =|3x — 13|+2. 
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LINEAR EQUATIONS IN TWO VARIABLES 


Generating equations of lines 


Chapter 5 introduced the concept of linear slope, a constant that describes 
the steepness of a line in the coordinate plane. This chapter explores con- 

structing linear equations using the point-slope and slope-intercept formu- 
las, expressing equations in standard form, and graphing linear equations 

that are expressed in point-slope form. 


You need only two things to cveate the equation of a line: the slo 
of that line and one of the points on the line. Now that os know a + 
calculate slope (if you Aout, stop vight now and work through br anieec 
$126 oe 31), you can use one of two formulas to create a lineay equation: 
the point-slope formula ov the slope-intevcept formula. . 


After you genevate the equation of a line, you can sketch a quick 


graph of it (say goodbye to tables of 
a values) anda + : 
write tt in standowa Lov, ya hen (if vequivea) 


Chapter Six — Linear Equations in Two Variables 


Point-Slope Form of a Linear Equation 
Point + slope = equation 
6.1 Identify the values of the constants in the point-slope form of a line. 
The point-slope form of a linear equation states that a line with slope m that 


passes through point (x,,y,) has equation y— y, = m(x—- x,). Any point (x,y) that 
satisfies the equation lies on the graph of the line. 


x, and y, 
ave only needed 
at the beginning of 
the problem, when you 
create the equation, 

The equation YOu come 
UP with will not Contain 
*, AMA y,, but it will 
Contain x and y. 


6.2 Describe the difference between the subscripted variables in the point-slope 
form of a line (x, and y,) and the variables without subscripts (x and y). 


The point-slope form of a line is used to create the equation of a line if the 
slope of that line and one of the points on that line are known. The coordinates 
(x,,y,) represent the x- and y-values of the point through which the line is known 
to pass. The point-slope formula also contains the variables x and y, which 
correspond to any point (x,y) through which the line passes. 


Note: Problems 6.3-6.4 refer to line j, which has slope —4 and passes through the point 
(-1,7) on the coordinate plane. 


6.3 Use the point-slope formula to write an equation representing line j. 


Line j has slope m= -—4 and passes through the point (-1,7), so x, =—1 and y, = 7. 
Substitute the values of m, x,, and y, into the point-slope formula. 


y—y, = m(x—x,) 
y-7=-4(x-(-)) 
y-7=-4(x 41) 


Note: Problems 6.3—6.4 refer to line j, which has slope —4 and passes through the point 
(-1,7) on the coordinate plane. 


Substitute into the 6.4 If line jalso passes through the point (a,3), what is the value of a? 


equation of line 5 from 


Problem 63. If line 7 passes through the point (a,3), then substituting x= aand y= 3 into the 


equation y— 7 =—4(x+ 1) must result in a true statement. 

y—-7=-4(x4+1) 

3-7=—-4(atl) 
—4=—4(a)+(—4)() 
—4=—4a—4 
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Solve the equation for a. 


Because a= 0, line 7 passes through the point (a,3) = (0,3). 


Note: Problems 6.5—6.6 refer to line k, which has slope 5 = and passes through the point 
(-6,—5) on the coordinate plane. 


6.5 Use the point-slope formula to create the equation of line k. Expand the 
resulting equation and solve it for y. 


Treat the 
negatives outside 
these paventheses 
as -\s: CICS) HS 
ana -|(-6) = 6. 

A negative times a 
negative equals a 
positive. 


2 
Substitute m=—, x, =—6, and y, =—5 into the point-slope formula. 
yTN = m(x—x,) 
2 
y= (-5)=F(x-(-6)) 


yt5=2(x+6) 


Expand the right side of the equation and solve for y. 


2/6 
+5=—(x)+—[— 
y 3 (*) (5) 
1 
pepe eee 
3 3 
ee ee 
3 
2 
=—x+4-5 
y a 
yon 


2 
Note: Problems 6.5—6.6 refer to line k, which has slopes = and passes through the point 
(-—6,—5) on the coordinate plane. 


1 
6.6 If line kalso passes through the point (-5.¢) what is the value of c? 


1 
Substitute x = 2p and y= cinto the equation generated by Problem 6.5. 


2 
==x-1 
J 3 os 
c= aed Ly Use the least common Aenominator 
3 to combine these numbers: 
1 
c=--—l1 
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1 
6.7 Use the point-slope formula to create the equation of line J, which has slope 4 
and x-intercept 1. 


Fov move 
info on x and y- 
intercepts, check out 


1 
If line /has x-intercept 1, it passes through the point (1,0). Substitute m= 2’ 
Problems S.|8-S.25. 


x, = 1, and y, = 0 into the point-slope formula. 
yoy = m(x—%) 


y-0=2(x-1) 
y=Te-1) 


1 
Line /has equation y= ri —1). Applying the distributive property produces 
1 


another valid representation of line J: y= ry arc 


6.8 Use the point-slope formula to identify the equation of the line that passes 
through points (3,-1) and (—7,-9). Expand the resulting equation, simplify it, 
and solve for y. 


Arrly the 
Aistvilbutive 
property ana simplify. 


Apply the technique described in Problems 5.28—5.30 to calculate the slope of 
the line; substitute x, = 3, y, =—1, x, =—7, and y, =—9 into the slope formula. 
Ye _—-9-(-1)_-9+1_ -8 4 


m= — 


fan eae, Oe 0, a 


4 
Substitute m= 5 , x, = 3, and y, =-1 into the point-slope formula. 
y—y = m(x—~x,) 


y-(-D=5@-3) 


You coula 
substitute the 
CoovdAinates of 
the other point into 
the fovmula instead: 
x, =-Tama y, = -7. 
Either way, you'll 
get the same 
Final answer. 


4 
yt1=—(x—3) 


Expand and simplify the right side of the equation. 


AD 
ae ae 

4 12 5 
yerx- SF 
a oe 
See: 
a re 
Soe 
ee ae 
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6.9 


6.10 


Use the point-slope formula to identify the equation of the line with x- 
intercept | and y-intercept —9. Expand the resulting equation, simplify it, and 
solve for y. 


If the line has x-intercept 1, then it passes through the point (1,0). Similarly, 
because the line has y-intercept —9, it passes through the point (0,-9). Calculate 
the slope of the line. 


we—h _-9-0_-9 


=9 
Xs =X O-1 -l 


m= 


Substitute m= 9, x, = 1, and y, = 0 into the point-slope formula. 
y~N = m(x—x,) 
y-—0=9(x-1) 
y=9x—-9 


Use the point-slope formula to identify the equation of the line that passes 
through the points (a,b) and (c,d). Assume that a, 0, c, and dare real numbers 
and that a# c. 


Apply the technique described in Problems 6.8—6.9. Begin by substituting x, = a, 
y, = b, x, =, and y, = dinto the slope formula. 


Je Fi _d-b 


Xy—X, ca 


If you set 
KE GWA, 
x, = a, ana y, = », 
you get a aifferent- 
locking (put equal) 
slope. You caw use 
that slope to come up 
with two Aiffevent (ana 
equivalent) equations 
that ave also acceptavle 
ANSWeEVS: 


Substitute m, x,, and y, into the point-slope formula. 


y— 9, =m(x—x,) 


d-b 
(x—a) 
ca 


be 


Substituting (x,,y,) = (¢d) into the point-slope formula, rather than using the 


d—b 
(x—c). 
c—a 


Aa 
yen= vee (x=) 
Ma 
b-a 


y= ve a. (x — a), 


coordinate (a,b), produces the equally valid equation y— d= 
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Slope-Intercept Form of a Linear Equation 
Lines that look like y = mx + b 


Identify the values of the constants in the slope-intercept form of a line. 


The coeff- 
clent of the x- 
tevwm is the slope of 
the line, ana the 

Constant mavks the 
point wheve the line 
crosses the y-axis, 


6.11 


The slope-intercept form of a line is y= mx + b, where mis the slope of the line 
and bis the y-intercept. Note that an equation in slope-intercept form is solved 
for y (that is, y is isolated on the left side of the equal sign). The right side of the 


equation is the sum of an x-term and a constant. 


Note: Problems 6.12-6.13 refer to line s, which has slope —8 and y-intercept 3. 
6.12 Write the equation of line sin slope-intercept form. 


The slope of the line is —8 so set m=-—8. The y-intercept of the line is 3, so set 
b= 3. Substitute mand b into the slope-intercept formula. 

y=mx +b 

y=—8xt3 


Problems 6.12-6.13 refer to line s, which has slope —8 and y-intercept 3. 


Note: 
6.13 Ifline s passes through point (13,v), what is the value of v? 


The equation 
created in Problem 


6.12 


If line s passes through (13,v), then substituting x = 13 and y= v into the 
equation y=-—8x + 3 results in a true statement. 


y=—8x+3 
v=—8(13)+3 
v=-1044+3 
v=-101 


7 
Note: Problems 6.14-6.15 refer to line t, which has slope 5 and y-intercept Re 


6.14 Write the equation of line ¢in slope-intercept form. 


7 1 
Substitute m= = and b= “5 into the slope-intercept formula. 


7 
Note: Problems 6.14—-6.15 refer to line t, which has slope = and y-intercept pre 


1 
6.15 Ifline ¢ passes through point [v.2) what is the value of w? 


1 
Substitute x= wand y= 5 into the linear equation generated by Problem 6.14 


and solve for w. 
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amen | 
=—-x-— 
3" 9 
T= 247, .° a1 
Pole Ae 
6 3 2 
1 1 7 
-4-=-y 
6 2 3 
1 3 7 
-~+-=-—w 
6 6 3 
4 7 
er 
6 3 
| 
ae 
3 


ST [OQ 

ll 
Aapoe & 
Da | NL 
ie 


~T| no =e 
| 
g 


9) 
6.16 What is the x-intercept of the line with y-intercept —2 and slope ae. 


6.17 


9 
Substitute m= — and b= -2 into the slope-intercept formula to generate the 


equation of the line. 


y=mxtb 
9 F 
aan me The x intercept is 
aes on the x-axis, 
Substitute y = 0 into the equation and solve for x to determine the x-intercept. i Ponts on the xaxis 
9 AVE A y-value of 0, so 
Qo ese Set y=, 
9 
~y=-92 
5% 
BS (2) 
S\p ) 9 1 
10 
x= —— 
9 


In other 
wovas, Aowt use 
the slope formula 
fvow Problems 6.9 

ad 6.9 to calculate 
the slope of the line 
thvough (-4,0) ana 


3 
—]. Use the 
(o 3 


slope-intevcept 
formula 
instead. 


Use the slope-intercept formula to determine the slope of the line with 


x-intercept —4 and y-intercept 9° 


3 
Substitute the given y-intercept into the slope-intercept formula: b= 9° 


y=mxtb 


3 
= Mx = 
2 


The x-intercept of the line is (-—4,0), so substituting x = —4 and y= 0 into the 
equation produces a true statement. 
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ees +5 
The equation 3 
has fractions in it, 0=—4m +5 


So Aon't Aivide by 4 
to Jet VIA of the xe 
coefficient, Instead, 


Solve the equation for m to determine the slope of the line. 


3 

multip] I 4m == 

Ply by 7, the ae 
Vecipvocal of 4. 1\A4 “(3] 
SoG cect 
A} 1 4\2 

3 

Wie 

8 


6.18 Problem 6.5 describes line k, which has slope ; and passes through the point 
Problem 
6.5 asked you 
to expana the 
equation and solve 
fov y after you pluggea 
everything into point- 
slope form. By solving for 


(-6,—5). Use the slope-intercept formula to identify the equation of line k and 
verify the solution to Problem 6.5. 


2 
The slope is given, but the y-intercept is not. Substitute m= 3 and the known 


x- and y-values (x =-6 and y=-—5) into the slope-intercept formula and solve 
for b. 


y, You weve actually jane eh 
writing the equation 9 6 
in slope-intevcept Oa ta +b 
ee 
3 
She 445 
—5+4=6 
So tt te 


Aoeswt 
matter 
whether you 
use the point- 
slope ov slope- 
intercept formula 
to create a lineav 
equation. Both give 
you the same vesult 
when you put them 
into the same form, 
in this case solving 
fov y to put them 
both im slope- 
intercept 
fovw. 


2 
The slope of the line is m= 3° and the y-intercept is b= —1. Substitute these 


values into the slope-intercept formula to identify the equation of the line. 


y=mxt+b 


2 
==x-1 
I-34 


This answer is identical to the equation generated in Problem 6.5. 


6.19 Use the slope-intercept formula to identify the equation of the line that passes 
through points (10,—4) and (9,8). 


Calculate the slope of the line. 
Sh peal Se. 12 


m= = 


en OS 610, 1 


—12 


112 ree Humongous Book of Algebva Pvolblems 


Chapter Six — Linear Equations in Two Variables 


Substitute m=-—12 and the x- and y-values from one of the given points into 

the slope-intercept formula, for instance, x= 10 and y=-—4. (It does not matter 
which point you select, as long as you substitute x- and y-values from the same 
coordinate.) 


Heve’s 
what the 
wovk looks Vike 

if you plug nx = 19 


y=mxtb 
—4=—-12(10)+b ana y = 8 instead: 
—4=-120+5 g=-\2(1)+» 
g=-l08 +» 
—4+120=b eres 
116=b 


\|é=% 


Substitute mand 0b into the slope-intercept formula to generate the equation of 
the line. 

y=mxtb 

y=—12x+116 


This is intev- 
esting because 

it shows you wheve 
the slope-intevcept 
formula comes 
Lvow, 


6.20 Apply the point-slope formula to identify the equation of the line with slope m 
and y-intercept 0. 


Ifa line has y-intercept b, then it passes through the point (0,5). Substitute the 
slope m, x, = 0, and y, = binto the point-slope formula. 


y— y= m(x— x) 
y—b=m(x-0) 
y—b=m(x) 


Solve the equation for y. 
y—b=mx 


y=mxtb 


The num- 
evator of 
the slope tells 
you how fay 
to up ov Aown, 
(Positive means 
90 Up, negative 
Means 90 Aown,) 
The Aenominator of 
the slope tells you 
how fav to go left 
ov vight. (Positive 
Meus go vight, 
negative means go 
left) Heve, the top 
is | (go up one) 
and the bottom 
is 3 (go vight 3), 


Graphing Lines in Slope-Intercept Form 
Graphing equations that ave solved fov y 


1 
6.21 Graph the linear equation y= a = oe 


The equation is in slope-intercept form, y= mx + b. Therefore, the coefficient of 


: 1 : : 
the x-term is the slope of the line [m = ;] and the constant is the y-intercept of 


the line (b= -2). To graph the line, plot the y-intercept (0,-2) and use the slope 
to identify another point on the line. 


1 ; : bad : 
The slope is a the point one unit above and three units right of the y-intercept 


is also on the line. Connect those points to graph the line, as illustrated by 
Figure 6-1. 
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The y-intevcept is 
located at point (0,1). 


6.22 


; 1 
Figure 6-1: The graph of y= a —2 passes through the point (3,-1), which is one 
unit above and three units right of the y-intercept (0,—2). 


3 
Graph the linear equation y= est +1. 


3 
The equation is in slope-intercept form, so the slope is m= a and the 


y-intercept is b= 1. Plot the y-intercept on the coordinate plane. The negative 
sign of the slope can be placed in either the numerator or the denominator, for 


the purposes of plotting the second point on the line: cite = = = 

If you express the slope as m= = , count three units down and five units right 
of the y-intercept to plot the point (5,-2). If you, instead, express the slope as 
m= =, travel up three units and left five units to plot the point (—5,4). All 


three points— (0,1), (5,-2), and (—5,4)—belong to the same line, as illustrated 
by Figure 6-2. 


(-5,4) 


: 3 
Figure 6-2: The graph of y= Tee +1 has y-intercept 1. According to the slope, you 


can travel up 3 and left 5 units, or down 3 and right 5 units, to reach 
another point on the line. 
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Note: Problems 6.23—6.24 refer to the equation y — 11 = —3(x + 5). 


6.23 Express the linear equation in slope-intercept form. 


The equatiow's 
in slope-intevcept 
fovm when it looks like 

y = mx + b. In other words, 
y's on one side, and on the 
other side, you have an x- 
tevm and a constant 
term, th that ovdAey. 


Expand the right side of the equation and solve for 4. 


y-11=-3(x+5) 

y-11=-3x+(—3)(5) 

y-1ll=—-3x-15 
y=—3x-154+11 
y=—3x-4 


Note: Problems 6.23—6.24 refer to the equation y — 11 = —3(x + 5). 


6.24 Graph the linear equation. 


According to Problem 6.23, the slope-intercept form of the equation is 

y =-3x— 4, so the y-intercept is —4, and the graph passes through the point 

(0,-4). The slope of the line is —-3. Express the slope as a fraction and use it to 
—3 3 

identify a second point on the line: —3 = qe a Connect the two points to 


You can 9° Aowy 
three ana vight 


graph the line, as illustrated in Figure 6-3. one 


3) 
SS] OV up 


| 
| from the 


yintevcept (0,-4) ra 
reach another point on 
the line, 


Figure 6-3: The graph of y — 11 = —3(x + 5) is equivalent to the graph of y = —3x — 4, 
which has slope —3 and y-intercept —4. 


Note: Problems 6.25—6.26 refer to the equation 5x — 2y = 4. 


6.25 Express the linear equation in slope-intercept form. 


Solve the equation for y to express it in slope-intercept form. 


5x —2y=4 
—2y=—5xt+4 
a ean 4 
ay ae 4 
5 
=rx-2 
Toe 
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Note: Problems 6.25—6.26 refer to the equation 5x — 2y = 4. 


6.26 Graph the linear equation. 


5 
According to Problem 6.25, the slope-intercept form of the line is y= ao = 2. 


5 
Plot the y-intercept, point (0-2) on the coordinate plane. The slope 9 dictates 


that the point (2,3), which is 5 units above and two units right of the y-intercept, 
also belongs to the line. Graph the line by connecting those two points, as 
illustrated by Figure 6-4. 


: . 
Figure 6-4: The graph of 5x — 2y = 4 or, in slope-intercept form, y = gor 2. 
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eh 


Note: Problems 6.27-6.28 refer to the points A = (3,11), B = (-6,-10), and C = (? = 


6.27 Graph A, B, and C to demonstrate that the points are collinear. 
Points ave 
collineaw if 
they lie on the 
same line. It’s easier 
to gvaph if you write 
the coovAinates as 
mixed numbers: 


Figure 6-5: A, B, and C ave collinear because one line on the coordinate plane passes 
through all three points. y 


Note: Problems 6.27-6.28 refer to the points A = (3,11), B = (-6,-10), and C = (? 7) : (eek. 


4° 4 


This time, use 
algebva instead of a 
graph to prove that 


the points ave all on 
the same line, 


6.28 Prove that the points are collinear. 


Calculate the slope of the line containing points A and B. Two points define a 
line, so only one line exists in the coordinate plane that passes through those 
two points. 


etn SOSH sa2he 7 


m 


Ny — Xy -6-3 =9 -3 


Now calculate the slope of the line that contains points A and C. Again, only 
one line exists in the coordinate plane that passes through those two points. 


You coula 


_ 37 _ 1 calculate the 
ene ane = ; slope of the line 
Xy =X = thvough points B 


aud C instead. 


Use the least-common denominator 4 to combine the terms in the numerator 
and denominator. 


37 11:4 37 44 37-44 7 
a ee ae eee ee 
9 34 9 12° 9-12 3 
4 14 4 4 4 4 
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Multiply the numerator and denominator by the reciprocal of the denominator. 


To fina 
the equation 
of a line, you 
need a pont and a 
slope. Both of these 
slopes ave equal ana 
woth lines pass through 
B, so accovAing to the 
point-slope formula, 
yoth would hawe 
the same 
equation, 


The line connecting A and Chas the same slope as the line connecting A and B; 
it also shares a common point, A. Therefore, the lines are not unique. Instead, 
points A, B, and Call belong to the same line. 


Standard Form of a Linear Equation 
Write equations of lines in a uniform way 


6.29 What are the characteristics of a linear equation in standard form? 


The standard form of a linear equation is Ax + By= C. In standard form, the 
variable terms are located left of the equal sign, and the constant is located 
right of the equal sign. There are additional restrictions on the constants. 

For one thing, A, B, and Ccannot share common factors (other than 1). The 
coefficients must all be integers, which means that no fractions are present in 
the equation. Finally, A, the coefficient of the x-term, must be nonnegative. If A 
is negative, multiply each term of the equation by -1. 


If all the 
coefficients have 
A common factoy, 
Aide all of the terms 
by that number, Foy 
exaweple, if all of the 
coefficients ave even 
AVIA everything by 2, 


6.30 According to Problem 5.37, the slope of Ax + By= C, a linear equation in stan- 


dard form, is ——. Use this shortcut formula to calculate the slope of 


x + 4y =—3, and verify the answer by writing the equation in slope-intercept form. 


The equation x + 4y =—3 is in standard form, so the coefficients of x and y are 
Aand B, respectively: A = 1 and B= 4. Substitute these values into the slope 
shortcut formula. 


When no 

coefficient 
is written, you 
shoula assume the 
coefficient is |, so 


A=\. 


x+4y=—-3 
4y=—-x—3 
4y_ x 3 
4°44 4 
_ 1 3 
ae ge 


The slope of an equation in slope-intercept form is the coefficient of the x-term. 


The slope of this line is ae which verifies the slope generated by the shortcut 
formula. 
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6.31 


6.32 


6.33 


Calculate the slope of the line 4x — 9y= 14 using the slope shortcut formula 


and verify the answer by writing the equation in slope-intercept form. the formula 
= £ from 


Substitute A = 4 and B=—49 into the slope shortcut formula. 
Problem 630 


Solve the equation 4x — 9y= 14 for 4. 


4x —9y=14 
~9y =—4x +14 
—9y —4 14 
=5. 20 29 
_4 14 
a ae 


The slope of an equation in slope-intercept form is the coefficient of its x-term. 


The slope of this line is 9” which verifies the slope generated by the shortcut 
formula. 


What linear equations can be expressed in standard form but cannot be 
expressed in slope-intercept form? 


“Undefined 
slope” means the 
Same as “no slope.” 
Hovizontal lines have 
a slope of zeve, which is 
a veal number, Vertical 
lines Aow't have a slope 
at all. You cant write 
an equation in slope- 
intercept Lovm if 
theve’s uo slope! 


Equations of vertical lines cannot be written in slope-intercept form. Vertical 
lines have form x= c, where cis the distance between the vertical line and the 
y-axis. Because the equations do not contain y, they cannot be solved for y—one 
major characteristic of lines in point-slope form. Furthermore, vertical lines 
have an undefined slope and are, therefore, missing yet another key component 
of slope-intercept form. 


Express the equation y— 3 = —7(x— 1) in standard form. 


To convert this equation from point-slope form to standard form, begin by 
expanding the right side of the equation. 


y-3=(-7)(x)+(-7)(-) 
y-3=-Tx+7 


The x- ana 
ytevms also 
have to be in the 
vight ovAev; x has 
to come befove y, 
So the equation 
YT dRS lO—though 
eqbivalent—is not in 
Standova form, 


Move —7x left of the equal sign and —3 right of the equal sign by adding those 
quantities to both sides of the equation. 

Tx+ y=7+3 

7x+y=10 


This equation is in standard form Ax + By = C because the x- and y-terms are left 
of the equal sign, the coefficients and constant share no common factors, no 
fractions are present in the equation, and the coefficient of x is positive. 
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3 
6.34 Express the equation y+4= ae —6) in standard form. 


Begin by expanding the right side of the equation. 


3\( 6 
+4=-(x)+{—]|-- 
, g(*) fl 4 
3 18 
ie ee 
‘ Q" 9 
3 
yt4=—x-9 


An equation in standard form cannot contain constants or coefficients that are 
fractions. To eliminate fractions from the equation, multiply each term by 2, the 


least common denominator. 
3 
2(y+4)= 2(3-9] 
213 
2(y)+2(4) = pa as +(2)(-9) 
2y+8=3x—-18 
Move the x-term left of the equal sign by subtracting 3x from both sides of the 
equation. Similarly, move the constant 8 right of the equal sign by subtracting it 


from both sides. 
—3x+2y=—-18-8 


—3x+2y=—26 


It Aoeswt 
matter if 
the y-tevm ov 
the constant 
is negative, but 
an equation in 
standowad form 
has to stawt with 
a positive 


This equation is not yet in standard form because the coefficient of the x-term is 


negative. Multiply each term by -1. 


—1(—3x) +(—1)(2y) = -1(-26) 
3x —2y = 26 


1 
6.35 Express the equation y= a +8 in standard form. 


Use the technique described in Problem 6.34 to convert this slope-intercept 
equation into standard form: eliminate the fraction, move the x-term left of the 


equal sign, and multiply all the terms by —1 to make the x-term positive. 
1 
2(y)= ofS 5 


2y= 4 (Fx}+2(8) 


Zz 
2y=x+16 
—x+2y=16 
—1(-x)+(-1)(2y) = (-1) (16) 
x-2y=-16 
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6.36 Express the linear equation 6y= 5x + 2(x+ 10) — 16 in standard form. 


Expand and simplify the right side of the equation. 


You coula 
subtvact Gy 
ana 4 from both 
sides of the equation 
stead to get -4 = 
7x - Gy. Then youa 
swap the sides of the 
equation to get 


6y =5x + 2(x)+2(10)—-16 
6y=5x+2x + 20-16 
6y=7x+4 


Subtract 7x from both sides of the equation and multiply all the terms by —1 so 
that the equation has form Ax + By = C, where A> 0. 


—7Tx+6y=4 Tx - Gy = -A, 
(-1)(-7x) + (-D(6y) =(-)(4) 
7x —6y=—4 


Creating Linear Equations 
Practice all the skills vow this chapter 


Note:Problems 6.37-6.39 refer to line j, which passes through point (3,-1) and is parallel to 
5 


line p, which has equation y = = x—6. 
6.37 Apply the point-slope formula to determine the equation of line j. 


5 
Line pis in slope-intercept form, so the x-coefficient 3 is the slope of line p. 


This property of 
pavailel lines was 

Fivst intvoAucea 
back in Problem 
S33. 


5 
The slopes of parallel lines are equal, so the slope of line 7 must be a well. 
5 
Substitute m= a and the coordinates of the point through which / passes 
(x, = 3 and y, =-1) into the point-slope formula. 
ITN = m(x—x,) 


y- (= 3-3) 


5 
yt1= 2-3) 
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Note: Problems 6.37-6.39 refer to line j, which passes through point (3,-1) and is parallel to 
line p, which has equation = 3 NiO 
6.38 Express line jin slope-intercept form. 


Expand the right side of the point-slope equation generated in Problem 6.37 
and solve for y. 


yt1=2(x-8) 

41-8 60)+5(-4) 

ytl=2x-5 
yaox-5-1 
y=ax-6 


Note: Problems 6.37-6.39 refer to line j, which passes through point (3,-1) and is parallel to 


line p, which has equation y = 5 =O 


6.39 Express line jin standard form. 
Multiply each term of the equation in slope-intercept form (from Problem 6.38) 
by 3 to eliminate the fraction. 


5 
="x-6 
= 3 


3(y)= ad +3(—6) 


3y = 5x -18 


Subtract 5x from both sides of the equation and multiply both sides by —1 to 
rewrite the equation in form Ax + By= C, such that A> 0. 


—5x+3y=—-18 
(—1)(—5x) + (-1)(3y) = (-1)(-18) 
5x —3y=18 
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Note: Problems 6.40—-6.42 refer to line k, which passes through point (—8,7) and is 
perpendicular to the line l, which has equation 2x — 3y = 12. 


6.40 Calculate the slope of line k. the slopes 


of pevpendaic- 
ulav lines ave 
opposites—if one 
is positive then the 
other is negative— 
OMA veciprocails of 
each othey. If you 
feel like you heava 
that somewhere 
ypefove, you might 
vemember tt 
Lvowm Problem 
$35. 


Calculate the slope of line / by applying the slope shortcut formula from 
Problem 6.30. 


A 2 2 
n= - T= _ 


Bo -3 3 


3 
Line k is perpendicular to line J, so the slope of kis ——, the opposite reciprocal 
of line U’s slope. 2 


Note: Problems 6.40-6.42 refer to line k, which passes through point (—8,7) and is 
perpendicular to the line l, which has equation 2x — 3y = 12. 


6.41 Use the slope-intercept formula to create the equation of line k. 


Line k passes through point (-8,7) and, according to Problem 6.40, has slope 
3 3 
os Substitute m= See x=—8, and y= 7 into the slope-intercept formula in 


order to calculate b. 


y=mxtb 
ay 
=—-—|-—|+b 
2\ 1 
7a, 
2 
7=12+6 
7-12=b 
—5=b 


Apply the slope-intercept formula to generate the equation of line k. 


y=mxtb 


3 
=-=x-5 
poe 


Note: Problems 6.40-6.42 refer to line k, which passes through point (—8,7) and is 
perpendicular to the line l, which has equation 2x — 3y = 12. 


6.42 Express line kin standard form. 
According to Problem 6.41, the equation of line k in slope-intercept form is 


3 
y= —F —5. Multiply all the terms by the least common denominator (2) and 


add the x-term to both sides of the equation. The resulting equation has form 
Ax + By= Csuch that A> 0. 
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6.43 Write the equation of the line graphed in Figure 6-6 in slope-intercept form. 


Figure 6-6: You can determine the equation of this line using either point-slope or slope- 
intercept form, but write your final answer in slope-intercept form. 


The line in Figure 6-6 passes through points (—5,-1) and (4,3). Use the slope 
formula to calculate the slope of the line. 
Boo Ie). Sl oe 
m= = = = 
xy—-x, 4-(-5) 4+5 9 


Substitute the slope and the x- and y-values from one of the points through 
which the line passes into the point-slope formula. 


y—y, =m(x—x,) 
4 
y—()= g(«-(-5)) 


Subtvact 
| Prom both 
Sides of the 
equation to isolate y 
in this step. Instead of 
“1” you caw write — 1. 
It’s the same value 
(91-4 =|), but you 
needa Aenominator 


4 
y+1= 9 (+5) 


Expand the right side of the equation and solve for y to express the equation in 


slope-intercept form. 


in common with 20 


q 
so that You can ada 
these numbers 
togethey, 
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6.44 Write the equation of the line with x-intercept — and y-intercept —= in 
standard form. 


Calculate the slope of the line that passes through points (7.0) and (0,-3}. 


To get viA of this 
complex fraction, 
multiply the numerator 
ANA Aecnominator by 


5 
The slope of the line is m= 7 and the y-intercept is stated: ) =——. Substitute 


these values into the slope-intercept formula to create the equation of the line. 


2, the least 
= COmMMONH 
y i‘ - : Aenominatoy. 
DF ge 
Uy 2 


Multiply each of the terms by the least common denominator (14) to eliminate 
the fractions in the equation. 


70 70 
l4y=—x-— 
a ae 
14y=10x — 35 


Subtract 10x from both sides of the equation and multiply each term by —1 so 
that the equation has form Ax + By= Cand A> 0. 


—10x+14y=—35 
(—1)(—10x) + (-1)(14y) =(-1)(-35) 
10x -—14y = 35 
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LINEAR INEQUALITIES 


they've like equations without the equal sign 


Replacing an equation’s equal sign with an inequality sign might, at first 
glance, seem a trivial change, but the implications are significant. For in- 
stance, whereas a linear equation in one variable has a single solution, a 
typical linear inequality in one variable has infinitely many solutions. The 
differences are not limited to one-dimensional equations. As discussed in 
Chapter 5, the graphs of linear equations are lines in the coordinate plane, 
but the graphs of linear inequalities are regions of the plane. 


Lineaw inequalities Look a lot like equations 
Aiffevent. The JO0A news: Lineaw inequalities 
a lot alike. If you can solve the equations in 
equations in Chapter 5, lineay Mequaiities wil 


baad news: Absolute value Mequalities ave h 
equations. 


but they've very 

and linear equations act 
Chapter 4, and gvaph the 
I be a piece of cake. The 
avAev than absolute value 


Chapter Seven — Linear Inequalities 
f 


Inequalities in One Variable 
Dust off your equation-selving skills from Chapter 4 


Don't say, “I 
aw not the same 
height as my cousin,” 
when you cam say, “I 
aw shovter than my 
cousin.” The secona 
statement Aoesw't just 
state that you have 
different heights— 
it also explains 
why. 


7.1 Identify the five most commonly used inequality symbols. 


The five most used algebraic inequality symbols are: <, less than; >, greater 
than; S, less than or equal to; 2, greater than or equal to; and #, not equal to. 
When possible, use <, S, >, and 2 instead of 4, because they communicate more 
information. 


7.2 Of the inequality symbols <, S, >, and 2, which correctly complete the 
following statement? 


2 7 
Two is fewer than seven, so the less than symbol correctly completes the 
statement: 2 < 7. Two is also less than or equal to seven. For the statement 2 < 7 to 
be true, exactly one of the following conditions must be met: two must either be 
less than seven (it is), orit must be equal to seven (it is not). 


Theve’s no way 
YOU can meet BOTH 
Conditions, No number 
s both equal to 


itself AND less than 
itself. 


7.3 Of the inequality symbols <, <, >, and 2, which correctly complete the 
following statement? 


-4 -4 
As stated in Problem 7.2, a statement containing the $ symbol is true in one of 
two cases: if the left quantity is less than the right quantity or both quantities 
are equal. Here, the left and right sides of the inequality are equal, so the 


If -4 > -4 : sas ; 
statement —4 S —4 is true. Similarly, the statement —4 2 —4 is true. 


is true, then 
either the left 
side is biggev than 
the vight side (it’s not) 
ov both sides ave 
equal (they ave). 


Is the following statement true or false? Explain your answer. 


-15>-12 


The statement —15 > -—12 is false. The more negative a number, the less that 
number is considered. Therefore, —15 is less than —12 because —15 is more 
negative than -12. 


7.5 Solve the inequality x— 3 > 11 for x. 


Think of 
A WumMbery 
line. If you plot 
-I2 ana -15, -Is 
is Farther t6 he 
lett on the numbey 
line, The favthey lefty 
YW go, the “less” the 
number, The favthey 
right You go, the 
greater” the 
wumbery, 


To solve a linear inequality in one variable, isolate that variable left of the 
inequality sign, much like you would solve a linear equation by isolating the 
variable left of the equal sign. Here, isolate x by adding 3 to both sides of 
the inequality. 


x>114+3 
x>14 
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The solution to the inequality is x > 14, so substituting any real number greater 
than 14 into the inequality x- 3 > 11 produces a true statement. 


Not including |4 


7.6 Solve the inequality 4x + 1 <-11 for x. 


Isolate the x-term on the left side of the inequality by subtracting | from both 
sides of the equation. 


4x <-11-1 
4x =-12 


Divide both sides of the inequality by 4 to solve for x. 


Ax __12 
A 4 
x=-3 


7.7 Solve the inequality 7x— 2(x+1) < 18. 


Expand and simplify the left side of the inequality. 
7x —2(x)—2(1) $18 
(e=24¢-2518 
5x—-2<518 


Isolate 5x on the left side of the inequality and then divide both sides by 5 to 
eliminate the coefficient. 


5x <18+2 
5x < 20 
Bx _ 20 Reversing 
B.S an inequality 
x<4 symipol means 


changing the 
Aivection it points. 
That meoms < 
wecomes 2 (Anda 
vice versa) ana < 
becomes 2 (ana 
vice versa). 


7.8 Identify the four most common reasons an inequality sign must be reversed. 


The four most common reasons an inequality symbol must be reversed are: 
multiplying both sides of an inequality by a negative number, dividing both 
sides of an inequality by a negative number, exchanging the sides of an 

inequality, and taking the reciprocal of both sides of an inequality. 


IP you swap 
the sides of ay 
inequality, you 

have to veverse the 
inequality symbol, 
Fov example, 3 > x 
becomes x <3, 
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7.9 


3 
Solve the inequality 16 > ae for x. 


If x is on the 
left side of the 
inequality, then it's 4 (=) ~ AG | 
slightly easier 1} B\A 
to gvaph—the 
symbol points in the 
same Aivection 
the avvow will on 
the gvaph. 


4 
To isolate x, multiply both sides of the inequality by 3° the reciprocal of its 
coefficient. 


It is customary to position x left of the inequality symbol. Exchange the sides of 
the inequality and, as noted in Problem 7.8, reverse the inequality symbol. 


it 1 
7.10 Solve the inequality = Is See) Io le Be, 


Subtract 5 from, and add | to, both sides of the inequality to separate the 


x-terms and constants on opposite sides of the inequality symbol. 


1 1 
—-x—-—x<9t+] 
20° 5 
Combine like terms, using the least common denominator 10 to add the 
fractions. 
1 1: 
a ce <10 
veverse the sigh ae a se <10 
when you multiply 10° 10 
ov Aivide by A Lee 
negative number? 


Heve’s an exawmele: 
-\ <5, a tvue 
inequality statement. 
If you multiply both 
sides by -|, you 

ger \ < -S, which 

is Lalse—a positive 
number cowt be less 
than a negative 
number. Reversing 
the inequality 
symbol fixes the 
problem. f 


10 
To eliminate the coefficient of x, multiply by “a: As indicated in Problem 


7.8, multiplying both sides of an inequality by a negative number requires the 
reversal of the inequality sign. 


eieaeats 
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7.11 


7.12 


Solve the inequality 2x + 3 2 8x—- (x1) for x. 


Expand the right side of the inequality and simplify it. 


2x +3 = 8x —(x)-(-1) 
2x+32=8x—-—x+1 
2x+32=7x4+1 


Subtract the terms 7x and 3 from both sides of the inequality to separate the x- 
terms and constants on opposite sides of the inequality symbol. 


2x—7x=1-3 
—5x =—-2 


Divide both sides of the inequality by —5 to solve for x. Recall that dividing by a 
negative number requires you to reverse the inequality symbol. 


zBu _-2 


pets) 


You caw't solve 
fov x until it’s in the 
numerator, whether it’s 
AN thequallity like this 
OnE OV AK equation like 
\M Problem 4.4, 


; a @ W 
Solve the inequality —> 7 for x. 
x 


Take the reciprocal of both sides of the inequality and reverse the inequality A 
sign (as directed by Problem 7.8). 

x 7 
a < —— 
9 


Why vevevse the 
12 


inequality sign? 
Heve’s an example: 


Ee < a but if you take 


Write the left side of the inequality as the product of x and a coefficient. 


l-x 7 4 ce 
ca < 12 the veciprocal of both 

1 7 SiAes, you get 4 <2, 

af < Ti which is false. You have 


to veverse the sign to 


Multiply both sides of the inequality by 9, the reciprocal of the x-coefficient. fix the problem: 4 7 2. 


Divide the numerator and denominator by 3, the greatest common factor of 12 
and 63, to reduce the fraction to lowest terms. 


63 +3 
x< 

12+3 

21 
x<— 

4 
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“Opew’ 
points ave 
not includea 
in the graph 
and look like 
hollow Aots. 
“Closed” points ave 
included on the 
graph and look 
Nike solia 
Aots. 


If you 
say, “| cawt 
vun faster than 
q miles an houv,’ 
ana you mean that 
F waph is an impossible 
goa, your speeds ave 
x <4, ana the graph 
woulda have an open 
Aot. If you mean you 
CAN vun 7 mph but 
no move, then use 
a closed Act to 
gvaph x S47. 


Intervals 
ave seg- 
ments of the 
wuwder line, so 
the solution to a 
lineav inequality is 
something like x > -4 
(any veal number 
greater thow -4 is 
a solution), and the 
solution to a lineow 
equation woulda 
be a single 
number like 
x= -A, 


7.13 


7.15 


vight of x =3 on the number hi : 
r ev line, This shovtcut 
when x is on the left side of Pieniediales, works only 


Graphing Inequalities in One Variable 
Shoot avvows into number lines 


What characteristics of an inequality statement determine whether the point 
or points plotted on its graph are open or closed? 


Points on the graph of a linear inequality are classified according to the 
adjacent inequality symbol. If that symbol allows for the possibility of equality 
(that is, the symbol is < or 2), plot the value using a closed point. Alternatively, 
if the symbol indicates strict inequality (the symbol is < or >), an open point 
should be used to indicate that the value is not a solution to the inequality. 


Compare and contrast the graphs of linear equations and linear inequalities in 


one variable. 


Because they each contain one variable, both are plotted on a number line 
(rather than a coordinate plane, which is used when statements are written in 
terms of two variables). The graphs of linear equations consist of a single point 
on the number line, whereas the solutions of linear inequalities are intervals 


consisting of infinitely many values. 


Graph the inequality: x > 3. 


Plot the value x= 3 on a number line using an open point, as explained in 
Problem 7.13. Darken the portion of the number line that is right of x= 3, 
as illustrated by Figure 7.1, as any value in that interval makes the inequality 


true. 


Figure 7-1: The graph of x > 3 has an open point at x = 3 because 3 is not a valid 
solution to the inequality. 


7.16 Graph the inequality x <-1. 


Plot the value x =—1 on a number line using a closed point, as x =—1 is one of 
the solutions to the inequality. Darken the portion of the number line that 
is left of -1 to identify the other solutions of the inequality, as illustrated in 


Figure 7-2. 


Figure 7-2: The graph of x < -1 consists of -1 and all of the real numbers less than —1. 


The inequality > points vight, so shade everything 
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7.17 Solve the inequality 3x + 20 > 8 for x and graph the solution. 


If the 


Solve the inequality by isolating x left of the inequality sign. equality symbol 


3x = 8—20 ey ‘ i 
Pen Aot on the 
3x 2-12 graph. If it’s < ov > 
3k ‘ -12 use a closed Ack 
3 3 
x2—4 


Plot x = —4 on the number line using a closed point and darken the portion of 
the number line greater than —4, as illustrated by Figure 7-3. 


Figure 7-3: The graph of x= —4, the solution to the inequality 3x + 202 8. 


1 
7.18 Solve the inequality q* —3)<2 for xand graph the solution. 


Multiply both sides of the inequality by 4 to eliminate the fraction and then 
isolate x left of the inequality symbol. 


calcd <4(2) 


5x-3<8 
5x <84+3 
5x <11 
i‘ It’s easier to 
Bx < il avaph this fraction 
as: if you write it as a 
11 


Mixed number. Use the 
formula from Problem 
2.725 Aides into || 
twice with a vemaindey 


of | ae | 
, > 2. 


11 
Plot x= gone number line using an open point and darken the portion of 


11 
the number line that is less than er illustrated by Figure 7-4. 
11 


7 -6 -5 -4 -3 -2 -l 0 1 2 3 4 5 6 7 


P = Il . : ae 
Figure 7-4: The graph of x < 5° the solution to the inequality 4 (5x — 3) < 2. 
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7.19 Solve the inequality —(2x+ 12) > 9 + 5x for x and graph the solution. 


Youve dividing 
both sides of 
the inequality by a 


Solve the inequality by isolating x left of the inequality symbol. 


—2x—-12>9+5x 
negative number, so —2x—5x>9+12 
make suve to veverse ~7x>2] 


this inequality 
sign. 


Plot x =-—3 on a number line using an open point and darken the portion of the 
number line that is less than —3, as illustrated by Figure 7-5. 


-7 -6 - --4 -3 -2 -1 0 1 2 3 4 5 6 7 


Figure 7-5: The graph of x < —3, the solution to the inequality —(2x + 12) > 9+ 5x. 


7.20 Solve the inequality 4(x+ 2) - 1 = 7x+ 5 for xand graph the solution. 


n Heve's another 
equality sign th Aue 
reversed because you 

Aide bya negative 


Solve the inequality by isolating x left of the inequality symbol. 


A(x) +4(2)-1=7x+5 
4x+8-12=7x4+5 


number, 4x+7 27x45 
4x -7x 25-7 
—3x 2-2 


—3x 
a ena 


Plot x= a one number line using an closed point and darken the portion of 


2 
the number line that is less than ges illustrated by Figure 7-6. 


: 2 
Figure 7-6: The graph of x = 3? the solution to the inequality 4(x + 2) -— 12 7x +5. 
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Compound Inequalities 
Two inequalities Pov the price of one 


Note: Problems 7.21-7.22 refer to the compound inequality -4 < x< 5. 
7.21 


Express the compound inequality as two inequalities in terms of x. 


The compound inequality —4 < x < 5 consists of the inequalities x >-4 and x5. 


Therefore, every real number x that satisfies the inequality —4 < x < 5 is between 
—4 and 5, including x= 5 but excluding x = —-4. 


Note: Problems 7.21-7.22 refer to the compound inequality —4 < x 5. 


7.22 Graph the inequality. 


A compound inequality describes a segment of the number line defined by two 
endpoints, in this case x= —4 and x= 5. Plot the endpoints as open or closed 
points depending upon the adjacent inequality symbol. 


The < symbol adjacent to the boundary —4 prohibits equality, so plot it using an 
open point. The <$ symbol next to x= 5, on the other hand, indicates that 5 is a 
solution to the inequality, so plot it using a closed point. 


Complete the graph by shading the portion of the number line lying between 
the endpoints, as illustrated by Figure 7-7. 


Figure 7-7: The graph of the inequality —4 < x < 5 includes x = 5 but excludes x = —4. 


Just like 

x is WRITTEN 
between 

-4 anda Fin 
the inequality 
“4<x<S5 all the 
SOLUTIONS ave 
between these 
boundavwies as 
well. The vight 
boundavy isa 
solution because of 
the < symbol, but 
because of the < 
symbol, the left 
boundary is 
not, 


These vules 
about when Aots 
AVE Open ANA Whey 
they've clesea ave 
Consistent with Problem 


7.13. Basically, if the 

Symbol includes “oy equal 
to,” use a solia Aot, 
Othewwise, use a 


Note: Problems 7.23-7.24 refer to the compound inequality —2 <x — 4 < 1. 
7.23 Solve the inequality for x. 
hollow one, 
Isolate x between the inequality symbols by adding 4 to each expression of the 
inequality. 
—2+4 < x < 1+4 
9 <x < 5 


Note: Problems 7.23-7.24 refer to the compound inequality —2 <x — 4 < 1. 


7.24 Graph the inequality. 


According to Problem 7.23, the solution to the inequality is 2 < «<5. Use open 
points to plot the endpoints x = 2 and x= 5 and darken the portion of the 
number line between the boundaries to complete the graph, as illustrated by 
Figure 7-8. 


0 1 2 3 4 5 6 


Figure 7-8: The graph of 2 < x < 5, the solution to the inequality -2 < x- 4 < 1. 
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1 
Note: Problems 7.25—7.26 refer to the compound inequality 0S = (7x —4) < 24. 
7.25 Solve the inequality for x. 


1 
Eliminate — by multiplying each of the expressions by 2. 


2(0)< (2 [5 cs — 4)<2(24) 


0 < 7x —4 <48 


Isolate x between the inequality symbols. 


A 


0+4 < 7x <48+4 
7x <52 
rE: <2 
1 7 
52 


= xk << 


7 


IA 


NST) ST] 


1 
Note: Problems 7.25-7.26 refer to the compound inequality 0 < rs (7x —4) < 24. 


7.26 Graph the inequality. 


Convevtin 9 
a. into the 


mixed numbey 73 
makes it easier to 
graph. 


4 
Plot the boundary x => using a closed point (because the adjacent inequality 


7 


52 
symbol is S$) and plot_x =—— using an open point (because the adjacent 


7 


inequality symbol is <). Darken the portion of the number line bounded by 
those x-values, as illustrated by Figure 7-9. 


: oe 4 52 : ; ; 
Figure 7-9: The graph of ee the solution to the inequality 


1 
Os 5 (x- 4) < 24. 
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Absolute Value Inequalities 
Break these into two Inequailities 


Note: Problems 7.27-7.28 refer to the inequality |x + 2| <1. 


7.27 Express the absolute value inequality as a compound inequality that does not 
contain an absolute value expression and solve it for x. 


Rewrite the absolute value inequality |x +a|<b as the compound inequality 
—bSxtasb. 


-lsx+2<1 


Isolate x between the inequality symbols. 
—-1-2sx<1-2 
-3 sxs-l 
Note: Problems 7.27-7.28 refer to the inequality |x + 2| <1. 
7.28 Graph the solution to the inequality. 
According to Problem 7.27, the solution to the inequality is—3 < x <-1. Plot 
both boundaries using closed points, because x = —3 and x =-1 are solutions 


to the inequality, and darken the portion of the number line between the 
endpoints. 


—4 -3 -2 -] 0 1 2 


Figure 7-10: The graph of -3 < x< -1, the solution to the inequality |x + 2| <1. 


7.29 Solve the inequality |3x +7|<5 for x and graph the solution. 


Express |3x+7|<5 asa compound inequality that does not include an absolute 


value expression, using the method described in Problem 7.27. 


—5<3x+7<5 


Isolate x between the inequality symbols. 


—5-7853x <5-7 


-12 <3x <-2 
=12 _ Bx _-2 
3 | 


Graph the solution to the inequality using closed points to mark the 
boundaries, as illustrated in Figure 7-11. 


Take the 
opposite of the 
number that’s vight 
of the inequality 
symbol, follow it up 
with a copy of that 
symbol, and after 
that write the 
oviginal inequality 
without the 
absolute value 
bows. 


You can 
only Ao this 
“inequality 
into a compound 
inequality” 
switchevoo if two 
things ave true: 
(|) it’s an absolute 
value inequality; 
ana (2) the sign is 
either < ov <, If the 
Sign ts 7 ov 2, use 
the technique 
AescrvibedA 
Problems 7.3|- 
7:33, 
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: 2 
Figure 7-11: The graph of —-45xS ==) the solution to the inequality |3x+7|<5. 


7.30 Solve the inequality |—2x + 3|+6<9 for xand graph the solution. 


Before you express the absolute value inequality as a compound inequality, 
isolate the absolute value expression left of the equal sign. 


I-2x +3|<9-6 
|-2x + 3| <3 


lmpovtant 
note here: 
The absolute 
values always 
need to be left of 
the inequality for 
this methoa to wovk. 
If they've not, flip- 
flop the sides of the 
inequality te move 
it left wheve it 
belongs. When you 
Ao, Aont fovget 
to veverse the 
inequality 
sign. 


Express the absolute value inequality as a compound inequality and solve. 
-—3 <—-2x+3<3 
—3-3< —-2x <3-3 
-6 << —-2x <0 


Isolating x requires you to divide by a negative number, so reverse the inequality 


symbols. 


The compound inequalities 3 > x>0 and 0 < x< 3 are equivalent; the graph is 


illustrated in Figure 7-12. 
<+>—_¥_tH\¥__t_o4— 0s —=O_t—_t+—_1__ 
3 4 5 6 7 


Figure 7-12: The graph of 0 < x < 3, the solution to the inequality |- 2x + 3|+6 <9. 


Note: Problems 7.31-7.32 refer to the inequality |x — 4|> 2. 


7.31 Express the absolute value inequality as two inequalities that do not include 
absolute value expressions and solve both for x. 


_T0 get the Fist 
‘nequality, Avop the 
absolute value bows, 
To get the Second, 
Avop the bas, veverse 
the inequality Symbol] 
ANA take the opposite 
of the Constant on 


Whereas absolute value expressions that contain either the < or < symbol can 
be rewritten as compound inequality statements, absolute value expressions 
containing either the > or 2 symbol cannot. Instead, express the inequality 


lx t+al>b as“x+a>borx+a<-—b.” 
x-4>2 or x-4<-2 


Solve the inequalities. 


the vi i 
eee Tae oF the x-4>2 x-4<-2 
oe nesallitey, oo ae x<—244 
x>6 x<2 
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The solution to the inequality is x< 2 or x > 6. Therefore, any real number less 
than (but not including) 2 or greater than (but not including) 6 makes the 
inequality |x —4|>2 true. 


The wova 
“ov” is impov- 
tant. Theve’s no 
number that’s both 
gveater than ¢ AND less 
than 2, so a solution of 
aay ) AND x > au 
Aoeswt make 
sense. 


Note: Problems 7.31—7.32 refer to the inequality |x — 4|> 2. 


7.32 Graph the inequality. 


According to Problem 7.31, the solution to the inequality is x < 2 or x > 6. The 
graph of the solution consists of the graphs of x < 2 and x> 6 on the same 
number line. Plot x = 2 and x = 6 using open points, as illustrated in Figure 7-13; 
they are not valid solutions to the inequality. 


Pf} 
So the 


graph is two 
avvows shooting 
aivfevent 
Aivections, usually 
with some space 
between them— 
much aifferent 
thaw the graphs 

of absolute value 
inequalities that 
contain < ov <, which 
look like single 
segments with 
two endpomts. 


Figure 7-13: The graph of x < 2 or x > 6, the solution to the inequality |x —4|> 2. 


7.33 Solve the inequality |4x —9|—13 =—3 for xand graph the solution. 


Isolate the absolute value expression left of the inequality symbol. 


|4x —9| = —-3413 
|4x — 9| = 10 


Use the method described in Problem 7.32 to express the absolute value 
statement as two distinct inequalities that do not include absolute value 
expressions and solve them. 


4x-92=10 4x -9<-10 
4x 21049 4x =-10+4+9 

4x =19 or 4x s-1 

Ax 19 Ax m1 

A 4 A” 4 

1 

ClS— 

4 


Sree es L322 73 a 6 7 8 
1 

1 

ees 


$ mea 
‘ As . . . . 1 19 
Figure 7-14: The solution to the inequality |4x — 9|— 13 2-3 is xS “yore > ra 
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7.34 Solve the inequality 4<1+|x+7| for x and graph the solution. 


Isolate the absolute value expression by subtracting 1 from both sides of the 
inequality. 
4-1<|x+7| 
3<|x+7| 
To solve an absolute value inequality using the methods described in the 


preceding examples, the absolute value expression must be left of the inequality 
symbol. 


When you 
Alip-flop the sides 
of an inequality, you 
have to vevevse the 
inequality symbol, 


lx+7|>3 


Apply the technique described in Problem 7.31 to solve the inequality. 


x+7>3 xt+7<-3 
x>3-7 or x<-3-7 
x>-4 x<—10 


The solution to the inequality is x <—10 or x > —4 and is graphed in Figure 7-15. 


-11 -10 -9 -8 —7 -6 —5 —4 -3 —2 


This is an 
absolute value 
EQUATION, not 
an inequality. If 
youve not suve how 
to solve it, flip back 
to Problem 4.33, 
which is very 
similay, 


Figure 7-15: The graph of x < -10 or x > —4, the solution to the inequality 
4<1+|x+7|. 


Set Notation 
A fancy way to wvite solutions 


7.35 Express the solution to the equation |5x —1|=4 in set notation. 


Express the absolute value equation as two distinct equations that do not 
contain absolute values and solve them for x. 


This is nob a 
CoovAinate. It’s 
a list, ov set, of 
all the solutions 
to the equation. 
When theve’s a fixea 
number of answers, 
expressing them in 
set notation just 
meas listing 
them inside 
braces. 


5x-1=4 5x -1=—-4 
5x =4+1 5x =—-44+1 
5x =5 or 5x =—3 
Be 5 Bx _ 3 


BS ES 


3 
x=- > 
5 


Pes ge 


The solution set of the inequality is {-e.t}- 
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1 
7.36 Express the solution to the inequality 5s +6 


Il, : 
< So in set notation. 


Express the absolute value inequality as a compound inequality that does not 
contain an absolute value expression, as explained in Problems 7.27 and 7.29, 
and solve the inequality. 


11 1 11 
-— <xt+6 <— 

2 2 2 

11 1 11 
-—-6 < =x <—-6 

2 

11 12 1 11 12 

cea ee wae ES 

2: «2 2 Qo. 12; 

23 1 1 

2 2 2 
B23, lel ect Lat 

il ¢ ie 2 Pala i : 
_93 2) tes Me: The solution 


set basically says, 
“Any veal number x 
is a solution if that 
number x is greater 
than -23 awd less 
thaw -|.” 


The solution set of the inequality is written either as {x :-23 < x<-l} or 

{x |-23<x< —1} . The “:” in the first set and the “|” in the second are both 
read “such that” and serve the same purpose. The symbols are interchangeable, 
and both solution sets are valid. 


7.37 Express the solution to the inequality 2|x|—9=17 in set notation. 


Begin by isolating the absolute value expression left of the inequality symbol. 
2\x|=17+9 
2|x| = 26 


Dvop the 
paws to get one 
imequaility; then 
Avop the baws, vevevse 
the symbol, ana take 

the opposite of |3 to 
get the other. 


Express the absolute value inequality as two inequalities that do not include 
absolute value expressions, as explained in Problems 7.31 and 7.33. 


x213 or x<-l13 


The solution set of the inequality is {x: x < -13 or x2 13}. Like in Problem 7.36, 
you can replace the colon in the solution set with a short vertical bar to get the 
equally valid solution set {x |x<-13 or x2 13} : 
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7.38 Express the solution to the inequality Tile —6|=5 in set notation. 


Multiply both sides of the inequality by —4 to isolate the absolute value 
expression. Recall that multiplying by a negative number reverses the inequality 


symbol [-4[+}»-6.<{-4[°) 


|x — 6| < —20 


=|¢-¢[=9, 
Any other <value 
ProAuces a Positive 
wumbey, 


The left side of the inequality consists of an absolute value statement, so no 
matter what value of x is substituted into |x —6], its value is nonnegative. 


The inequality stipulates that the absolute value expression is less than or equal 
to -20, but a nonnegative number cannot be less than a negative number, so 
there are no real number solutions to the inequality. Because the set of solutions 
is empty, the solution set is the empty, or null, set: @. 


The null 
set symbol 
is NOT a Zevo, 
because zevois a 
veal number. The 
solution set Loy the 
equation x+S=¢ 

is {0%, because x = 0 
makes that equation 
true and is, theve- 
fove, a solution. A null 
solution set means 
there ave NO 
solutions, 


7.39 Express the solution to the inequality |x + 6|>—1 in set notation. 


Like Problem 7.38, the absolute value expression left of the inequality symbol 

is nonnegative for any real number x, so all real numbers are solutions to the 
inequality. In set notation, the solution is {x : xis a real number}; in other words, 
if xis a real number, then x is a valid solution to the inequality. 


Graphing Inequalities in Two Variables 
Lines that give of f shade in the coovAinate plane 


7.40 Graph the inequality y <—3x- 1. 


The linear inequality is written in terms of two variables, x and y, so it must 

be graphed on a system with two axes, the coordinate plane. Begin by 

graphing y = —3x— 1, an equation in slope-intercept form, using the technique 
described in Problems 6.21—6.26. However, use a dotted line rather than a 

solid line because the points on the line are not solutions to the inequality. The 
dotted line separates the coordinate plane into two distinct regions, labeled 
Aand Bin Figure 7-16. 8 


If the left 
side is always 
greater {how ov 
equa to 0, then it’s 
always lavger than 
the vight side, which 
is -\. 


RULE OF THUMB: When you 

SL see < ov 2 and youve graphing on a 
ON you use open Aots. When 

you see < ov 7 AMA youre graphing on 

a coovainate plane, Use a Aotted line. 

Zz and > indicate solid Acts on 


Similawly, $ 
the number line ana soli lines on the 


coovAinate plane. 


numbey line, 
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Figure 7-16: The line y = —3x — 1 has y-intercept (0,-1) and slope —3 but does not 
represent the graph of the inequality y < —3x — 1. In fact, because the line 
is dotted, it is not part of the graph at all. Rather, it splits the coordinate 
plane into two regions, here labeled A and B. 


Either region A or region B represents the solution to the inequality. Choose 

one “test” point, from either of the regions, and substitute it into the inequality. 
If that test point makes the inequality true, then the region to which it belongs 
is the solution. If it makes the inequality false, then the region not containing 
the test point is the solution. 


You con 
Pick any test 
Point you want, as 
long as it’s cleavly 
in one of the two 


For instance, the point (-2,0) falls within region A in Figure 7-16. Substituting 
x=-2 and y=0 into the inequality y < -3x- 1 produces a true statement. 


yeaset vegions. Choosing test 
0<-3(-2)-1 pots along the line 

= (whether it’s solia 
aa ov Aotted) Aceswt 
O<5 True 


help at all, 


Because (—2,0) makes the inequality true, region A is the solution to the 
inequality. Lightly shade that region on the coordinate plane to complete the 
graph, as illustrated by Figure 7-17. 
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Figure 7-17: All of the points in the shaded region are solutions to the inequality 
ys 3x -1. 


(0,0) is aA 
Iveat test point 
unless the line 
Passes through the 
ovigin. Substituting 
XO and y = 0 into 
This inequality results 
in 0> 4, which is 
FALSE, so you shoula 
shade the vegion 
that DoEsn Ie 
Contain the 
ovigin, 


7.41 Graph the solution to the inequality y=— a +4. 


Use the method described in Problem 7.40: Draw the graph of the line 


y=——x+4, choose a test point to substitute into the inequality, and identify 


the solution region based upon the results of that test point. Unlike Problem 


1 
741, the line y=——x +4 is part of the solution region, so use a solid line to 


graph it, as illustrated in Figure 7-18. 


; 1 
Figure 7-18: The graph of y2=- 3 x+4 consists of the shaded region and the 


1 
line Sn a 
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7.42 


7.43 


Graph the inequality x < -3. 


Graph x = —3, a vertical line three units left of the y-axis, and choose a test point 
to substitute into the inequality. The origin, (0,0), belongs to the region right 
of the line, and substituting it into the inequality results in the false statement 

0 <-3. Therefore, the region left of the line (and the vertical line x = —3 itself) 
constitute the solution, as illustrated by the graph in Figure 7-19. 


Figure 7-19: The graph of the inequality x < —3. 


Graph the inequality 4x — 3y > 15. 


Solve the equation for y to express it in slope-intercept form. 
—3y>—4x+15 
—3y -4x 15 
< sw 
-3 -3 -3 


4 
<—x-5 
y 3" 


4 
Graph y= ge 5 in the coordinate plane using a dotted line. Substituting x = 0 


and y= 0 into the inequality produces the false statement 0 <—5, so the solution 
is the region of the plane that does not include the origin, as illustrated by 
Figure 7-20. 
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Figure 7-20: The graph of 4x — 3y > 15. 
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SYSTEMS OF LINEAR EQUATIONS AND INEQUALITIES 
Work with move than one equation at a time 


The four preceding chapters investigate, in some depth, the solutions 

and graphs of linear equations and inequalities in one and two variables. 
Though the concepts and techniques vary widely, one universal characteris- 
tic unites them: each considers only one equality or inequality statement at 
a time. This chapter introduces systems, the solutions of which satisfy mul- 


tiple statements rather than single equations or inequalities. 


pees of equations is a group of (usually two) equations. Your goal 

. OMA one xvalue and one y-value that make BOTH of the equations 

yy men you substitute them in. That means the solution of a system 

[ uations is usually a point (xy), There ave a few special cases when 
€veS NO answer ov move + i 

an ve than one answey, ana you'll Aeal with these as 


Remember the graphs of thequalities from the end of Chaptev 77 
ey weve shadea vegions tw the Coovdainate plane. “thistchx ad Beal 
ees Systems of inequalities, multiple Mequailities on the oe. va a 
which MEANS even wove shading. The last thing you Aeal with ai 
Pregrawawing, which is a veal live” application oP systews oP inequalities 
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Graphing Linear Systems 
Graph two lines at once 


Explain why the solution to a system of linear equations in two variables is the 
coordinate at which the graphs of the equations intersect. 


8.1 


For exampl Y 
the graph of 
x+y =4 passes 
through the point (3,1) 
because plugging al) 
X= 3 and y= | into the 
eqwation gives you the 
tue statement 
3 + | = 4, 


The graph of a linear equation in two variables is a line in the coordinate plane. 
Each of the points (x,y) on that line, when substituted into the equation, results 
in a true statement. The solution to a system of linear equations consists of the 
coordinate pair (or coordinate pairs) that make all the equations in a system 


true. 
Graphing a system of equations in two variables on the same coordinate plane 


produces multiple lines. If all the lines intersect at a single point (a,b), then x= a 
and y= bsatisfy each of the equations in the system and, therefore, (x,y) = (4,0) 


is the solution to the system. 


If all 
the lines 8.2 Solve the following system of equations graphically. 
intersect 
x=—4 
ya 


at (ao), then 
every line passes 
thvough (a), ana 
(xy) = (ao) isa 
solution of each 
equation. Hence, 
itis alsoa 
solution to the 
system, 


Graph each equation of the system on the same coordinate plane. The graph 
of x= —4 is a vertical line four units left of the y-axis, and the graph of y= lisa 
horizontal line one unit above the x-axis, as illustrated by Figure 8-1. 


You coula also 
wvite the solution like 
this: x = -4, y=. 


Figure 8-1: The graphs of x = —4 and y = 1 intersect at the point (—4,1). 


Because the graphs in Figure 8-1 intersect at the point (—4,1), the solution to 


the system is (x,y) = (-4,1). 
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8.3. Solve the below system of equations graphically and verify the result. 


y=xt3 
y=—2x—-6 


The y-intevcept 
of the -fivst equa- 
tion is 3. The slope is 


Both equations of the system are in slope-intercept form. Graph them using the /| | Raieevaed 
technique described in Problems 6.21—6.26 and illustrated in Figure 8-2. 1 50.40 Meee ee 

to veach another point on 
the line: (1,4). The seconaA 


equation has a phat 
-6. Its slope is ae $0 go 

Aown 2 ana vight | (ov up 
2 and left |) to get 


to another point on 
that line. 


This is 
what stinks 
about solving 
A systew 
graphically, It 
LOOKS like the lines 
intersect at 

(3,0), Dut looks 
aven't everything. 
You have to be 


Figure 8-2: The graphs of y = x + 3 and y =—2x — 6, the equations of the system. 


The graphs appear to intersect at the point (x,y) = (—3,0). Substitute x =—3 and 
y = 0 into both equations to verify that the coordinate pair satisfies each and, 
therefore, is the solution to the system. 


y=xt3 y=—2x—6 SURE x = -3 ana 

0=-34+3 0 =-2(-3)-6 Y =O make both 

0=0 True 0=6-6 equations inte true 
a 0=0 True Statements when 


you substitute 


Because the coordinate pair (x,y) = (—3,0) is a solution to both equations of the thew in, 


system, it is the solution to the system of equations. 
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8.4 Solve the below system of equations graphically and verify the result. 
y=3x—-7 


yan se+6 


Graph the equations of the system, as illustrated in Figure 8-3. 


: 7 
Figure 8-3: The graphs of y = 3x — 7 and y= as 6 , the equations of the system. 


The lines in Figure 8-3 appear to intersect at (2,-1). Verify that (x,y) = (2,-1) is 
the solution to the system by substituting x = 2 and y=-1 into the equations. 


7 
y= 3x—7 eh a 
-1=3(2)-7 re 
-1=6-7 —-l]=-—|—|+6 
Z\l 
l1=-1 True Peewee 
-l1=-1 True 


Because (x,y) = (2,-1) is a solution to both equations of the system, it is the 
solution to the system of equations. 
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8.5 


Solve the below system of equations graphically and verify the result. XY Va 
x—2y=12 6,@ 
5x+3y=8 Y ERo 


Graph the equations by plotting the x- and y-intercepts of each, as explained in 
Problems 5.20—5.25. The equation x— 2y = 12 has x-intercept 12 and y-intercept 


Plug x=0 
in to see what 
the y-intercept 
is and plug y=Om 
to see what the x- 
intercept is. You Aowt 
HAVE to graph this 
way—you coula always 
solve fov y and gvaph 
using slope-intercept 
fovm—but using 
intercepts is 
faster. 


8 3 
-—6. The equation 5x + 3y= 8 has x-intercept x = a = ly and y-intercept 


8 2 
y= 3 = 23 , as illustrated in Figure 8-4. 


RULE ¥ 
A OF “THUMB: FAVON 
7 he tevcepts 
of Sx + Sy = 8 
ave ugly fractions, 
which ave hava to 
graph accurately by 
hana. Inaccurate 
graphs lead to 
inaccurate solutions, 
so solving systems 
wy graphing wovks 
vest when fractions 
avent involved wn 
the graph ov the 
solution. 


Figure 8-4: The graphs of x — 2y = 12 and 5x + 3y = 8, the equations of the system. 


Verify that (x,y) = (4,-4) is the intersection point of the lines and the solution to 
the system by substituting the coordinate pair into the equations of the system. 


x—2y=12 5x t+ 3y=8 

4—2(-—4)=12 5(4)+3(-4)=8 

4+8=12 20-12=8 
12=12 True 8=8 True 
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8.6 


. The equations 
WA AependAent 
System have the 
Same graph. Usually 
that MEANS you cay 
Stawt with one of the 
equations ana tuvy it 
into the othey one, In 
this case, solving the 
SECA equation for y 
Furns it into the fivst 
equation, 


Pavallel 
lines have 
slopes that ave 

equal. Perpendicular 
lines hawe slopes 
that ave opposite 
veciprocals. 


8.7 


Describe the solution to the below system of equations. 


1 
=--x-1 
ras 


3x + 6y=—6 


Solve the equation 3x + 6y = —6 for y to express it in slope-intercept form. 


6y =—3x—-6 
6y 3 6 
Be Ee 
6 6 6 
1 
=--x-1l 
a9 


Notice that this equation is exactly the same as the other equation in the 
system. Two lines with the same slope and the same y-intercept also share the 


1 
same graph. Therefore, the graphs of y= set —1 and 3x + 6y=-6 overlap, 
intersecting at every point along the shared line and result in an infinitely large 
solution set that consists of all the points on the line. 


Systems of equations that have infinitely many solutions are described as 


“dependent.” 


Describe the solution to the below system of equations. 


x—3y=-9 
—3y=-x-9 
a pee ae 
-3 -3 -3 
1 
mae 


1 
Both of the equations in the system have slope a the lines are parallel, as 


illustrated by Figure 8-5. 
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To prove 
that there 
is no solution 
to a system of 
Vineow equations, 
all you have to 
Ao is prove that 
all the lines have 
the same slope (ov 
phat all the lines 
have NO slope— 
vertical lines 
ave pavaillel 
as well). 


; 1 1 
Figure 8-5: The graphs of y= ane 4 and x — 3y =—9 both have slope S and are, 


therefore, parallel lines. 


By definition, parallel lines do not intersect in the coordinate plane. It is 

the intersection point of a system of equations that defines its solution, so the 
absence of an intersection point indicates the absence of a solution to the 
system. Systems of equations with no solutions are classified as “inconsistent.” 


The Substitution Method 
Solve one equation fov a vaviadle and plug it into the other 


8.8 — Explain how to apply the substitution method to solve a system of two linear 
equations in two variables. 


You'll leavy 
A couple of ways 
to solve Systems of 
equations. This one 
wovks best if You can 
easily solve one of the 
Equations fov x oy y. 
It’s even easier when 


AM equation is ALREAD 
Y 
Solve Lov x oy y, like in 


Problems $9 ANA §.10 


If one equation of a system can easily be solved for one of its variables, you can 
substitute the resulting expression into the other equation of the system. For 
instance, if the first equation of a system can be solved for y, do so, and then 
substitute the result for y in the second equation. 


The net result is a new equation written in terms of a single variable, in this case 
x. When solved, it produces the x-value of the solution to the system, which can 
then be substituted into one of the equations of the system to determine the 
corresponding y-value. 
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Note: Problems 8.9-8.10 refer to the following system of equations. 
xt+y=8 
y=I11x—16 


8.9 Solve the system using substitution. 


The second equation in the system is solved for y: y= 11x - 16. According to this 
statement, the expressions y and 11x - 16 have the same value in this system of 
equations. Therefore, you may substitute 11x—- 16 for yin the other equation of 
the system, x+ y=8. 
x+y=8 
x + (11x —-16)=8 


Solve the equation for x. 


12x -16=8 

12x =8+16 
12x = 24 
12x 24 
9S. 10 
x=2 


You coula 
substitute it 
into the other 
equation, K+y=9% 
tustead, You'll get 


The solution to a system of linear equations in two variables is a coordinate 
pair (x,y). To determine the y-coordinate, and therefore complete the solution, 
substitute x = 2 into the equation y= 11x- 16. 


the same answer. y= 11x —16 
However, it’s almost y=11(2)—-16 
always quickest y= 22-16 

to plug x into the y=6 


equation alveady 
solveA Lov y (ana 
vice versa), 


The solution to the system of equations is (x,y) = (2,6). 


Note: Problems 8.9-8.10 refer to the following system of equations. 
xt+y=8 
y =11x—16 


8.10 Verify the solution generated in Problem 8.9. 
According to Problem 8.9, the solution to the system of equations is 


(x,y) = (2,6). To verify that the solution is correct, substitute x= 2 and y=6 
into both equations of the system. 


x+y=8 y=llx-16 

2+6=8 6=11(2)—16 
8=8 True 6 = 22-16 
6=6 True 


Substituting (x,y) = (2,6) into the equations of the system produces true 
statements, so it is the correct solution to the system. 
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8.11 Solve the following system of equations using substitution. 


4 
=—y-7 
ee, 
2x+y=—-1 


: 4 
According to the first equation, the expressions x and 5) 7 have the same value 


4 
in this system. Substitute 5 y—7 for xin the second equation and solve for y. 
2x+y=-1 


4 
= y-7\+y=-1 
2(5) Je 


Rewvite the 

coefficient of y (which 
is | even though it’s not 
written explicitly) using a common 
Aenominator: 


<(25)+@eD+y=-1 


8 
—y—-144+y=-1 
2S y 


8 
Ce age aa a 


aa 
cranciee 
y=5 


The answer 
(xy) = (5-3) is 


4 
Substitute y= 5 into the equation x = 5 y—7 to complete the solution. 


aS 4 B 7 NOT covvect. When 
B\1 you wvite (x,y), youve 
x=4-7 saying that the ivst 


value is x and the 
second value is y, anda 
in this problem x = -3 
and y = S, not 
the other way 
avouna. 


x=—-3 


The solution to the system is (x,y) = (-3,5). 
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Note: Problems 8.12-8.13 refer to the following system of equations. 
6x+y=1 
14x — 5y=17 


8.12 Solve the system using substitution. 


Neither of the equations is solved for x or y, but solving 6x + y= 1 for y is a simple 
matter. Subtract 6x from both sides of the equation to get y=—6x + 1. Substitute 
this expression for yin the other equation of the system and solve for x. 


When a 
vawiable has a 
coefficient of |, Nike 
y tu the vst equation 
of this system, Solving 
Lov that vawiable is 
usually quite easy. 


14x -—5y=17 
14x —5(—6x +1) =17 
14x —5(—6x)—5(1)=17 
14x + 30x —5=17 

14x + 30x =174+5 


44x = 22 
44x _ 22 
44. 44 
1 

x= 
9 


: 1. : . 
Substitute x =— into the equation you solved for y to complete the solution. 


y=—-6xt+1 
6/1 
=-—{=—|+1 
y “(5 | 
6 
=-—+1 
19 
y=—-34+1 
=-2 


Note: Problems 8.12-8.13 refer to the following system of equations. 
6x+y=1 
14x — 5y=17 


8.13 Verify the solution generated in Problem 8.12. 


: Pe 1 ‘ 
According to Problem 8.12, the solution is (x,y) = (5--2| . Substitute x = 9 
and y=-—2 into both equations of the system and verify that the results are true 


statements. 
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8.14 Solve the following system using substitution. 


6x+y=1 14x —5y=17 
6/1 14/1 
iG}+C® i(3)-3-® 
= 617 
9 2 
3-9= 7+10=17 Just like 
1=1 True 17=17 True in Pvoblew 


§.12, the 
vavialble with a 
coefficient of | 
is the easiest to 
solve fov. You cam 
technically solve fov 
ANY of the vaviables 
heve, ana you'll end 
up with the same 
solution, but why 

wovk hawvdAev 
than you have 
to? 


x+4y=—4 


eee =-3 


Solve the second equation for x to get x = —4y— 4. Substitute this expression into 
the first equation and solve for y. 


2x —12y=—-3 
2(—4y—4)-12y =-3 
2(—4y) + 2(—4)-12y =-3 
—8y—-8-12y=-3 
—8y—-12y=—-34+8 


—20y=5 
—20y 5 
20 720 
1 
ar 
Substitute y= -_ into either equation of the system and solve for x to complete 


the solution. 


2x —12y=-3 
12/1 The book plugs y int 
ba ie a but you get the Yin the First equation 
plug y into the secona oe Te when you 
2x + aes 3 SECA equation: 
4 
Qxn+3=—-% aie ane 
2x =—-3-3 F 
2x =—-6 a aa 
2x 6 fon eel 
2 9 ee 
x= -3 
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lgnove the 
signs of the 
coefficients and pick 
the smallest number. 
Heve, the coefficients 
ave 2,3, and 7. The 
smallest of those is 2, 
fvowm the term 2y in 
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8.15 Solve the following system using substitution. 


7x —3y=9 
3x + 29 = 40 


None of the variables in this system has a coefficient of 1, so none distinguishes 
itself as the preferred variable to isolate and substitute into the other equation 
of the system. In these cases, it is usually preferable to solve for the variable 
whose coefficient has the least absolute value. Therefore, you should solve 

3x + 2y = 40 for y. 


the second equation, 3x + 2y = 40 
so solve the second 2y =—3x +40 
tion for y, 
CQUaArion tov y. 2y__ 3x , 40 
2 2° 2 
3 
=—~x+20 
y 9 a 


3 
Substitute y= a +20 into the first equation of the system. 
7x —3y=9 


7x~3(-3x+20)=9 
3f 3 
7x-~|-x]-3(20)=9 
x ( 4 (20) 
1x+ x60 =9 
2 


Multiply each of the terms by 2 to eliminate the fraction, and solve for x. 


Z(9 


14x + 9x —120 =18 
14x + 9x =18+120 


+ 2(—60) = 2(9) 


23x =138 

23x 138 

23 «23 
x=6 


Complete the solution by substituting x = 6 into the equation you solved for y. 


3 
=—=x+20 
y 9” 

3/6 
=-=/2]+90 
, (71 

18 
=-— +20 
ae 
y=—9+20 
y=11 


The solution to the system is (x,y) = (6,11). 
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Solve the below system using substitution. 


2x—15y=5 
9x+5y=8 


Solve 2x— 15y= 5 for x, as it has the coefficient with the smallest absolute value. 


2x -15y=5 
2x =15y+5 problems 
8.15 gave 
eee this advice: 
2 2 2 When none of 
eS 15 y+ 2 the coefficients 
2 2 is |, then solve 
; : : fov the coefficient 
Substitute x =—y + — into the second equation iicsil: callest eu 
9x+5y=8 you ignove the signs. 
Ib 5 Suve -I5 < 2, but 
Po + 3| +5y=8 when you ignove the 
ae ae signs, 2 < 1S, so2 
$B 5)+2(3)+59= 8 is the smallest 
coefficient. 
135 45 
on +—+5y=8 


Multiply each of the terms by 2 to eliminate the fractions, and solve for y. 
£(135 \ #(45 
+ +2(5y)=2(8 
1\ ¢ yr Z ( y) (8) 
135y+45+10y=16 
135y+10y=—45+16 


IP you 
plug it into 
the FIRST 
equation, 
everything cancels 


145y =—29 out and you get 
145. 145 because you've 
l actually plugging 
= a another version of 


the tivst equation 
tuto itself. You have 


1 15 5 
Substitute y=— = into x =— y+ —, the equation you solved for x. 
5 2 2 to substitute the 


cok ah. equation you 
zs role solved Lov x into 
ae the OTHER 
poe equation of 
10 2 the syste 
3 5 pea 
yee 
20 22 
2 
rene 
2 
x=l1 


; 1 
The solution to the system is (x, y) = [1-3] “ 
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XY Va 8.17 Solve the following system using substitution. 


6,8 3x+4y—8z=—5 
YK; 8y—4z2=5 
4z+1=0 


Substitution 
ist vestvictea 
to systems with 
wo equations, When 


The first equation of this system is written in terms of three variables, and the 
second is written in terms of two variables. Because the third equation is written 
in terms of a single variable, it should be solved first. 


theve ave three oy 4z+1=0 
Move, Start with the 4z=-] 
equations that have 4z_ ot 
the fewest vaviables 4 4 
tw them, Such as a= 2s 
42+ 1 =O in this 4 


Systewm, 
Of the two remaining equations in the system, 8y— 4z = 5 has fewer variables. 


feels lee : ; F 
In fact, substituting z= —— into the equation leaves a single variable, y, for 
which you can solve. 


8y+1=5 

8y=5-1 
8y=4 
8y 4 
8 8 
_1 
- 

Now substitute y= ; and z= -7 into the first equation of the system and solve 


it for x to complete the solution. 


The solution to the system is (x,y,z) 


Il 
| 
9 
hole 
| 
ele 
Sect 


Three 
Aiffevent 
vaviolbles ave 


8.18 Solve the below system using substitution. 


in the systew, Poe 
even though they 2x—9y=4 
all Aowt appeaw y—6z2=6 


in each of the 
equations. That 
means the solution 
to the system 
wust have all 
thee: (xy,2). 


Unlike Problem 8.17, none of the equations in this system is written in terms 
of a single variable. However, all the equations contain one common variable: 
y. Solve the third equation for y to get y= 6z+ 6 and substitute it into the other 
equations of the system. 
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3x+4y-z=7 2x —-9y=4 
3x+4(62+6)-—z=7 2x —9(6z+6)=4 Dividing every- 
3x +4(6z)+4(6)-—z=7 2x — 9(6z)-—9(6) =4 thing by 2 
3x +242+24-z2=7 2x —54z2-54=4 Aoesut change 
3x +242—2= 7-24 Ox — 542 = 4454 rhe eal pais 
— = = equation, an e 
3x +23z=-17 Ox —54z = 58 peep Puta 
x—27z=29 


that x now has a 

coefficient of |, so 
you can solve for 

it easily. 


The end result of substituting y into the first two equations of the system is a 
new system of two linear equations in two variables. 


3x +23z=-17 
x —27z=29 


Solve this system of equations using substitution: solve the second equation for x 
to get x = 27z + 29 and substitute that into the first equation. 


3x + 23z=—-17 
3(27z4+ 29) + 23z=-17 
3(27z) + 3(29) + 23z =-17 
81z+ 874 23z=-17 

81z+ 23z =-17-—87 


104z =—104 

104z_ 104 

104-104 
z=-1 


Substitute z=—1 into the equation you solved for x. 


x =27z+29 

x = 27(-1)+29 
x =—27+29 
x=2 


Finally, substitute z = —1 into the equation you originally solved for y to complete 
the solution. 


y=6z+6 
y=6(-1)+6 
y=—-6+6 
y=0 


The solution to the system is (x,y,z) = (2,0,-1). 
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Variable Elimination 
Make one vaviable Aisappeav and solve fov the other one 


8.19 


Explain how to solve a system of two linear equations in two variables using the 
variable elimination technique. 


To apply the variable elimination method, the coefficients of either the x-terms 
or the y-terms of the equations in the system must be opposites. Therefore, 
when the equations are added, a new equation is generated that contains only 
one variable. In many cases, you must multiply one or both of the equations by a 
nonzero real number to introduce the coefficient opposites into the system. 


Note: Problems 8.20-8.21 refer to the following system of equations. 


x+y=7 
x—y=2 


8.20 Solve the system by eliminating y. 


The 


when 
x =3 


162 


substituted into 
the fivst equation of 
the system, but you 
get the same thing 


equation: 


book 


you substitute 
into the secona 


The equations of the system have opposite y-coefficients—in the first equation, 
y has a coefficient of 1, and in the second, the y-coefficient is —1. Add the 
equations of the system together by combining like terms. 


2x + y = 7 
x -— y = 2 
38x +.°0 = 9 


The result is a linear equation in one variable: 3x = 9. Solve it for x. 


Substitute x into either equation of the system to determine the corresponding 


value of y. 
Qx+y=7 
2(3)+y=7 
6+y=7 
y=7-6 
y=l 


The solution to the system is (x,y) = (3,1). 
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Note: Problems 8.20-8.21 refer to the following system of equations. 


x+y=7 
x-y=2 


8.21 Solve the system by eliminating x. 


To eliminate the x-variable from the system, the x-coefficients of the equations 


must be opposites. Multiplying the terms of the second equation by —2 achieves 
this goal. 


You coula 
multiply the 
is equation by 


> tusteaad, making 


~2(x-y=2) |-2x+2y=-4 


its xcoefficient - l, 


Add the equations of the modified system to eliminate y. the opposite of the x- 


26 Be. os. <7 coefficient in the other 
-2x + 2y = —4 SABAH ON, Howevey, 
Ot By = 3 that’s not a great 


Aen, because it turns 
the y-coefficient 
and the constant in 
the fivst equation 
into fractions, 

And nobody likes 
fractions. 


Solve the equation 3y = 3 for y. 


Substitute y= 1 into either equation of the system to determine the 
corresponding value of x. 


x-—y=2 

x-l=2 
a : ‘i This is the Same 
x= 


Solution as Problem 
8.20, So it Aoesy’t 

matter which y, avialle 
you climinate—you bia 
UP with the same final 
answey, 


The solution to the system is (x,y) = (3,1). 
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Theve’s 
lots of 
things you 
COULD ao. Fov 
instance, you 
coula multiply the 
fivst equation by 
10 and the secona 
by -2 and the x 
coefficients woula be 
opposites: | - 10 = 10 
ana S > (-2) = -\0. 
Just make suve you 
multiply ALL the 
terms in both 
equations by 
the numbers 
you choose. 


Note: Problems 8.22—8.23 refer to the system of equations below. 


8.22 


x-y=7 
5x + Fy =—37 
Solve the system by eliminating x. 


The coefficients of the x-terms in the system are 1 and 5. The easiest way to 
transform those numbers into opposites is to multiply the terms of the first 
equation by —5. 

—5(x-—y=7)  [-5x+5y=—35 


Add the equations of the modified system and solve the resulting equation for 4. 


-Be + By = —35 
5x + 3y = —37 
0 + 8y = -72 

8y_ 72 
8. 8 
y=-9 


Substitute y =—9 into either equation of the original system to calculate the 
corresponding value of x. 


x-—y=7 
x—-(-9)=7 
x+9=7 
x=7-9 
x=-2 


The solution to the system is (x,y) = (—2,-9). 


Note: Problems 8.22—8.23 refer to the system of equations below. 


8.23 


x-y=7 
5x + By = —-37 
Solve the system by eliminating y. 


Multiplying the first equation by 3 changes its y-coefficient to the opposite of 
the other y-coefficient in the system. Add the equations together and solve for x. 


3x — 3y = 21 
5x + 3y = —37 
8x + 0 = —-16 
8x 16 
eS 
x=—-2 
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Substitute x =—2 into either equation of the system to complete the solution. 


5x+3y=—37 

5(-2)+ 3y =—37 

-10+3y=-37 
3y=—37+10 

3y=—-27 

3y 27 

a 8p 

y=-9 


The solution to the system is (x,y) = (—2,-9). 


8.24 Problem 8.14 used the substitution method to solve the following system of 
equations. Verify its solution using variable elimination. 


You coula 
multiply the 
secondA equation 
by 3 and turn the y- 
coefficients opposites: 
-|2 awa 12. If youve 


2x -12y=—3 
x+4y=—-4 


Multiplying the second equation by —2 makes the x-coefficients of the system 
into opposites. Add the equations of the modified system and solve for y. 


2x -— 12y = -3 feeling cvazy, you coula 
Re Oh =) «8 even multiply the -ivst 
0 - 2y = 5 equation by S and the 
-20y 5 second by -|0 to turn 
a = the x-coef ficients 
a0 id into 2-S5= |0 ana 
———— | -€l0)=-l0. 
ae 
: ae : : 
Substitute y= = into either equation of the system to calculate the 


corresponding value of x. 


x+4y=—-4 
x+4(-1)=-4 
1\ 4 
x-l=-4 
x=-4+] 
x=-3 


This way 
was much 
fastey. Substitution 
usualy vequives move 
steps than vaviable 
elimination, 


1 
The solution to the system is (x, y) = [-3-3] , the same solution calculated in 
Problem 8.14. 4 
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8.25 Problem 8.15 used the substitution method to solve the below system of 
equations. Verify its solution using variable elimination. 


es 


You coula 
do the sawe 
with the «tems: 
Multiply the -ivst 
equation by 3 anda 


3x + 2y = 40 


To eliminate the y-terms, multiply the first equation by 2 and the second by 3. 


the second equation 
by -T7. You've basically ( (7x-3y=9) - a —6y=18 
vaultiplying one 3(3x+2y=40) [9x+6y=120 
equation by the x- 
coefficient of the Add the equations and solve for x. 
other equation. ie 2s ys. Us 
Ox + 6y = 120 
23x + 0 = 138 
23x 138 
23 23 
x=6 


Substitute x = 6 into either equation of the system to calculate the 


corresponding y-value. 


7x —3y=9 
7(6)-—3y=9 
42—3y=9 
—3y=9-42 
—3y=—33 
Say. 235 
aos. 
y=l1l 


The solution to the system is (x,y) = (6,11), the same solution calculated in 


Problem 6.15. 


8.26 Problem 8.16 used the substitution method to solve the below system of 
equations. Verify its solution using variable elimination. 


2x—15y=5 
9x+5y=8 


You coula 
multiply the first 
equation by J and 
the secona by -2 
(ov the fivst by -9 
and the second by 
2) to eliminate the 
x's instead. 


Multiply the second equation by 3 to get 27x + 15y = 24, add the equations of the 


modified system, and solve for x. 


2x — l5by = 5 
27x + 15y = 24 
29x + 0 = 29 
29x 29 
29-29 
x=1 
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Substitute x= 1 into either equation of the system to calculate the 
corresponding value of y. 


2x—-15y=5 
2(1)-15y=5 
2-15y=5 
—15y=5-2 
-—15y=3 
—15y_ 3 
-15  -15 
1 
= Ts 


: F 1 ; ; 
The solution to the system is (x,y) = (1-3) , the same solution calculated in 
Problem 8.16. ? 


8.27 Solve the following system using variable elimination. } 
4x+3y=—10 oN @ 
5x — 8y =—36 ly 
Multiply the first equation by 8 and the second equation by 3 to eliminate the { 


y-terms of the system. 


8(4x +3y=—10) fe =-80 


Add the equations of the modified system and solve for x. 


Like in 


32x + 24y = —80 Problem §&.25, 
15x — 24y = —108 youve basically 
47x + 0 = —188 multiplying the 
equation by the 
e518 y-coef ficient of 
ay the other equation, 
pees 


ignoving the signs of 
the coefficients 
because the signs 
ave alveady 


Substitute x =—4 into either equation of the original system to calculate the 
corresponding y-value. 


a a opposites and 
4(—4)+3y=—10 Aow't needa 
—16+3y=—10 adjusting. 
3y=—10+16 

3y=6 

3y 6 

3 3 

y=2 


The solution to the system is (x,y) = (-4,2). 
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8.28 Solve the following system using variable elimination. 


6x —3y=—-17 
15x+7y=59 


Like most variable elimination problems, there are various ways to eliminate x 
or y from this system. One method is to multiply the first equation by 5 and the 
second by —2 so that the x-coefficients are opposites. 


wee eee =-17) {oe =—85 


—2(15x + 7y =59) —30x -14y=—118 


You coula 
multiply the 
fivst equation by 
7 ana the secona 
by 3 to eliminate 


the y's insteaa. You Add the equations of the modified system and solve for y. 


coulda even multiply 30x — by = —85 

the fivst equation by —30x - 14y = -118 

IS ana the second by 0 — 20) = —203 

-6 to eliminate the xs 

ina Atffevent way, =29y = = 203 
put that'll make the —-29, —29 
numbers in the y=7 


equation pretty 
vig. 


Substitute y = 7 into either equation of the original system to calculate the 
corresponding x-value. 


6x -3y=—-17 
6x — 3(7)=—-17 
6x —21=-17 
6x =—-17+21 

6x =4 

6x 4 

6 6 

2 

a 


The solution to the inequality is (x, y) = (2.7) ; 


Systems of Inequalities 
The answeyv is wheve the shading overlaps 


8.29 According to Problem 7.40, the graph of a linear inequality in two variables is 
a region of the coordinate plane. Explain how to generate the graph of a system 
of linear inequalities in two variables. 


The shaded solution region of a linear inequality graph is a visual 
representation of the points that, if substituted into the inequality, would make 
the statement true. The solution to a system of inequalities is the set of points 
that makes all the inequalities in the system true. 
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8.30 


To graph a system of inequalities, graph the individual inequalities on the 
same coordinate plane. The solution is the region of the graph on where the 
individual solutions overlap. Any point in that region is a solution to all of 
the inequalities in the system. 


Graph the following system of linear inequalities. 
x>1 
ys2 


Graph the inequalities x > 1 and y< 2 using the techniques described in 
Problems 7.40-7.43, as illustrated in Figure 8-6. 


A 
I 
| 
I 
| 
| 
I 
I 
I 
I 


-—6 - 4 -3 -2 


x>1 


Figure 8-6: The lightly shaded regions represent solutions to one of the inequalities in 
the system, and the darker region represents the common solution to both 
imequalities—the solution to the system. 


All the points left of the vertical line x= 1 satisfy the first inequality of the 
system, and all the points below (and including) the horizontal line y = 2 satisfy 
the second inequality. The solution to the system is the dark region of the 
coordinate plane in Figure 8-6, the set of points that is both right of x= 1 and 
below y = 2. 


Graph the 
inequalities of 
the systew, shading 
each solution lightly, 
The solution to 
the systew is the 
Aoavkest shaded 
vegion, because it's 
wheve the gvaphs 
ovevlap, 


The lightly 
shaded vegions 
avent technically 
pavt of the 

graph. They've just 
included so you can 
see what pawts of 
the inequality graph 
ovevlap and what 
pavts Aow't. It’s okay 
just to include the 
Aavk vegion as 
the graph ana 
leave the lightly 
shadea 
vegions out. 
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8.31 Graph the following system of linear inequalities. 
ysx 
y>—x 


The graph of y< x consists of all the points below and to the right of the line 
y= x, and the graph of y > —x consists of all the points above and to the right of 
the line y =—x. The solution to the system, therefore, is the region right of the 
y-axis that is bounded above by y = x and bounded below by y = —x, as illustrated 
by Figure 8-7. 


Figure 8-7: The dark shaded region of the coordinate plane contains points that satisfy 
the inequalities y < x and y > —x. 


Note: Problems 8.32—-8.33 refer to the following system of linear inequalities. 


ze 2 
Pee, oe 
ceeey’ 


5 
le Veo} 
y ae 


8.32 Graph the system. 


The linear inequalities are written in slope-intercept form. Graph both on the 
same coordinate plane and indicate the solution to the system by shading it 
more darkly than the individual inequality solutions, as illustrated by Figure 8-8. 
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Figure 8-8: The dark shaded region of the graph represents the solution to the system. 


Note: Problems 8.32—-8.33 refer to the following system of linear inequalities. 


ee es 
et Ae 
a4 

5 
Seah 
y25% 


8.33 Choose one point from the solution region graphed in Problem 8.32 and 
verify that it satisfies both inequalities of the system. 


‘ Theve AVE an 
tute number of 
Points to choose Lye 

. m 
tn that solutio 
(0-4) 
You ca 


The point (0,-4) belongs to the solution graphed in Figure 8-8. To verify that 
(x,y) = (0,-4) is a solution to the system, substitute x = 0 and y=-—4 into both 
inequalities and demonstrate that the results are true statements. 


: h vegion, 
S only one of them, 
4 choose any point 


5 
y< ee 2 y25x-8 Be ie dante: vegion of 
4 2 (gure 8-&, wheve the 
-4< *(0) =2 -4> 20) —8 equality solutions 
ovevlap, 
-4<0-2 -420-8 
—4<-2 True -4=-8 True 
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8.34 Graph the following system of linear inequalities. 
ys—3x4+1 
1 
2==xK=4 
eS 
Graph the first inequality using a solid line because it is part of the graph, 


and graph the second inequality using a dotted line because it is not. The 
inequalities and the solution to the system are graphed in Figure 8-9. 


ys—3xt1 


1 
>-—x—-4 
Peo 


Figure 8-9: The dark shaded region is the solution to the system of inequalities. 


8.35 Graph the following system of linear inequalities. 
x<3 
ys4 
R= ySe 


You need to 
Solve for Y (Mot 
“Y), So multiply all 
the terms by -1. Don't 
Forget that multiplying 
aN nequality by a 
negative number me aus 
you have to veverse 
the inequality sign 
from < to 2 


The graphs of the first and second inequalities of the system are regions 
bounded by vertical and horizontal lines, respectively. To graph the third 
inequality, solve it for y. 


x-y<2 
—y<-x+2 
y>x—2 


Figure 8-10 is the graph of the solution to the system of inequalities. 
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ay >x-2 
7 
ys4 


I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 


Figure 8-10: The shaded region represents the solution to the system of inequalities. 


Note that the individual inequality graphs, and their accompanying lightly 
shaded regions, are omitted from Figure 8-10. When a system consists of three 
or more inequalities, the value of the individual graphs is lessened because the 
graph begins to look cluttered. If the graph of a system is bounded by multiple 
inequalities, ensure that you clearly indicate which region constitutes the 
solution. 


In Problems 
836-834, 
you'll fina the 
highest and lowest 
possible values of P 
given the limitations 


Linear Programming 
Use the shavp points at the edge of a shaded vegion 


Note: Problems 8.36—8.39 refer to the expression P = 6x — 2y and the following system of 
linear equations. 


0 Aefinea by the systew 
> 0 of inequalities. In other 
wovds, youll find out 
Og 3 what point from the 
5 DB shaded vegion of the 
ys =5 + ee graph, when pluggea 


into P = 6x - 2y, makes 
P the biggest ana 
which point makes 
P the smallest. 


8.36 Graph the system of inequalities. 


Apply the method described in Problems 8.29-8.35 to generate the graph, as 
illustrated by Figure 8-11. 
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The boun- 
Aavies ave alse 
solutions becouse 

all the inequalities 
contain either “<” 
or 9 


Figure 8-11: All the points in the shaded region and the boundaries of the region 
represent solutions to the system of inequalities. 


Note: Problems 8.36-8.39 refer to the expression P = 6x — 2y and the system of linear 
inequalities identified in Problem 8.36. 


. onsider the region graphed in Problem 8.36. Identify the points that cou 
8.37 Consider the region graphed in Problem 8.36. Identify the points th ld 
generate an optimal value of P. 


The vertices 
ave the intersection 

points of the boundavy 
lines along the edge of 
the vegion, basically 
the “covners” of the 
shadea vegion. 


The optimal (maximum and minimum) values of P will occur at one of the 
vertices of the solution region, which are identified as points A, B, C, and Din 


Figure 8-12. 


the shadea 
vegion of the 

gvaph is sometimes 

vefewead to as the set 
of “Peasible solutions” in 
lineaw programming 
problems. 


Figure 8-12: Points A, B, C, and D are the vertices of the feasible solution set. 
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3 
Point Dis the origin: D= (0,0). Point A is the y-intercept of the line y= = ae Oe 


The line is in slope-intercept form, so the y-intercept is 3, the constant in the 
equation. Therefore, A = (0,3). 


5 13 
Point Cis the x-intercept of the line y= = + 5 Substitute y = 0 into the 


equation and solve for x to calculate the x-intercept. 


0= we + ae 
2 2 
5 13 
naga 
2 2 
Ag ; iS aed Both of 
B gz 5 gz the equations 
13 Ave solveA Loy F 
a 5 substituting te 


Therefore, C= (2.0). 


5 13 
Point B is the intersection of lines y= =4n +3 and y= or + ae Solve the 


vice Vevsay) ends 
up being the x 
©xpressions set 

equal to each 
othey, 


system containing those two equations using substitution to identify B. 


—3x+12=—-10x +26 


Solve for x. 


—3x+10x = 26-12 


7x =14 
Tx 14 
Ge 
x=2 


Substitute x = 2 into either of the intersecting linear equations to determine the 
corresponding value of y. 
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y=—-—xt+3 
2 
deer 
@ ili] 
6 
Sees 
ae 
26 12 
cae aa 
_6 
a4 
_3 
9 


3 5 13 
The graphs of Jia and ear intersect at p-(2.3]. 


Note: Problems 8.36—8.39 refer to the expression P = 6x — 2y and the system of linear 
inequalities identified in Problem 8.36. 


8.38 Evaluate Pat each of the coordinate pairs identified in Problem 8.37. 


Substitute A = (0,3), B= (2.3], C= (2.0), and D= (0,0) into P= 6x - 2y. 


A=(0,3) 2=(25| c-(F.9} D=(0,0) 
P=6x-2y 
P=6x-2 
P=6x-2y ‘y ‘ =9(2}-200 P=6x-2y 
P =6(0)—2(3) p=0(2)-£( 5 re P =6(0)—2(0) 
P=0-6 sake po 4 P=0-0 
P=-6 ale i 4 P=0 
oy p= =15~ 
5 5 


Note: Problems 8.36—8.39 refer to the expression P = 6x — 2y and the system of linear 
inequalities identified in Problem 8.36. 


The optimal 
(mMaximuw ov 
minimum) values 
of P will always 
covvespond with 
a vevtex of the 
gvaph. No other 
CoovAinate paiv 
in the shadea 
vegion will vesult 
in a higher ov 
lower value 
of P. 


8.39 Identify the maximum and minimum values of P given the constraints defined 
by the system of linear inequalities. 


78 
According to Problem 8.38, the maximum value of Pis a occurring when 


13 
x =— and y= 0. The minimum value of P is —6, occurring when x = 0 and 


5 
y=-3. 
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Note: Problems 8.40-8.43 refer to the expression S = x + 5y and the below system of linear 
equations. 
x20 


y20 
Nee, 
xtys4 
2x + Fy S10 


8.40 Graph the system of inequalities. 


Apply the method described in Problems 8.29-8.35 to generate the graph in 
Figure 8-13. 


xt+ys4 


2x+3y S10 


The inequall- 

ities of the system 
ave sometimes callea 

the “constraints” in a 

linea Programming 
problem, 


Figure 8-13: The shaded region of the coordinate plane is the set of feasible solutions, 
coordinates that comply with the constraints defined by the system of 
inequalities. 
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ee 


GK 


Multiply the 
equation x — yeu 
by 3 to get 3x ~3y = 
-6 MA AAA it to the 
other equation, 


Note: Problems 8.40-8.43 refer to the expression S = x + 5y and the system of linear 
QR LP inequalities identified in Problem 8.40. 


8.4l 


Consider the region graphed in Problem 8.40. Identify the vertices of the 
feasible solution region. 


The optimal (maximum and minimum) values of S will occur at one of the 
vertices of the solution region identified in Figure 8-14. 


xt+ys4 


2x+3y 510 


Figure 8-14: Points A, B, C, D, and E ave vertices of the feasible solution region. 


Point Lis the origin: E= (0,0). Point A is the y-intercept of x-— y =—2. Substitute 
x= 0 into the equation and solve for 4. 


0-y=-2 
-y=-2 
(-1)(-y)=(-D(-2) 
y=2 


Therefore, A= (0,2). Point Dis the x-intercept of x + y= 4. Substituting y = 0 into 
that equation results in x = 4, so D= (4,0). 


Point Bis the intersection of lines x— y=—2 and 2x + 3y= 10. Solve the system of 
equations consisting of those two lines by eliminating x. 


2x + 3y = 10 
5x + 0 = 4 
bx _4 

5 65 

4 

x= > 

5 
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: re ‘ eae : 
Substitute x = 5 into one of the linear equations intersecting at B to calculate 


the corresponding value of y. 


2x + 3y=10 

4 
#(2}+3)=10 
1\5 

8 

—+3y=10 

5 y 


Multiply each of the terms by 5 to eliminate the fraction and solve for y. 


F(2 |45(35)=500) 
8+15y=50 

15y=50-8 
15y = 42 
1By 42 
15 15 
14 

pie ie, A 
Multiply 
4 14 the second 


Therefore, B =|—,—|. Point Cis the intersection of lines 2x + 3y = 10 and 
5 5 equation by -2 to 


get -2x - 2y = -8. 
Aaa that equation to 
2x + Sy = 10 ana 
solve fev y. 


x+ y= 4. Identify C by solving that system of linear equations. 


Substitute y = 2 into one of the linear equations intersecting at C to calculate the 
corresponding value of x. 


x+y=4 

x+2=4 
x=4-2 
x=2 


The solution to the system is the intersection point of 2x + 3y= 10 and x+ y= 4: 
C= (2,2). 
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Note: Problems 8.40-8.43 refer to the expression S = x + 5y and the system of linear 
inequalities identified in Problem 8.40. 


8.42 Evaluate Sat each coordinate pair identified in Problem 8.41. 


1 
Substitute A = (0,2), B= (2.4), C= (2,2), D = (4,0), and E= (0,0) into 
S=x+5y. 55 
4 14 
A= (0,2) Bale C= (2,2) D=(4,0) [E=(0,0) 
a ea ae, on eevee 
S=2+ S=4+ =O+ 
S=0+5(2) gat 5/14 
5 15 S=2+10 S=4+0 S=0+0 
S=0+10 Gane hoes tae 
S=10 ge me = = 
5 5 
4 4 
Ga oie 
5 


Note: Problems 8.40-8.43 refer to the expression S = x + 5y and the system of linear 
inequalities identified in Problem 8.40. 


8.43 Identify the maximum and minimum values of S given the constraints defined 
by the system of linear inequalities. 


74 
According to Problem 8.42, the maximum value of Sis 7 , occurring when 


4 14 
x= a and y= — The minimum value of Sis 0, occurring when x= 0 and y= 0. 
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MATRIX OPERATIONS AND CALCULATIONS 
Numbers tw vows and columns 


Matrices are orderly collections of numbers arranged in a grid of rows and 
columns. This chapter introduces matrix notation, common matrix terms, 
matrix operations (such as addition and multiplication), and determinants. 
The chapter concludes with Cramer’s Rule, a set of matrix formulas used to 


calculate the solution to a system of equations. 


Matvices ave pretty useful, even though they've a ee 
lists of numbers, This chapter intvoauces you to ee : . 
what the pieces ave callea, shows you how to combine them, ¢ Bi ee 
what the heck a Aeterminant is, anA Aewoustrates how te 2 : 
Aetevminants the easy way and the hawa way, Sas 


ees the chapter ends with Cramer's Rule, a way to solve the Systems 
° equations that weve covered in Problems %.1-%.2%. Even though it’s 
ee than a new way to Ao something you alveady know how 

0 . (iP you vead Chapter 8, that is), it’s still intevesting that clumps of 
MAMidevs can proAuce the same answer th t ituti i 
eee Ar substitution and vaviarle 
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Anatomy of a Matrix 
The ovder of a matvix and identifying elements 


Note: Problems 9.1—9.3 refer to matrix A defined below and the elements a, of matrix A. 
et gy S 

A= 
Ow G 42 § 


The i Ona 
J heve vepresent 
wWwbevs: A, ana 

pcs vepvesent specific 
Positions in the Matric 
AS you'll see in : 
Problems 9.2-93 


9.1 What is the order of the matrix? 


Order indicates the dimensions—the number of rows and columns—of a 
matrix. Matrix A has two horizontal rows and five vertical columns, so it has 
order 2 x 5. Note that order is always written rx c, where ris the number of rows 


The +ivst and cis the number of columns. 


number always 
tells you how many 
vows awe in the 
matrix, and the 
second value always 
vepvesents the 
number of 
columns. 


Note: Problems 9.1—9.3 refer to matrix A defined below and the elements a, of matrix A. 
|S Gp 33} 9 5 


Ot © =I/2 8 


9.2 Identify element a,,. 


The individual numbers within a matrix are called elements and are labeled 
using the notation a,. Element a, is in the ith row and the jth column of matrix 
A. Element a,, is in the first row and the third column from the left: a,, =—3. 


The fivst 
number (i) 
tells you what 
hovizontal vow the 
element is im (1 = 
top vow, 2 = secona 
vow vow the top, ana 
so on), and the second 
number (3) tells you 
what vertical column 
the number is in (1 = 
Lav left column, 2 = 
secona column 
fvow the left, 
and So ow). 


Note: Problems 9.1—9.3 refer to matrix A defined below and the elements a, of matrix A. 


es ea 9 5 
Wo 6 =i § 


9.3 Identify element a,,. 


As explained in Problem 9.2, the notation a,, describes the element in the 
second row (from the top) and first column (from the left): a,, = 0. 


: Matvices ave labelea with Capital 

oo and elements of matrices ave labelea 
as ee os Versions of the same letters Elements 
ot matvix A look like nA ti 
eatin A AMA elements of matvix B 


182 rene Humongous Book of Algebva Problems 


Chapter Nine — Matrix Operations and Calculations 


Note: Problems 9.4—9.6 refer to matrix B defined below and the elements b,, of matrix B. 


4 Eel 
B=|2 0-5 You can 
only use a 
Sh 5h 5 


single number to 
Aescvibe the ovdev of 

a matvix if the matvix 
is squawe. The ovder 
of any other matvix 
looks like vx. 


9.4 What is the order of the matrix? 


Matrix B has three horizontal rows and three vertical columns, so it has order 
3 x 3. Because Bis a square matrix (a matrix with an equal number of rows and 
columns), you can describe its order using a single number: 3. 


Note: Problems 9.4—9.6 refer to matrix B defined below and the elements b,, of matrix B. 


4 1p rll 
is|2 O =5 
2 3) 6 


9.5 Identify element d,,. 


Element 0,, is in the second row (from the top) and the third column (from the 
left) of matrix B: b,,=—5. 


Note: Problems 9.4—9.6 refer to matrix B defined below and the elements b,, of matrix B. 


4 i yi 
jea|4 =5) 
3 =3) =6 


9.6 Identify element b,,. 


You can 
only AAA 
ov subtvact 
matrices if 
they've the same 
size. In other wovds, 
they need a matching 
number of vows anda a 
matching number of 
columns. You con't ada 
asx2 matvix toa2 
x3 matvix, but you 
can adda twos x2 
matvices ov two 
2x3 matvices 
together. 


Element 0,, is in the third row (from the top) and the first column (from the 
left) of matrix B: b,, = 3. 


Adding and Subtracting Matrices 
Combine numbers in matching positions 


9.7 


What condition must be met by matrices A and Bif the matrix C= A+ Bexists? 


Matrix Cis defined as the sum of matrices A and B, and a matrix sum (or 
difference) is defined only for matrices of the same order. 
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f 


9.8 Calculate the sum of the matrices: [4 6 —2|+ [10 —4 -9] : 


A matvix like this 
one that has only one 
vow ts callea a Vous 
matrix,” It aA matvix 
has on) ' 
each ees 
aAlleA either aA “column 
matrix” ov a Columuais 
matvix,” 


Both row matrices are the same size (that is, they have the same order) so the 
matrix sum is defined and has the same order: 1 x 3. To calculate the sum, add 
elements in corresponding positions. 


[4 6 -2]+[10 -4 -9|=[4+10 6+(-4) -2+(-9)] 
=[4+10 6-4 -2-9] 
=(14 2 -11] 


13 —5 I2 =% 
9.9 Calculate the sum of the matrices: R 7 4 + Pare ‘ ; 


Both matrices have the same order (2 x 2) so the sum exists and is also a 2 x 2 
matrix. To calculate the sum, add elements in corresponding positions. 


13 -5] [12 -3] [is+12 -5+(-3) 
ie lls ales ei 


13+12 -5-3 


It's easy: AAA 
Uppev-le fp to ‘ 
left (13 + 12) meas 
right to Uppervight 

CS + [-3), lower-left tg = 
lowerlett (7 + 8), ama 
lower-vight to lowev- 
vight (2 + Ip). 


-6 O 2 =e) 
= =5) 10 B= —2 1 
Bd} 3 Avi 


To generate 4A, multiply each element of A by 4; to generate 3B, multiply each 
element of B by 3. 
4(-6) 4(0) —24 0 
4A=|4(-3) 4(10)/=]-12 40 
4(9) 4(-4) 36 —16 


A scalavw is 
a veal number 
that’s multiplieA 
by every term in 
awmatvix. It’s like 
the distributive 
property, but 
on a bigger 


3(5) 3(-14)] [15 -42 
3B=|3(-2) 3()|=|-6 3 
3(3) 311) 9 33 
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Note: Problems 9.10-9.11 refer to matrices A and B defined below. 


-6 O ap Sik} 
Sis itl) Bz=|-2 y | 
QD =i 3 11 


9.11 Evaluate the expression: 4A + 3B. 


—24 0 15 -42 
According to Problem 9.10, 4A4=|—-12 40] and 3B=|-6 3 |. Calculate 


36 —-16 9 33 


the sum by adding elements in corresponding positions. 


-244+15 0-42] [ -9 -42 
4A+3B=|] -12-6 40+3)=|-18 43 Cree pecks 
36+9 —-164+33 45 17 attenuvite 
Lvactions with 
the wuamevatov 
Anda Aenominator 
next to each other 
(instead of above 
awd below each 
other) when they've 
inside matvices. Even 
though they look 
a little stvange, 
they've just 
ovAinavy 
fvactions. 


Note: Problems 9.12—9.13 refer to matrices M and N defined below. 
9 0 4 —1/2 
M = = 
Sep Ig} 11/3 2 


9.12 Evaluate the expression: 2M + 3N. 


Multiply each element of M by 2, multiply each element of Nby 3, and then add 
the resulting matrices. 


ESN SS eel 
~ “1-4 -3 1172 4 


3/f 1 

2(9) mt a +3) 
2(-4) 2(-3)] | #/1 

+(3) m7 


{ 
{27 
| 


18+12 0-3/2 
8+11 -6+6 


30 7a 


3 
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Note: Problems 9.12—9.13 refer to matrices M and N defined below. 


es 9 0 as 4 -1/2 
gif ee ~| 11/3 2 


, i 
9.13 Evaluate the expression: an =e 


1 
Multiply each element of M by 3 and each element of N by —1. Add the resulting 
matrices. 


ay 9 ie ei dees 

vq PYESSION 3 ae ae.) 11/3 9 
ConFains ON”, which is 
the same thing as “IN” 


1/9) 1/0 
7 3(;) a(t) +| ~1(4) eer 
gees “a8 


f 9/3 | —4 7 


~|-4/3 —3/3| |-11/3 -2 
— -4 1/2 
“| -4/3 “leas ) 
[ 3-4 0+1/2 
~|-4/3-11/3 ee 

rf -1 1/2 

~|-15/3 | 

[-1 1/2 

fs 4 


Note: Problems 9.14-9.1L5 refer to matrices C, D, and E defined below. 


i 2 =7 IY S12) 2G) =f () =3) 
(Gall a =) =o) D=|—-5 i =) S24 =! 1 
Se 4 =i! =7/ I O 6 = =6 


9.14 Evaluate the expression: C+ D-E. 


Subtvacting 
matvix E is 

the same thing as 
adding -E. That's 
why you spend the 
Fivst pavt of this 

problem figuving 
out what -E is. 


Note that C+ D- E= C+ D+ (-E). Perform scalar multiplication to generate 
matrix -E. 


-1(-4) -1(0) -1(-3) 40 38 
~E=-1(E)=|-1(-2) -1(-1) -10)|/=| 2 1 -1 
—1(6) -1(-2) -1(-6)| |-6 2 6 


Evaluate the expression C+ D+ (-E). 
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C+D—-E=C+D+(-E) 


| “Ee 8 
=| 4 -3 
[-8 2 
[ 14+154+4 
=| 4-542 
|-8-7-6 
f 20 -10 
=| 1 4 
|-21 5 


-7 


-1 


15 -12 -4] [ 4 3 
-5/+/-5 6 -9/+| 2 1 -1 
-7 1 Oo] |-6 2 6 
2-12+0 -7-443 
-3+6+1 -5-9-1 
Q+1+2 -1+0+6 
—8 
~15 
5 


Note: Problems 9.14-9.15 refer to matrices C, D, and E defined below. 


i 2 a7 
(GiS| af es oy D= 
al OM 


9.15 


=I 4; 
G = 
1 O 


Evaluate the expression: 3C-— 2D + 4E. 


aot (I) 3} 
ga|=2 =i 1 
© =2 =6 


Perform scalar multiplication to generate matrices 3C, -2D, and 4E. Add the 


resulting matrices. 


1 2-7 15 -12 -4 -4 0 -3 
3C-2D+4E=3| 4 -3 —5/+(-2))-5 6 -9]4+4/-2 -1 1 
-8§ 2 -1 -7 1 0 6 -2 -6 
3(1) = 3(2)_ 3(-7) 2(15) —2(-12) -2(-4)| |4(-4) 4(0) 4(-3) 
=| 3(4) 3(-3) 3(—5)}+]—-2(—5) 2(6) —2(-—9)/+]}4(-2) 4(-1) 4() 
3t8) . 332) SET), [=2(= 2) =201) + =2(0) 4(6) 4(-2) 4(-6) 
. 3 6 21] [-30 24 8| [-16 0 -12 
=| 12 -9 -15|+] 10 -12 18|+| -8 -4 4 
|-24 6 -3 14 -2 0 24 -8 —24 
3-30-16 6+24+0 —21+8-12 
=| 12+10-8 -9-12-4 -154+184+4 
|-24+144+24 6-2-8 -3+0-24 
[43 30 —25 
=| 14 -25 7 
| 14 -4 -27 
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Multiplying Matrices 
Not as easy as adding ov sulbtvacting them 


If matrix A has order c x d, matrix Bhas order m x n, and the product matrix 
P=A- Bexists, what condition must be met by the dimensions of A and B? 


9.16 


If theve avewt What is the order of P? 


AS Many vows in the 
SECONA Matvix as theve 
ave columus in the 

Fivst matrix, you cow't 
multiply the matrices. 


If the product A- B exists, then the number of columns in matrix A must equal 
the number of rows in matrix B. In this example, d= m. 


The dimensions of the product matrix are dictated by the dimensions of A and 
Bas well. Matrix Pwill have the same number of rows as matrix A and the same 


number of columns as matrix B. Therefore, matrix Pis c x n. 


Note: Problems 9.17-9.19 refer to matrices A and B (as defined below) and matrix P, such 


that P=A.- B. 
3 -2 —-5 4 

A= B= 
eae gees 


9.17 Calculate element p,, of matrix P. 


To calculate an element p, of the product matrix P, multiply each element in the 
ith row of A by the corresponding element in the jth column of Band add the 


products together. 


Pr = 418 FG * bey 
= 3(—5)+(-2)(0) 
=—-15+0 
=-15 


You ave 
calculating P.,, 
so you'll multiply 
the numbers in the 
fivst vow of A (stating 
at the left side) by the 
numbers in the first 
column of B (starting 
at the top), one at 
a time. 


Note: Problems 9.17-9.19 refer to matrices A and B (as defined below) and matrix P, such 
Bee =5 4 
A= B= 
a) eel 0 6 


9.18 Calculate element /,, of matrix P. 


that P=A.- B. 


Multiply each element in the first row of A by the corresponding element in the 
second column of B. 
Pry = “Big + Gy * Oyo 
= 3(4) + (—2)(6) 
=12-12 
=0 
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Note: Problems 9.17-9.19 refer to matrices A and B (as defined below) and matrix P, such 
that P=A- B. 


9.19 


9.20 


Remember, 
the little 
numbers tel] you 
what vow and 
column an element 
is in, So Po, IS th vow 2 
column | ana p,, is 
vow 2 column 2. 


) 


Calculate elements p,, and p,. to complete the product matrix P. 


To calculate p,,, multiply each element in the second row of A by the 
corresponding element in the first column of B. 


Poy = Gay * By, F dgy * Dy, 
=—9(-5)+1(0) 
=45+0 
= 45 


To calculate p,., multiply each element in the second row of A by the 
corresponding element in the second column of B. 


Pog = Ag, * Byy + gg * Ogg 
=—9(4)+1(6) 
=—36+6 
=—30 


Create matrix P, placing elements p,,, P,», Ps, and pf,» in the positions indicated. 
| acne ‘| 
Pa Pros 45 —30 


eat on F =S. 3 2 I 
ultiply the matrices: Be eile ale 


Calculate each element p, of the product matrix P by multiplying each element 
in the ith row of the left matrix by the corresponding element in the jth column 
of the right matrix and then summing those products, as explained in Problems 


9.17-9.19. 
a A a 
poy Pr 


—8(2)+3(—6) Rann 
5(2)+(-7)(-6) 5(1)+(-7)(4) 


| 
“Linwte 5a 
ar 


10+42 5-28 


34 
52 —23 
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Note: Problems 9.21-9.22 refer to matrices A and B (as defined below), and matrix P, such 


that P=A.- B. 
—4 7 
& 10 —2 1 6 
A= B= 
-Il 3 5 -Il O 
15 -6 


9.21 Explain why Pexists and calculate element p,,. 


The product P= A- Bexists because the number of columns in matrix A is 
equal to the number of rows in matrix B. 


To calculate element p,, of matrix P, multiply each element in the fourth row of 


A has two col 
wmnus 
A by the corresponding element in the second column of Band add the results. 


ANA B has two vows. 
Paz = Uy * Big + yy * Ogg 
=15(1)+(-—6)(-11) 
=15+ 66 
=81 


Note: Problems 9.21-9.22 refer to matrices A and B (as defined below), and matrix P, such 


that P=A.- B. 
—4 7 
& 10 —2 1 6 
A= = 
-I 3 5 -Il 0 
15 -6 


9.22 Generate matrix P. 


You con mul- 
tiply A - B, but 

you can't multiply 
B- A, because the 
number of columns ih B 
(3) Aoes not equal the 
number of vows in 


A (A). 


The product matrix has the same number of rows as matrix A and the same 
number of columns as matrix B. Therefore, P has order 4 x 3. Calculate each 
element of P using the technique described in Problem 9.21. 


—4(—2)+7(5) —4(1)+7(-11) —4(6)+7(0) 
8(—2)+10(5) 8(1)+10(-11) 8(6)+10(0) 
—1(—2)+3(5) —1(1)+3(-11) —1(6)+3(0) 
15(—2)+(—6)(5) 15(1)+(—6)(-11) 15(6)+(—6)(0) 
8+35 —4—77 —24+0 
—16+50 8-110 48+0 
2+15 -1-33 -6+0 
—30-30 15+66 90+0 


P= 


43 —81 —24 
34-102 48 
5 te 34-26 
-~60 81 90 
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Note: Problems 9.23—9.24 refer to matrices A and B defined below. 


lee aed 

4 0-5 -1 -4 -3 
A-|) -8 4 el Saal eat 
10 -2 


Remember, 
A-Bhas as 
many vows as the 
left matvix in the 
product (matvix A has 
2 vows) and as many 
columns as the vight 
matvix in the proAuct 
(matvix B has two 
columns). 


9.23 Calculate the product: A- B. 


The product matrix P= A- Bhas order 2 x 2. 


apul| Ato H+ Co-7+(-D00) 4(2)+0(—3)+(—5)(6)+(-1)(-2) 
| 3(1) + (—8)(—4) + 4(-7) + (-6)(10) 3(2)+(—8)(—3) + 4(6) + (—6)(—2) 
[ 4+0+35-10 8+0-30+2 

| 3+ 32 —28 - 60 Neen 

[ 29 -—20 

~|-53 2 


Note: Problems 9.23—9.24 refer to matrices A and B defined below. 


zal 0-5 “| »|-4 2 ROS 


BB = SO 


9.24 Calculate the product: B- A. 


The product matrix has order 4 x 4 and, when compared to the product 
calculated by Problem 9.23, demonstrates that matrix multiplication is not 
commutative. 


IN 
The proAuct <—TAX 
in Problem 9.23 


is a2 x2 matrix, 


1(4) + 2(3) 1(0)+2(-8) 1(—5) + 2(4) 1(-1) + 2(-6) ana the proauct in 
paul t@+C8)8) —4(0)+(-3)(-8) -4(-5)+(-3)(4) -4(-1)+(-8)(-6)| | Problem 4.24 is 4x 
i —7(4)+6(3) —7(0)+6(-8) —7(—5)+6(4) —7(-1)+6(-6) the order in which 


you multiply matvices 
has a Avastic effect 
on the size of the 
product matvix, what 
elements ave inside, 
ana whether a 
proAuct even 
exists! 


10(4)+(—2)(3)  10(0)+(—2)(—8)  10(—5) +(—2)(4) 10(-1) + (-2)(-6) 
44+6 0-16 -5+8 -I1-12 

-16-9 0+24 20-12 4+18 

—28+18 0-48 35+24 7-36 

40-6 0+16 -50-8 -10+12 

10 -16 3 -13 

-2 2 8 29 

-10 -48 59 -29 

34 16 -58 
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9.25 Calculate the matrix product below. 
1 a9 6 =o @ 
BO Bile 4h 
ad =jl 2 Ss =8 7 


The product of two 3 x 3 matrices is a 3 x 3 matrix. 
1(6)+(—2)(-1)+(-9)(8)_ 1(—5) + (—2)(4) + (-9)(—3)_ 10) +(—2)(— 2) + (-9)(7) 
3(6)+0(-1)+5(8) 3(—5)+0(4)+5(—3) 3(0)+0(—2)+5(7) 
—4(6)+(-1)(-1)+2(8) —-4(—5)+(-1)(4)+2(-3) = -4(0) +(— 1) (—2) + 2(7) 
6 2=92) =b- 8427 -0+4—63 


=| 18+0+40 -15+0-15 0+0+35 
—24+1+16 20-4-6 0+2+14 


-64 14 —-59 
=| 58 -—30 35 
—-7 10 16 


Calculating Determinants 
Values Aefinea fov squave matvices only 


9.26 Given matrix A defined below, calculate |A|. 
3 2 
i eee 


The determinant of matrix A, written “|A 
defined when A is‘a square matrix. The determinant of a 2 x 2 matrix can be 


calculated using the below shortcut formula. 


ee 


=ad—cb 
d 
Set a= 3, b=-2, c=1, and d=9. 


A squave matvix 
has the same number of 
vows and columns. 


” or “det (A),” is a real number value 


c 


Stawvt at 
the upper-left 
covey and multiply 
Aiagonally Aown. 


Then, subtvact what 3-9 
you get when you |A| = i \ 
Stavt at the lower- 
left covney Ona =3(9)-()C2) 
multiply Aiagonally =27—(-2) 
up. =27+2 
= 29 


192 rene Humongous Book of Algebva Pvolblems 


Chapter Nine — Matrix Operations and Calculations 


9.27 Given matrix B defined below, calculate |B]. 


. eo 
ee =i 
Apply the shortcut formula from Problem 9.26 to calculate the determinant of 
the 2 x 2 matrix. 


12 5 
[Bl = 


-4 -] 
=12(-1)—(-4)@) 


9.28 Given matrix C defined below, calculate |C|. 
= i/2 

C= 
eed 


Apply the shortcut formula from Problem 9.26 to calculate the determinant of 
the 2 x 2 matrix. 


6 1/2 
Ic ee a 
1\(1 
=(-6)(-7)-|—]|- 
0-0-(5](5) 
1 
= 4 poe 
6 
42-6 1 
~ 1:6 6 
_ 252 1 
~ 6 6 
_ 251 
6 


B = Il 
D=|-3 7 —-4 
0 -l 8 


Problem 9.26 describes a shortcut used to calculate the determinant of a 
2 x 2 matrix. It requires you to subtract a product of elements along an upward 
diagonal from a product of elements along a downward diagonal. 
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The shortcut technique for calculating the matrix of a 3 x 3 determinant also 
involves the difference of products along diagonals, but it requires you to 
construct a 3 x 5 matrix. The first three columns consist of the original matrix, 
column four is a copy of column one, and column five is a copy of column two. 


Stick Copies 
of the first two 
; Columns on the vight 
Side of the 3 x3 
matrix to creat = 
3 Xx S matrix you'll use 
to calculate the 
Aetevminant 


Beginning with element d,, = 2, calculate the products along the diagonal and 
sum the results. Do the same with elements d,, = —5 and d,, = 1. 


2(7)(8) + (—5)(—4)(0) + 1(-3)(-1) 
=112+0+3 
=115 


Now multiply along the upward diagonals that start at d,, = 0, ds. =-1, and d,, = 8 
and add the products. 


0(7)() + (—1)(-4)(2) + 8(-3)(-5) 
=0+8+120 
= 128 


Just like a2x«2 
Aetevminant 

is equal to the 
Aiffevence of a 
Aowwwava anda an 
upwava Aiagonall. 


The determinant of the 3 x 3 matrix is the difference of the downward and 


upward diagonal sums. 


|D| =115-128 
=-13 


9.30 Given matrix EF defined here, calculate det(E). 


qe 


Det(E) ana [EI 
poth mean the same 

thing: the Aeterminant 
of matvix E. 


Construct a 3 x 5 matrix by duplicating the first two columns of the matrix, as 


directed by Problem 9.29. 
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Calculate the determinant by adding the products of the elements in the 
downward diagonals beginning at ¢,, = 1, ¢,, = 3, and e,, =—6 and then subtracting 
the products of the elements in the upward diagonals beginning at e,, = 4, 


x59 = 9° and e,, = 5. 


det(E) =1(9)(6)+3(10)(4) + (-6)(-2)( 3] - 1-6) [5 ]Q)4)- 2) 


= 45+120+6+216—5+ 30 
= 412 


Note: Problems 9.31—9.35 refer to matrix A defined below. 


3 4 Il 
A=|0 2 9 
I -6 15 


9.31 Calculate the minor M,, of A. 


The minor M, of a matrix is the determinant of the matrix created by removing 
the 7th row and the jth column. This problem directs you to calculate M,,, so 
eliminate the first row and the first column from the matrix and calculate the 
determinant of the resulting 2 x 2 matrix. 


Dvop the 
fivst vow (which 
contains 3 4 -|) 
awd the fivst column 
(which contains 3 0 

|) ana youve left 
with this. 


2° 9 
—6 15 


7 


Apply the shortcut formula for calculating 2 x 2 matrices presented in Problem 
9.26. 
M,, = 2(15) —(—6)(9) 
= 304+ 54 
= 84 


Note: Problems 9.31—9.35 refer to matrix A defined below. 


Bie ak 
A=|0 2 9 
IH o=G US 


Youve calcu 
lating C,. The first 
litHe number next to 
Cis t ana the second 
little number is i 
They’ve both equal 
to | heve, So 
t= | ana j= |, 


9.32 Calculate the cofactor C,, of A. 


The cofactor C, of a matrix is computed according to the following formula: 
C,= (-1)"’- M,. Therefore, the cofactor is equal to the corresponding minor 
multiplied either by +1 or —1, depending upon the value of the expression 7+ j. 


According to Problem 9.31, M,, = 84. Substitute M,,, i= 1, and j= 1 into the 
cofactor formula. 
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_ (_1\'*). 
C, =(-1)""-M, 


Cy = (1) “M), 
C1 = (-1y “84 
C,, =1:84 

C,, = 84 


Note: Problems 9.31-9.35 refer to matrix A defined below. 


BP eh | 
A=|0 2 9 
I -6 15 


9.33 Calculate the cofactor C,, of A. 


It might 
help to temp- 
ovavily cross vow 
2 and column 4 


Begin by calculating M,,, the determinant of the matrix created by removing 
the second row and the third column of A. 


out of the matrix to i 
visualize the 2 x 2 1 -6 
matrix you'll end up = 3(—6)—(1)(4) 

with: ~_18—4 


=—22 
Substitute M,, = -22, 7= 2, and j= 3 into the cofactor formula. 


C,, = (- in a "My, 


= (-1)’ -(-22) 
= (-1)(-22) 
= 22 


Note: Problems 9.31—9.35 refer to matrix A defined below. 


Si yl 
A=|0 2 9 
I =G ID 


9.34 Calculate |A| by performing a cofactor expansion along the third row of A. 


Though you can calculate the determinant of this 3 x 3 matrix using the 
shortcut described in Problem 9.29, the cofactor expansion technique can be 
applied to any square matrix. Multiply each of the elements in a single row or 
column of the matrix by the corresponding cofactor and add the results. 


As you'll see in the 
next problem, when you 
eXPANA along a column 


you will get the ne 
oswey, 


This problem directs you to expand along the third row, but the results would 
be the same if you chose to expand along either of the other rows or any of the 


columns. 


196 The Humongous Book of Algebva Problems 


Chapter Nine — Matrix Operations and Calculations 


JA] = ayy *Cyy + agg Coy + agg * Coy 


Calculate the minors M,,, M,,, and M,; using the technique described in 
Problem 9.31. 


4 -1 3 -1 3.4 
wee Vg Melo 9 Mss lo 9 
=4(9)—(2)(-1) = 3(9)—(0)(-)) = 3(2)—(0)(4) 
= 36+2 =27+0 =6-0 
= 38 =27 =6 
Next, calculate the corresponding cofactors: C;,, C3,, and C,;. 
Cy) = (-1)"" ‘Ms, Cyy = ie 1" "Ms, Cy, = ‘ Ie *M;; 
= (—1)' -(38) =(-1)’-(27) =(-1)’-(6) 
=1-38 =(-1)(27) =1-6 


= 38 =-27 =6 


Multiply each element of the third row by the corresponding cofactor. The sum 
of those products is the determinant of matrix A. 


JA] = aig, Cay + agg * Coy + gg * Coy 
= 1(38) + (—6)(—27) + 15(6) 
= 38+ 162+ 90 
= 290 


Note: Problems 9.31—9.35 refer to matrix A defined below. 


go Gi eal 
A=|0 2 9 
TS 6 


9.35 Verify the solution to Problem 9.34 by performing a cofactor expansion along 
the first column of A. 


No matter 
what G,, ts, Auving 
the expansion it gets 
multipliea by a, = 0, 
and the vesult will 
be 0. 


Note that a,, = 0, so there is no need to calculate C,, for the cofactor expansion. 


According to Problem 9.32, C,, = 84, and according to Problem 9.34, C,, = 38. 


|Al =a, °C, tg, Cy + As, * Cs, 
= 3(84)+0-C,, +1(38) 
= 252+0+38 
= 290 
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9.36 According to Problem 9.30, the determinant of matrix E (defined below) is 
412. Perform a cofactor expansion to verify the determinant. 


The book 
shows you 
how to expana ! ae 
E=|-2 9 10 


along the ivst 

vow, but youlll get 
the same answev 
with either of the 


othey two vows ov tf aie ss : 
you expanded one M,, = -2 10 M,, = 
of the columns 1/2 5 w=! 4 6 4 172 
instead. 1 2/1 
=9(6)-(F)a0) =-2(65)-(4)(00) =-2(2) ayo) 
= 45-5 he ae =-1-36 
= 40 a =—37 
Calculate the corresponding cofactors. 
Q.= (a “M, Cy = (-1)* *M,. C, =(- iy *M,; 
= (-1)' (40) =(-1)'(-50) =(-1)' (-37) 
=1(40) =(-1)(—50) = 1(-37) 


Multiply the elements of the first row by the corresponding cofactors and add 
the results. 
[E] = ey, Cy +29 Cry +25 ° Cys 
=1(40) + 3(50) + (—6)(—37) 
= 40+ 150+ 222 
= 412 


aN Vas 9.37 Given matrix B defined below, calculate |B]. 


@®@ 
0) 3 =2 0 5 
YK; aes | =—@ =F =f 
Pyablsu: ers ee ak 
4 6 -8 1 


135 explains 
that a 0 in the 
vow ov column youve 
expanding means 
that you Aon't 

have to calculate 
the Covvesponding 
cofactov, and that 
Meous a little 
less work, 


Because 6,, = 0, it is most efficient to expand along either the first row or the 
third column. To expand along the third column of B, calculate M,,, M,,, and 
M,,. Apply the shortcut technique described in Problem 9.29 to calculate the 


3 x 3 determinants. 
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3-2 5 
M,,=|-6 —-1 11 
4 6 1 


= 3(-1)(1) + (—2)(11)(4) + 5(-6) (6) - (4) (-1)(5) — (6) (11) (3) - 0) (-6) (2) 
—~3-88—180+20-198-12 
=-461 


3-2 5 
M,,=|1 -9 —4 
4 6 1 
= 3(-9)(1) + (—2)(—4)(4) + 5(1) (6) — 4(—9) (5) — 6(—4)(3) — (I) )(-2) 
=—27+32+30+180+72+2 
= 289 


3-2 5 
M,=| 1 -9 —4 
-6 -1 ll 
=3(-)UD)+-2)E D6) +5 OE )=Cb)-96)-EYEC)B)-1OC2) 
=—297 — 48 -5-270-12+22 
=-610 


Calculate the corresponding cofactors. 


Cy, = Gi “M3, Cy = Gy “Mss Cys = Gls My 
=(-1)’ (-461) = (—1)° (289) =(-1)’ (-610) 
=(-1)(-461) = 1-289 =(-1)(-—610) 
= 461 = 289 = 610 


Multiply the elements of the third column by the corresponding cofactors and 
sum the results. 


[BI = dys Cys + dys * Cog + dg Cys + dys * Cag 
=0-C,, +(—7) (461) + 2(289) + (-—8)(610) 
= 0 — 3,227 +578 — 4,880 
=—7,529 
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Cramer’s Rule 
Double-Aecker matvices that solve systems 


9.38 According to Cramer’s Rule, the solution to a system of two linear equations in 


X| |Y¥ 
two variables is (x, y) = ga . Given the system below, identify matrices C, 
X, and Y. Icl'Icl 
Ax + By = D 
Ix+Gy=H 


Matrix C consists of the system’s coefficients. The x-coefficients comprise the 
first column of matrix Cand the y-coefficients comprise the second. 


elt 


The remaining matrices, Xand Y, are created by replacing individual columns 


The Constants 
_ ave the numbers 

with no Vaviables next 
to them—usuailly Pound 
on the vight side of 


D 
of Cwith the column of constants: | ‘ 


To generate matrix X, replace the first column of C with the column of 
constants. 


me D B 
| G 
To generate matrix Y, replace the second column of Cwith the column of 
To get constants. 
the X matvix, a A D 
veplace the x- F A 


coefficients tn C 
with the numbers 
from acvoss the equal 
sign. To get the ¥ 
matvix, veplace the 
y-coefficients 
stead. 


Note: Problems 9.39-9.41 refer to the system of equations below. 


2x + Zy=—9 
5x + 2y=16 


9.39 Use variable elimination to solve the system. 


Multiply the first equation by 2 and multiply the second equation by —3. 


To veview 
vaviable elimination, 
check out Problems 
8.19-%.28, 


~ |-15x —6y=—48 


2(2x+3y=—9) sence ie 
—3(5x+2y =16) 


Add the equations of the modified system and solve for x. 
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4x + 6y = —18 
—15x — 6y = —48 
—-llx + 0 = —66 

—llx =—-66 

—llx _ —66 

-l1l -l1 
x=6 


Substitute x = 6 into either equation of the original system to calculate the 
corresponding value of y. 


2x+3y=—-9 

2(6)+3y=—9 

12+3y=-9 
3y=—-9-12 

3y=-21 

_ 21 

i 

y=-7 


The solution to the system is (x,y) = (6,-7). 


Note: Problems 9.39-9.41 refer to the system of equations below. 
2x + Zy=-9 
5x + 2y = 16 


9.40 Construct the matrices C, X, and Y that are required to solve the system using 
Cramer’s Rule. 


According to Problem 9.38, the first column of matrix C consists of the system’s 
x-coefficients and the second column consists of the y-coefficients. 


li 


To generate matrix X, replace the column of x-coefficients with the constants 
from the system. 


FS =9.33 
(16 2 
Similarly, generate Y by replacing the column of y-coefficients with the column 
of constants. 
2. 2=9 
Y = 
5 16 
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Note: Problems 9.39-9.41 refer to the system of equations below. 


2x + 3y=—-9 
5x + 2y = 16 
9.41 Use Cramer’s Rule to verify the solution to the system generated in Problem 
(2). .38). 
Accordi blem 9.40, C Aiea oj Sai 
t x , = 5 = : = . 
ccording to problem 59 16 9/782 5 16 
Calculate the determinant of each matrix. 
IC] = 2(2)-5(3) |X| =—9(2) -16(3) \Y| = 2(16) —5(-9) 
=4-15 =—18-48 = 32+ 45 
=—ll =—66 =77 
Substitute |C|=—11, |X]|=—66, and |Y|=77 into the Cramer’s Rule formula to 
calculate the solution to the system. 
“Mel 'le| 
is (== 77 
—11’-11 
=(6,-7) 
9.42 According to Problem 7.12, the solution to the system below is (5--2| . Use 
Cramer’s Rule to verify the solution. 2 
6x+y=1 
14x —5y=17 
The constants 
tw this systew Construct matrices C, X, and Y, as directed by Problem 9.40. 
eve Vana 7. 6 1 11 6 1 
They veplace the x- C -| X= Y -| 
coefficients (6 ana \4) 14 —5 Le —5 14 17 
in the X matvix and : - 
the y-coef pois Calculate the determinants of the matrices. 
(I and -S) in the y ic| = 6(—5) -14() |X| =1(-5)-17(1) |\Y|=6(17)-14(1) 
matvix, =—30-14 =-5-17 =102-14 
=—44 =—22 = 88 


Apply the Cramer’s Rule formula to calculate the solution to the system. 
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(<9) =(2A 


-(= * 
~ \-44’-44 


“Ly 


9.43 Solve the system of equations below using Cramer’s Rule. 


4x —3y=40 

3 42 
=-—--x+—- 
7 ee 


Before constructing the matrices required by Cramer’s Rule, rewrite the second 
equation of the system in standard form; move the x-term left of the equal sign 
and multiply each term by 5 to eliminate the fractions. 


3 1 
Po gh sg 
5 
B(3 B(1 
r{gs}*80)-7 (3) 
3x+5y=1 


Line up 
the x's, y's, and 
constants of the 
systew befove you 
create any matvices, 
The easiest way to get 
everything veady for 
Cramer's Rule is to put 
the lines th staudava 
form, (See Problems 
6.29-6:3¢ to veview 
Standowa Pov.) 


The modified system now contains two linear equations in standard form. 


4x —3y=40 
3x+5y=1 


Construct matrices C, X, and Yrequired by Cramer’s Rule and calculate the 


determinant of each. 


ault 73 gue =3 
Icl=|, IXI=| 7 
= 4(5)—3(-3) = 40(5)— ()(-3) 
=20+9 =200+3 
= 29 = 203 


Mi=| 


4 40 
3 1 


= 4(1)—3(40) 
= 4-120 
=-116 


Apply the Cramer’s Rule formula to calculate the solution to the system. 


~ (208, =16) 
29” 929 
=(7,-4) 
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a A, 


9.44 Solve the system below using Cramer’s Rule. 
@ 
és AS see 
f 2x — y+3z2=13 
5x + 6y—8z=-13 


Cramer’s Rule is easily modified to solve systems of three linear equations in 
three variables. Instead of three 2 x 2 matrices, four 3 x 3 matrices are required: 
C, X, Y, and Z. 


Matrix C once again serves as the coefficient matrix—the first column contains 
the x-coefficients of the system, the second column contains the y-coefficients, 
and the third column contains the z-coefficients. 


1 1 -i1 
c=|2 -1 83 
5 6 -8 


To generate matrices X, Y, and Z, replace the first, second, and third columns of 
C, respectively, with the column of constants. 


-2 1-1 Lh eZ =] Lt 2 
X=| 13 -1l 3 Y=/2 13 838 Z=|2 -1 13 
-13 6 -8 5 -13 —8 5 6 —-13 


Calculate the determinants of all four matrices. 


bh. Va 
lcl=|2 -1 3 
5 6 -8 


=1(-1)(-8) +1(3)(5) + (-Y2)(6)- 6)(-D(- 1) - (6) 3) @) - (8) (2)) 
=8+15-12-5-18+16 
=4 
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-2 1-1 
|X|=| 13 -1 3 
-13 6 -8 
= (—2)(—1)(-8) + (1)(3)(-13) + (-1)(18) (6) = (-13)(- 1) (1) - (6)(8)(— 2) - (-8) 3) ) 
=—16-39-78+13+36+104 
= 20 
1 -2 -1 
lyj=/2 13 3 
5 -13 -8 
= 1(13)(—8) + (—2)(3)(5) + (—1)(2)(13) — (6)13)(-1) — (-13)(3)() - (-8) (2) (2) 
=—104 —30 +26 + 65+ 39-32 
=—36 
1 1 -2 
Izj=/2 -1 13 
5 6 -13 


=1(-1)(—13) + (1)(13)(5) + (—2)(2)(6) - 5(-1)(— 2) — 6(13) (1) - (- 13) (2)(1) 
=13+65-—24-10—-78+26 
=-8 


Apply the Cramer’s Rule formula to calculate the solution to the system. 


(2) =(41 


Icl'Ic’Ic 
_ (20 -36 -8 
seerard, 
= (5,—9,-2) 
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APPLICATIONS OF MATRIX ALGEBRA 
favamcea martvix stutt 


Chapter 9 introduced matrices, explored matrix operations, and culmi- 
nated with Cramer’s Rule, a method by which to solve systems of linear 
equations using matrices. This chapter is organized in a similar fashion. It 
begins with the manipulation of matrices, specifically row operations and 
row echelon form, and evolves into a set of matrix applications, including a 
method by which to solve nontrivial systems of equations. The chapter also 
explores inverse matrices, which are necessary to solve matrix equations. 


In this chapter, you learn how to put matvices in vow echelon Lov 
and veduced-vow echelon form, Its sort of like putting linear eauati 
to standava form, but with greater benefits. The biggest ae 
When you put an augmented matvix ih veauceda-vow echelon Lov aah 
automatically solved the Covvesponaing system of equations! Bef — 
that, howevev, you need te master vow opevations—thinas ae ho 
Fe Ao to a matrix to get it in the vight Porm, si ia as 


Chapter Ten — Applications of Matrix Algebra 


Augmented and Identity Matrices 
Extva columns and lots of Os and |s 


10.1 =What is an augmented matrix? 


An augmented matrix is created by joining together matrices that contain the 
same number of rows. They are most commonly used to represent systems of 
equations, whereby the coefficient matrix is joined with a column of constants. 
Consider matrices A and B defined below. 


You can 
also indicate an 
Augmented matvix 


usin tae 
9 7 solid, luster 1-7 4 
a lottea, line in the 9 P A 
matrix name [AIB] and A=] 5 _4 B=| , 
in the matvix itsel? — 
-l1l 6 13 


The augmented matrix [AB] is constructed by including the values of matrix B 
as an additional column of matrix A. The new column is usually separated from 
the original columns of A by a dotted line. 


I <7. 4 

| 
; 2 51-1 
Yel |e -41 8 
-l1l1 6:13 


10.2 Construct the augmented matrix [C:D] for the below system of equations, 
such that Cis the coefficient matrix and D is the column of constants. 


3x—y=5 
x+9y=11 


Not suve what a 
coefficient matvix ov 
a column of constants 
is? Check out 

Problem 43%. 


The coefficient matrix for this system contains the x-coefficients in the first 
column and the y-coefficients in the second. 


fo 


The column of constants is a 2 x 1 matrix containing the numbers that appear 


mln] 


Construct the augmented matrix [C:D] by including the elements of D as the 


third column of C. 


When a tevm 
has no explicit 
coefficient written 
Mike x in the equation 
xt I= IL, the 
coefficient is |. When 
theve’s no coefficient 
but the variable is 
negative (like ~y in 
3x-yY=S) the 
coefficient is ~|. 


right of the equal sign. 


[e:o]=| BF | i 
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Note: Problems 10.3—-10.5 refer to matrix A defined below. 


y 6 -1 
FS ane 
10.3 Construct matrix B that serves as the additive identity for matrix A and verify 
that A+ B= A. 


As explained in Problem 1.36, the additive identity for real numbers is 0. 
Adding 0 to any real number x does not change the value of x. 


A zevo 
matvix is 
exactly what 
YOuA imagine: 
a matvix that 
contains nothing but 
zevos. It has to have 
the same Aimensions 
of A because 
you cau't ada 
matvices unless 
they've the 
same size. 


x+0=0+x=x 


To add matrix B to matrix A without changing the elements of A, every element 
of B must be 0. Therefore, the additive identity for any m x n matrix is the zero 


matrix 0 
. 0 0 
[0 0 
Verify that Bis the additive inverse by demonstrating that A+ B= A. 
6 —-1 0 0 
A+B= + 
3. 4 0 0 


6+0 -—-1+0 
~13+40 4+0 


cae 
(3 4 
Note: Problems 10.3-10.5 refer to matrix A defined below. 
6 -1 
A= 
3 4 


10.4 Construct matrix C that serves as the multiplicative identity for matrix A. 


mx n* 


The identity matrix J, is a square matrix with n rows and n columns that 
contains Os for each of its elements except for those along the diagonal that 
begins with the element in the first row and the first column. 


In this problem, matrix A has two columns, so for the product A - C to exist, C 
must have two rows. Therefore, the correct identity matrix is C= J,. 


el 


An identity 
matvix has ones 
along the diagonal 
that stvetches from the 
top-left to the bottow- 
vight covney. All the 
other elements in 
the matvix ove 
zevos. 


The Humongous Book of Algebva Problems 209 


Chapter Ten — Applications of Matrix Algebra 


Note: Problems 10.3-10.5 refer to matrix A defined below. 
i 6 =Il 
[3 4 
10.5 Verify that A- C= A. 
0 
. Calculate 


1 
According to Problem 10.4, the multiplicative identity is C = i 1 


the product of A and Cusing the technique described in Problems 9.17—9.19. 


_[6 -1] [1 0 
vel allo | 
_[6()+(-1)(0)_ 6(0)+(-1)Q) 
=I 3(1)+4(0) = 3(0) + 4(1) 


[6+0 0-1 
“1340 0+4 


a 

7 3 4 

Note: Problems 10.6-10.7 refer to matrix B defined below. 

- a al 
Mite 


10.6 Construct matrix D that serves as the multiplicative identity for matrix B. 


Matrix B contains three columns, so the identity matrix must contain the same 


L,, like the 
iAentity matrix 
L, Lvom Problem 
10.4, has all zeve 
elements except 
along the Aiagonal 
that goes fyow top- 
left to bottom-vight. 
The elements in 
that Aiagonal 
ave ail ones. 


number of rows: D = J,. 
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Note: Problems 10.6-10.7 refer to matrix B defined below. 


Bok fe) 
= 
Ld 


10.7 Verify that B- D= B, assuming that D is the identity matrix identified in 
Problem 10.6. 


Calculate the product of the matrices and verify that it is equal to B. 


1 
B-D eae eae 
“/-9 4 2 
001 


3(1)+(—1)(0)+ 8(0)  3(0)+(—1)(1)+8(0) 3(0)+(-1)(0)+8(1) 
—9(1)+4(0)+2(0) -9(0)+4()+2(0) -9(0)+4(0)+2(1) 
ny 0-1+0 bel 


9+0+0 0+4+0 04+0+4+2 


“4 


Matrix Row Operations 
Swarp vows, AAA vows, ov multiply by a number 


10.8 Identify the three elementary matrix row operations. 


Fov example, you 
COUIA swap the Fist 
two vows so that the 

secona vow becomes 
the fivst and vice 


The three elementary row operations are: exchanging the positions of two rows, 
multiplying a row by a nonzero number, and replacing a row by adding it to a 
multiple of another row in the matrix. 


Note: Problems 10.9-10.12 refer to matrix A defined below. 


42 =i =7 
A=|3 10 0 
i ¢@ =} 


This is the 
tvickiest of the 
YEE VOW Operations, 
To see it in action 
look at Problems ‘ 
lO.11 ana lo, 12. 


10.9 Perform the row operation: R, > R,. 


The notation R, refers to the 7th row of the matrix, so this problem refers to the 
second row of A (R,), and the third row of A (R,). The symbol “ <>” indicates 
that the rows should be switched. To perform the row operation R, <> R;, move 
the elements of the second row to the third row and vice versa. 


2-1 -7 
1 4 -5 
3 10 O 
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Note: Problems 10.9-10.12 refer to matrix A defined below. 


2 =i =7 
A=|3 10 0 
a) 


10.10 Perform the row operation: 4R, > R,. 


Go back 
to the oviginal 

matrix A, not the 
matrix you end up 
with in Problem 
10.9. 


Multiply each element of the first row by 4. 


4(2) 4(-1) 4(-7)] [8 -4 -28 
3 10 o/=|3 10 0 


Note: Problems 10.9-10.12 refer to matrix A defined below. 


2 =i) =7 
A=|3 10 0 
ii Gf 5} 


10.11 Perform the row operation: R, + R, > R,. 
Add the corresponding elements of rows one and two together. 


G,+4 =2+3 aGyta.=—-14+10 a, +a, =—-7+0 


Replace the second row with those values. 


eee I, 
Even though ae 
ven Oug 1 pee 


you used the 
numbers in the ivst vow 
to get the new values for 
the secona vow, the first 
vow is unaffected by 

the vow operation when 
everything's all said 
aNnA Aone. 


Notice that the row operation R, + R, > R, did not affect the elements in the 


first or third row of A. 
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Note: Problems 10.9-10.12 refer to matrix A defined below. 


2 =] =7 
A=|3 10 0 
i @ =5 


10.12 Perform the row operation: R, —5R, > R,. 


Multiply the elements of the third row by —-5 and add the results to the elements 
of the first row. 


@, — 5a, = 2—5(1) dhy — 5g, = —1—5(4) a, —5a,, =—7 —5(-5) 
=2-5 =-1-20 =—-74+25 
=-—3 =—-21 =18 


Replace the first row with these values. 


-3 —-21 18 
3 10 0 
1 4 -5 
In Problems 
10.13-10.15, you 


Note: In Problems 10.13-10.15, manipulate matrix B, as defined below, using the indicated 


have the Same goal: 
elementary row operation in order to make b,, = 1. 


adjust the matvix so 
that the upper-left 


eg ae element is |. You'll just 
el i es cee veach that goal three 
4 6 —-6 


Aiffevent ways, each 
time using a Aiffevent 


10.13 Switch two rows of the matrix. Vow operation, 


Switch the first and second rows of the matrix (R, < R,) to move element | 
from position b,, in the matrix to position b,,. 


1 -8 -2 
-3 9 15 
4 6 -6 
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Note: In Problems 10.13-10.15, manipulate matrix B, as defined below, using the indicated 
elementary row operation in order to make b,, = 1. 


=) 9 ib 
Ie] fh Sep Zz 
4 6 -6 


10.14 Multiply a row by a nonzero number. 


The multi- 
plicative inverse 
property (see Problem 
1.41) says that the 
product of any veal 
number and its 


1 
Multiply each element of the first row by “3 (the reciprocal of b,, =—3). 


CST) Calla) CsI) pore -07s 15,2 


veciprocal is |. 1 -8 -—2(/=| 1 -8 -~9 
4 6 —6 4 6 —6 

Lb. 3),-5 

=|1 -8 -2 

4 6 -6 


Note: In Problems 10.13-10.15, manipulate matrix B, as defined below, using the indicated 
elementary row operation in order to make b,, = 1. 


=o) 9 4b 
eal f = a2 
G6 =6 


10.15 Replace a row with the sum of two rows. 


This vow 


operation Notice that the sum of elements b,, and b,, is 1. Apply the row operation 


also wovks: R,+R,>R,. 
R, + 4R, RR. 
Basically the whole ere boo. rg APs edie 2 


point of Problems 
10.13-10.1S is to show 
you that theve ave a 
lot of Aiffevent ways to 
change numbers in a 
matvix, The matvices 
you end up with, in 
each case, look 
Aiffevent, 


4 6 —6 4 6 -6 


214 ree Humongous Book of Algebva Pvolblems 


Chapter Ten — Applications of Matrix Algebra 


Note: Problems 10.16-10.17 refer to matrix C defined below. 


The last 
4 16 —10 four pvebleine 
@=|2 =8 =i focused on 
i =2 8 


changing the 
element in the 

upper-left corner 
of the matrix 
tuto a |. That's 
because it’s the fivst 
step when you've 
putting a matrix 
tw vow echelon 
ov veAuced-vow 
echelon fovm 


10.16 Perform an elementary row operation on the first row of the matrix to make 
Guawle 


1 
Apply the row operation Fe > R,. Usually, the most efficient way to transform 


a matrix element into | is to multiply its row by the reciprocal of the element. 


Gt) GI) GIGP)} pars aera -107 


9 -3 -lj/= 9 3 -1 (as you'll see in 
5 -2 8 5 -2 8 Problems 10.1 9- 
10:33), 
1 4 —5/2 
=|2 -3 —l 
5 -2 8 


Note: Problems 10.16—10.17 refer to matrix C defined in Problem 10.16. 


Most of 
the time, you'll 
Perform a bunch 
of vow OPevations on 
a Matix, one at a 
Fime, Each Opevation is 
applied to the matrix 


10.17 Apply a row operation to the matrix generated in Problem 10.16 to make 
Gy = 0, 


There is good reason to make ¢,, = 1, a step completed in Problem 10.16. 
Multiplying the first row by the opposite of ¢,, and adding it to the second row 
ensures that ¢, = 0. In other words, apply the row operation (-2)(R,) +R,> R,. 


4 5] Pr na ees 
= 7 va ev t AY be 
ee 2 ‘ 4-5/2 back to the ie 
(2) +2. (-9)(4)-3 (2-3-1 lieth et js Matix and stating 
1 2 5 a) 8 OVey, 
5 =2 8 
1 4 -5/2 
=/0 —-ll 4 
5 -2 8 
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Row and Reduced-Row Echelon Form 
Move matvices full of Os with a Aiagonal of Is 


10.18 What are the characteristics of a matrix in row echelon form? What additional 
requirements are required for reduced-row echelon form? 


Both of the forms discussed in this problem are typically applied to augmented 
matrices (as defined in Problem 10.1). If the augmented matrix [A:B] is in row 
echelon form, then each of the elements along the diagonal a,,, @,,, dss, ... 

is 1. Furthermore, all the elements below the diagonal must be 0. Finally, if 
the matrix contains a row of zeros, that row must be placed at the bottom of 
the matrix. Matrices [A:B] and [M:N] below fulfill these requirements and 
are, therefore, in row echelon form. 


In other 
words, the 
diagonal that 
stavts in the 
upper-left corner 
ana goes to the 


lowernaht qf 7172 at [O° Dh -B8 ae 
corner of the [aB]= 0 1 ! 9 [MN |= 0 oO 1 | 3 
matvix. 0 oO 0 0 


Notice that [M:N | includes a row of zeroes at the bottom of the matrix, which 
is not required to contain.a 1 along the diagonal. 


Only vows 
of zevos at the 
pottom of a matvix 

ave exempt from the 
“Is in the Aiagonals 


Matrices in reduced-row echelon form satisfy one requirement beyond those in 
row echelon form—not only must the elements below the diagonal be zeros, the 
elements above the diagonal must be zeros as well. Matrices [c:D] and [Ris] 
are expressed in reduced-row echelon form. 


nd Os below om 
ae sak . 10; 5 | 10018 
[c:D]=|0 1!-12 [Res |= NO: LO <2 

00! 0 00 1'-1 


Note that the strict requirements of row and reduced-row echelon form only 
apply to the left matrix in the augmented pair. There are no requirements, for 
example, on column matrix Sin the matrix [Ris | above. 


So when you've 
getting the Aiagonal 
numbers to be | ana 
the numbers above 
AWA below the Aiagonal 
tobe 0, only Wovvy 
about the numbers 
lett of the Aottea 
line in the augmented 

matrix, 


Note: Problems 10.19-10.22 present the steps necessary to solve the system of equations using 
an augmented matrix. 


2x — Zy = 10 
4x—y=5 


10.19 Construct augmented matrix [A:C] to represent the system and perform a 


row operation to make a,, = 1. 


Aisthe2x2 
coefficient matrix and 
Cisthe2x | column of 
coustauts, just like in 
Problem 10.2. 


[aic]=4 z : . 


To change element a,, = 2 into the required value of 1, multiply the first row by 


1 
the reciprocal of a,,: a >R. 
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les “|; ie 


4 -1' 5 
[Le 725 
14 -115 


Note: Problems 10.19-10.22 present the steps necessary to solve the system of equations 
defined in Problem 10.19 using an augmented matrix. 


10.20 Perform a row operation on the matrix generated by Problem 10.19 to make 
Oy, = 0; 


When a,, = 1 (as a result of Problem 10.19), you can multiply the first row by 


the opposite of a,, = 4 and add the rows together to generate new values for the 
second row: (—4)R,+ R,> Ry. 


—20+5 


—4(5)+5 -4+4 ee, 
1 -3/2; 5 
-44+4 6-1!-204+5 


Sf e872i2 25 
~ 10 51-15 


Note: Problems 10.19-10.22 present the steps necessary to solve the system of equations 
defined in Problem 10.19 using an augmented matrix. 


Putting 
matvices 
in vow echelon 
fovwm is also callea 
“Gaussian 

elimination.” 


10.21 Express the matrix generated by Problem 10.20 in row-echelon form. 


To express the matrix in row echelon form, the elements along the diagonal 
(a,, = 1 and a,,=5) must be 1. To change the value of a,, = 5 into the required 
value 1, multiply each element of the row by the reciprocal of a,, = 5. In other 


1 
words, apply the row operation 5 fe > R,. 


Thanks to 
the wovk alveady 
Aone in Problem 
10.20. 


1373! 5 
0 1!-15/5 


Dds 8720: 
~ 10 1'-3 


The other requirement of row echelon form, that the element below the 
diagonal of ones must be equal to 0, is already met by the system: a,, = 0. 
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Note: Problems 10.19-10.22 present the steps necessary to solve the system of equations 
defined in Problem 10.19 using an augmented matrix. 


10.22 Express the matrix generated by Problem 10.21 in reduced-row echelon 
form, and identify the solution to the system of equations. Verify that the 
solution is correct. 


Putting matvices 


in veAucea-vow Multiply the row containing the newly modified element a,, = 1 by the opposite 


3 
i ear aes as of a,, =——, add the rows together, and record the results in the first row: 
callea “Gauss-Jovaan 3 ; 
elimination.” a rte 
3 3\.. 31(3\f 3 aga 
[2\co)+1 ( Jo- ( \(- Jes O+1 —-—1-=+5 
2 2 SEAL” SSN 
0 1) 74 ° ae 
B23, G2 LO 
Rly eee ie he 
E a2 Oo 
0 it —3 


Lae 0072 
{0 1! -3 


The solutions to the system of equations appears right of the dotted line in the 


In matvix 
A, the columns 
(Prom left to vight) 
vepvesent x- then 

y-coefficients. That 
weaus the selutions ave 
(Pvow top to bottom) x 


augmented matrix: (x,y) = (5-3 : 


1 
To verify the solution, plug x = 9 and y =—3 into both equations of the system 


(2x- 3y = 10 and 4x- y=5) to verify that each produces in a true statement. 


then y vight of the 2x —3y=10 aoe 
dotted line. Bid Veale 
2(3|-3(-3)=10 il 2 

1\2 4 
1+9=10 5t3=5 
2+3=5 


Note: Problems 10.23-10.24 refer to the system of equations below. 


3x+y=-15 
15x — 4y =6 


10.23 Express the system as an augmented matrix in row echelon form. 


Construct an augmented matrix [A:B] from the coefficients and constants of 


the system. 
3 1,-15 
I 
15 -4; 6 
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1 
Perform the row operation me > R, to make a, = 1. 


STEP ONE: 
(to put a matvix 
in veAucea-vow 
echelon fovw): Multiply 
the fivst vow by the 
veciprocal of the 
number in the upper- 
left corner. 


aps gies 


i 41 6 


[1 1/31-5 
“115-4! 6 


Perform the row operation (—15)R,+ R,> R, to make a,, = 0. 


—5 1 


Z 
3 
-4 


~15(1)+15 -7(3) 


1 
—15(-5)+6| |-154+15 -—- 
3 3 


2 27s 6 
“10 —5-4!1754+6 


_[1 1/31-5 
~{0 -9! 81 


STEP TWo: 
Make a new 
SECONA vow that 
equals the curvent 
SECONA vow plus the 
Fivst vow multiplica 
by the opposite 

of A, 


1 
Perform the row operation zg >R,. 


STEP THREE: 
Divide the second vow 

by a, (unless a,, alveady 
equals |). The meatvix 
is now in vow echelon 
fovm. 


Lala cgtaye 


[as 17845 
~|0  1!-9 


Because the elements in the diagonal (a@,, and a,,) are 1 and the element below 
the diagonal (a,,) is 0, the matrix is in row echelon form. 


Note: Problems 10.23-10.24 refer to the system of equations defined in Problem 10.23. 


10.24 Express the matrix generated by Problem 10.23 in reduced-row echelon form 


to solve the system of equations. 


: 1 
Perform the row operation (- =} Ret R,> R, so that a, = 0. 
3 


STEP FOUR: 
Multiply vow two by 
the opposite of Any 

AAA the VOWS, and 
veplace the first vow 
with the vesults. 
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[-2\(oy1 (-S]a+5 (-3)[-Z]-s _{0+1 pre: 
1 


See Problem 
10.4 if youve 
not suve what on 
identity martvix is 
ov what |, meous. 
When a matvix is in 
veducead vow-echelon 
form, the matvix left 
of the Aotted line is an 
iAentity matvix, except 
that it might have 
One OV Move vows 
of zevos on the 
bottom of it. 


0 


Because the 2 x 2 matrix left of the dotted line is the identity matrix /,, the 
augmented matrix is in reduced-row echelon form, and the solutions appear in 
the column matrix right of the dotted line: (x,y) = (-2,-9). 


10.25 Solve the system of equations below by constructing an augmented matrix and 
expressing it in reduced-row echelon form. 


4x+6y=5 
12x -—10y=—27 


4 6; 5 


ly th 
12 —10 ! and apply the row 


Construct the augmented matrix [A:B]= | 


1 
operation 4% >R,. 


ii) a) aC) 
4\1) 4\i/i44 
ees omnes 
_[ 1 3/2 1 5/4] 
12 -10 | -27 | 


Make a,, = 0 by applying the row operation (—12)R,+ R, > R,. 


1 2 2 1 3 5 
2 | he 21 4 
12\(3 i( 12\(5 é 36 i 60 
(—12)(1) +12 (-42)(3}-10 | (-2)(2)-27 —12+12 -—-101-—-27 
1 /\2 1 /\4 2 | 4 
_ 1 3/2 | 5/4 
~ {0 -18-10 !-15-27 
_[1 3/215/4 
~ {0 28! —42 
; 1 
Apply the row operation ~ 9g f > R, to make a,, = 1. 
Reduce 1 3/2 5/4 


this fraction by 
Aividing the top ana 
bottom by |4, 


1 3/2! 5/4 
0 28/28 | 42/28 


| 
M—"_"“— 
| 
hice 
I 


1 3/215/4 
O° d's72 
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Apply the row operation [-3] a+ RR, to make a, =0. 


[-F}ooo1 (-S)+5 | (-Z)(5} +3 lo+1 =345)-245 
_fl | 
[0 1! 8/2 
_f1 01 2 
[0 113/2 


The solution to the system of equations is (x, y) = (- 13) é 


Note: Problems 10.26-10.31 present the steps necessary to solve the system of equations 
defined below using an augmented matrix. 


5x + 12y + 92 =0 
2x — Sy — 32 = —3 
x+y—-2=11 


10.26 Construct augmented matrix [M:N] to represent the system and perform a 
row operation to make m,, = 1. 


Matrix M contains the coefficients of the system and matrix N contains the 
constants right of the equal sign in each equation. 


5 12 9! 0 
[Min]=|2 -5 -3!-3 
1 1-2! 11 


The most efficient way to make m,, = | is to switch the first and third rows of the 
matrix: R, = R,. 


i? (Sa 
i} 

o 5 308 

5 12 9! 0 
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Note: Problems 10.26-10.31 present the steps necessary to solve the system of equations 
defined in Problem 10.26 using an augmented matrix. 


When you get 
the upper-left 
element to equal 
linaBx3 matyix 
focus on the Secei; ~ 
vow. The left element 
heeds to equal Ooua 
the middle clement 


10.27 Perform row operations on the matrix generated by Problem 10.26 to make 
M,, =O and m,, = 1. 


Perform the row operation (—2)R,+R,> R, to make m,, = 0. When m,, = 1 (the 
goal of Problem 10.26), you should multiply the first row by the opposite of 

Ms, = 2, add it to the second row, and replace the elements in the second row 
with the results. 


heeds to be |. 1 1 9 11 1 le “Sau a 
(-2)(1) +2 (-2)(1)-5 (-2)(-2)-3 | (-2)(11)-3 =|-2+2 -2-5 dB | e3 
5 12 9 0 5 2 QI 0 

iy ioe tl 

a0 27 198 


5 12 9! 0O 


PA oF THUMB: 
‘ 1 
Whenever is Multiply the second row by 77 , the reciprocal of m,, = —7, to make 
tying to MaKe 1 
something equal 0, My = 1: — Ry > Ry. 
you multiply a vow 
wy the opposite of l 1 9! W | 
the number that’s i 4 ; | ae 1 1 -2 ! 11 
going to Aisappeay (-F){-2] (-7}@ ! (-3}(-2] =|0 1 -1/7'25/7 
AA vows ! 
ama then ada v P 19 9! 0 5 12 9! 0 


togethey. When 
youve trying to make 
something equa |, 
you aivide a vow by 
the number that 
needs to 9°. 


Note: Problems 10.26-10.31 present the steps necessary to solve the system of equations 
defined in Problem 10.26 using an augmented matrix. 


10.28 Express the matrix generated by Problem 10.27 in row echelon form. 


Perform the row operation (-5)(R,) +R,> R, to make m,, = 0. Use the first row 
to transform m,, because it has 1 in the same column as m,,. 


1 1 ~9! 1 1-2) ou 
0 1 -1/7! 5/7 0 L.=177* 29577 
—5(1I)+5 —5(1)+12 -5(-2)+91-5(11)+0] |-5+5 -54+12 10+9 
11 -2!' U 
0 1 -1/7125/7 
07 191 —55 


Youve trying 
to make all the 
elements in the 
diagonal (mw, M2, AMA 
™,,) nto ones. In this step, 
youve got to make 

m,, = |, but to Ao that, 
both numbers LEFT 
of m,, have to 
ve 0. 


Make m,, = 0 using the row operation (-7)(R,) + R, > R,. Note that the second 
row is used (instead of the first row, which was used to change m;,) because it 
contains 1 in the same column as m., and has zeros left of that element. 
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1 1 = 
4 1 1 2 11 


Tye Bey 
[o+0 -7+7 14+19!-25-55 


| 
ll 
co) 


0 1 -= 


NI 
~I 


(-7)(0)+0 (—7)(1) +7 ( “\( 5 |+19 


11-2! 
=|0 1 -1/7125/7 
00 20! 80 


1 
Apply the row operation 90 > R, to make m,,= 1 and thus express the 


augmented matrix in row echelon form. 


1 1 —2| u | 
J 1 1\(20\'(1\( 80 0 0 20/20! -80/20 
(0) (0) = 
ae 20 201) (20K 1 
1 1 -2; il 
SS Oe Lit F257 7 
0 0 10:24 


Note: Problems 10.26-10.31 present the steps necessary to solve the system of equations 
defined in Problem 10.26 using an augmented matrix. 


Now it’s time 
to stavt making the 
elements ABOVE the 
Aiagonal into Os, 


10.29 Perform a row operation on the matrix generated by Problem 10.28 to make 
My, = 0. 


Multiply the third row by the opposite of m,;, add rows two and three, and 


1 
replace row two with the results: het R, > R,. Note that the third row is 


used to change m,, because it contains 1 in the same column as m,, and all the 
elements left of 1 are zeros. 


1 1 -2! 10s ee | 1 -2! 11 
1 1 1 1!1f 4) 25 Le dy a 95 
= 0 +0 —(0 +1 1)- 1 ra + = 0+0 O+1 a a ae ram 
7 (0) 7 (0) 7) rial | 7 7 a 7 7 
0 0 1 —4]} | 0 iy —4 

i Soe Te 


i=) 
a a a a | 

—_ 

| 

aN 
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Note: Problems 10.26-10.31 present the steps necessary to solve the system of equations 
defined in Problem 10.26 using an augmented matrix. 


10.30 Perform a row operation on the matrix generated by Problem 10.29 to make 
Mm, = 0. 


Use the method described in Problem 10.29 to change an element in the third 
column into 0; multiply the third row by the opposite of the number to be 
eliminated (m,,=—2, so multiply by 2), add the first and third rows, and replace 
the elements of the first row with the results: 2R,+ R, > R, . 


2(0)+1 2(0)+1 20)-2;2(—4)4+11] [041 0+1 2-2; -8+4+11 
0 1 0! SSI ee es MGs 3 
0 0 1! £4 © 20. oe a 

i io 3 

mye ee 

00 11-4 


Note: Problems 10.26-10.31 present the steps necessary to solve the system of equations 
defined in Problem 10.26 using an augmented matrix. 


10.31 Perform a row operation on the matrix generated by Problem 10.30 to make 
m,, = 0 and therefore express the augmented matrix in reduced-row echelon 
form. Identify the solution to the system of equations. 


To get via 
of m,,, multiply 
the second vow 
by its opposite. Why 
use the second vow? 


Perform the row operation _(—1)R,+ R, > R, to make m,, = 0. 


(-1)(0)+1 (-—1)0)+1 (-1)(0) +0 | (-1I)(3) +8 O+1 -14+1 04+0;/-3+3 


I 

I 
It has | in the same 0 1 0 | 3|= 0 1 0 ! 3 
column as wm, ANA 0 0 1! -4 0 0 Lr. <4 
zevos everywhere else 100! 0 
(except acvoss the Se | : 
Aotted line, ana ae ! - 


that Aoeswt 
matte). 


The column of constants contains the solution to the system: (x,y,z) = (0,3,-4). 
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Note: Problems 10.32-10.33 refer to the system of equations below. 


2x + 4y + 122 = 2 


6x — y-7z=1 
By + 8% =5 YX Vas 
10.32 Construct an augmented matrix [A:B] that represents the system and express ee 
() 


it in row echelon form. 
JK 


Matrix A contains the coefficients of the system and B contains the constants 
right of the equal sign. 


Theve’s No x- 


2 4 12;2 i 
poetic tev in the thiva 
[A:B]= 61-7 ! 1 equation (By + $2 =S) 
0 3 85 


So set a, = 0, because 
it vepvesents the x 
coefficient of the 
thiva equation, 


1 
Perform the row operation Pak > R, to make a, = 1. 


GG) (IG) GIG] 


1\/2 
(5G) [Bf Ape 1979-19-79 


6 a1 = =| 6 -1 -7' 1 
0 3 8 5 0 3 8 5 
[ae Bs 6h 
| 
=|6 -1 -7!1 
0 8 815 
Make a,, = 0 by applying the row operation (—6)(R,) + R,> Ry. 
1 2 6 | 1 1 2 6 | 1 
| | 
(—6)(1)+6 (-6)(2)—-1 (—6)(6)—7 | (-6)(1)+1]=|-6+6 -12-1 -36-7!-6+1 
0 3 8 | 5 0 3 8! 5 
I. De 96s. <a 
| 
=|0 -13 -—43!-5 
0 3 815 


1 
Apply the row operation maa he > R, to place a 1 in the second element of the 
diagonal, a,,. 
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This is getting 
MESSY. To AAA F in 
Ass ANA to AAA S iy 
Le YOU need te use 
COMMON Acnominators 
So multiply the top , 
and bottom of these 
fractions by 13, 


8 


1 
=\| [1 2 ae 
| 0 1 43/13'5/13 
0 3 81 5 

5 


Note that a,, already equals 0, but a,, must equal 0 as well, so apply the row 


operation (—3)(R,)+R,> R,. 


1 2 
0 1 


(—3)(0)+0 (—3)(1)+3 (-2(2 


To complete row echelon form, use the row operation 


eae 
1 2 6 | 1 
0 1 - : - 
Cash Cas} (ae) 


2 6 | 1 
| 
43 | 5 
1 =| — 
13 | 13 
129 8-13! 15 5-13 
' 


—129+1 


6 | 1 
43/13! 5/13 
-25/13 | 50/13 


13 
~ on Ms > R, to make 


2 6! 1 

= 43/13! 5/13 

0 0 1150/25 
1 2 61 1 
=|0 1 43/13 15/13 
0 0 eto 
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Note: Problems 10.32—-10.33 refer to the system of equations defined in Problem 10.32. 


10.33 Express the matrix generated by Problem 10.32 in reduced-row echelon form 


and identify the solution to the system of equations. 


Apply the row operation [- SR) + R,> R, to make a,, = 0. 


1 2 6 
[-F]o+0 [-Z]on Blo 
0 0 1 


(—6)(0) +1 (—6)(0)+2 (—6)C)+6 
0 1 0 
0 0 1 


| 


43 ( | 5 
+ 
5) 1/ 13 


(-6)(—2) +1 
7 
—2 


“Vek 


f 


Apply the row operation (—2)(R,)+R, > R, to make a, = 0 and, therefore, 
express the matrix in reduced-row echelon form. 


(—2)(0)+1 (—2)()+2 (—2)(0)+0 
0 1 0 
0 0 1 


—2(7)+13 
7 
-2 


The solution to the system is (x,y,z) = (-1,7,-2). 


1 2 6 | 1 
Slot. Gert s ee ee 
is isis 3 
0 0 1) -2 
126! 1 
=|0 1 0191/13 
001: =2 
126! 1 
=|}0 10! 7 
00 11-2 
O+1 O0+2 -6+6112+41 
| 
=| 0 1 0: 7 
0 0 i, S22 
1 2 0, 13 
| 
=|0 10! 7 
00 1!-2 
O+1 -2+2 0401-14413 
| 
0 P64 z 
0 0 1: -2 
120 OF 7 
| 
a ae a 
00 1!-2 
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Inverse Matrices 
Matvices that cancel other matvices out 


Note: Problems 10.34-10.35 refer to matrix A defined below. 
vie 3 0) 
[1 -2 


10.34 Calculate the inverse matrix A” of A. 


The notation 
A' means “the 

inverse of matvix A,’ 
NOT “matvix A vaised 
to the -| powev.” 


Only square matrices have inverses. If matrix M has order n x n, the first step 
toward identifying its inverse is to augment M with the identity matrix J,. In this 
problem, A has order 2 x 2 so augment it with the identity matrix J,: [A: I li 


ese eenn 


Use the technique presented in Problems 10.19-10.22 to express A in reduced- 


If youve 
not suve what 
I, is, check out 
Problem |0.4. 


1 
row echelon form. Begin by applying the row operation at >R,. 


8) BI) Glo Glol.p 232 9 


1 -2; 0 1 
1 1 a 


Apply the row operation (—1)(R,) + R, > R, to make a,, = 0. 


Everything 


you Ao to the 1 ae Z 0 1 a = 0 
2x 2 matvix on 2 ! ? = 3 | 3 
the left also trickles \ | (1) 41 (-z)(-2}-2 | (-z1(3 J+ OC OF) (BIR = eee Oe 
over to the 2x2 Use ad ao 
matvix on the vight, so 1 = ! Z 0 
Aont Lovget to apply = aie 
the vow operations 0 Ba6 ! i ] 
to the entive $1. 3 
vow. 1-5/3; 1/3 0 
-|5 -1/31-1/3 | 


Apply the row operation —3R, > R, to make a,, = 1. 


0 1! 1-3 


1 —5/3) 1/3 0 


a (-=}(-5)!(-2|(-3] (-3)1|— 


5 
Apply the row operation Pca R, > R, to make a, = 0. 


F -—5/3,1/3 
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Bon (Flw-3 | Zlo+s + (-4 +0 _lo+1 alate —5+0 
0 | 1 -3| | 0 ee Si 
[1016/3 5 
SPO e ak 2 
[1 012 -5 
“{o 111 = 


The 2 x 2 matrix left of the dotted line is A”, the inverse matrix of A. 
ine 2 -5 
Tale 33 
Note: Problems 10.34-10.35 refer to matrix A defined below. 


a-[) os 


If two 
matvices ave 
invevses, then 
multiplying them in any 
ovAev proAuces an 

iAentity matrix of 
the same size. 


10.35 Verify that A. A?=A"- A=, 


Calculate the product A: A". 


aarelt fT oy) 


3(2) (= 5) 3(=5)+ C8) ; 
see 2)(1) 1(-5)+(—2)(-3) 


—15+15 
[2-2 -5+6 
1 0 
0 
Verify that the product A” - A is equal to J, as well. 


eae hl 


2(3)+(-5)() (2)(—5) +(-5)(-2) 
1(3)+(—3)@) —-1(—5) + (-3)(-2) 


: 
eee 
| 


1 0 
0 1 
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10.36 Given matrix B defined below, calculate the inverse matrix B". 


La 


Construct the augmented matrix [Beal 


nll to 4] 


Express Bin reduced-row echelon form, beginning with the row operation 


-5R > R, to make b, = 1. 
Fale) (lo 


Now apply the row operation (—3)R, + R, > R, to make d,, = 0. 


Ca} Cader give g 


cam a 0 1 


1 | 
1 vs e 0 ; 1 0 | “9 0 
(-3)(1)+3 (—3)(0)+1 3 [-2}(-5)+0 (-3)(0) +1 -3+3 0+1 | 50 O+1 


You AiaAwt 
have to worvy 
about making 

b, = 0 to complete 
veducea-vow echelon 
fovw becouse it’s 
alveady 0! 


ofl Of=172-0 
Or eh BLS: A 


The matrix right of the dotted line is the inverse matrix of B. 
pan -1/2 0 
3/2 1 
XY Va 10.37 If Cand D, as defined below, are inverse matrices, calculate the value of v + w. 


e os 


AOS alone w 1/6 


According to Problem 10.35, the product of two n x n inverse matrices is the 
identity matrix J,. 


C-D=I, 
Tg] td 273) [10 
0 6/|w 1/6} |oO 1 


Calculate the product of the matrices. 
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ew (5 }+F(5] i 


0(1) + 6w o()+4(5] 01 


l+vuw o4oy -|; i 
0+6w O+1 ped 
1l+vuw ctoy -|; 1 

6w 1 ae 


Because the matrices in this equation are equal, each of the corresponding 
pairs of elements must be equal. Of particular interest is the pair of elements in 
the lower-left corners of the matrices. 


Solve the equation for w. 


1+v(0) =+-—v 1 0 
on ie 
6(0) 1 
1+0 cae -|; 1 
0 l 0 1 


Note that the elements in the first row and second column of each matrix are 
equal as well. 


2 pk kg 

6 

Lt ee 

gS 

| ee 

6 3 

FE lae)-(G)-4) 

te 
Gone 
v=-—4 


Finally, evaluate the expression v + w, as directed by the problem. 


vtw=—-4+0=-4 
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oN / 10.38 Given matrix N defined below, calculate the inverse matrix N". 
@ 6 -3 0 
Os K=3 
wd) N=|3 1 -2 
0 4 0 


6 -3 0/1 0 0 

I 
[Ni,]=|3 1 -2;0 1 0 
0 <4. O00 0A 


Look at Use row operations to express Nin reduced-row echelon form, beginning with 
Problems 10.2¢- 


103\ if you need to 
veview transforming 
3x3 matvices into 
veAucea-vrow 
echelon form. 


3 bo 1 ol=| 3 1 -2' 0 
4 0; 0 0 1 0 4 0! 0 


Co = 
- © 


1-1/2 0!1/6 0 0 
I 

3 Lot ie iH 

0 4 0' 001 


Apply the row operation (—3)R, + R, > R, to make n,, = 0. 


1 1 ] 
1 -= 01 — 0 0 
2 6 
3\( 1 i( 3\(1 
(-3)(1) +3 (-2}(-5)1 (-2)(0)-2 | (-2)(}+0 (—3)(0)+1 (—3)(0)+0 
0 4 01 0 0 1 
[ 1 = 01 Z 0 0 
2 ! 6 
slg 2S Gop ee oad bdo 
2 1-2 | 6 
0 4 01 0 0 1 
L 
hh a sgt eG 
2 | 6 
Sl 2 9 2? a 
2 | 6 
0 4 0:1 00 1 
L 
[1 -1/2 0! 1/6 0 
= 5/2 -2'-1/2 1 
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2 
Apply the row operation 5 fe > R, tomake n= 1 


oe 01 bp 0 
2 6 
2 2\(5\ (2\( 2\i(2%\( 1) (2). (2 a ee is ia ea 
0 —=|! - 1 0|=/0 1 -4/5!-1 0 
5} GIG) IE) Fez) GG) oe 
! 0 4 0! OG: “Qi 
4 01 0 Oo 1 
Apply the row operation (—4)R, + R, > R, to make n,, = 0. 
1 me 01 Z 0 0 
2 6 
0 1 aes = a 0 
5! 5 5 
4 i 4f 1 4(2 
-4(0)+0 -4(1)+4 -=|-—]+0:--|-=|]+0 --/=]+0 -4(0)+1 
wysn aes A 80 -$[-2e0 -$L2}e0 -10 
1 7 
1 — O01 = 0 0 
2 1 6 
=| 0 ie 2 0 
en) 5 
162 14 
U0 Sad OO a0 0rd 
1 -1/2 0; 1/6 0 0 
=|0 1 -4/5!-1/5 2/5 0 
0 0 16/5! 4/5 -8/5 1 
5 
Apply the row operation 16% > R, to make n,, = 1. 
1 1 
1 -= 01 = 0 0 
2 6 
0 1 ey ue a 0 
5! 5 5 
5 5 B\(w)\'(B\(4) (a) 8) (5 
[Zo (Zo ! : (1) 
16 16 W)\ BF) i\6)\ se) \6e)\ gw) \16 
1 -1/2 2 eG 0 0 
=|0 1 -4/5'!-1/5 = 2/5 0 
0 0 1' 4/16 -8/16 5/16 


-1/5 2/5 0 
1/4 -1/2 5/16 


4 
Apply the row operation 5s + R,> R, to make n,, = 0. 
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| l 


1 1 
-- 01 = 0 0 
2 ! 6 
4 4 4 i(A\(1\ 1 (4\( 1) (2) (4\(% 
=|(0)+0 |—|(0)+1 1 ! + +0 
(F}o Jo (S)o lat 5 al 5] a ali] 
0 0 1 Z = = 
L 4 2 16 | 
ic i: 0 0 
2 i 6 
lo; OS4 ee ay 
5 515 5 5 5 4 
0 0 ie a gt 
1 4 2 16 
1 -1/2 0/1/6 0 0 
=|0 10! 0 0 1/4 
0 0 1!1/4 -1/2 5/16 


1 
Apply the row operation ot +R, R, to make n,, = 0 and, therefore, express 


Jos [owe (i 


Nin reduced-row echelon form. 


Hj (Jo-$ [om 


I 
I 
| 
1 
0 1 0! 0 0 = 
4 
I 
1 1 5 
0 0 1! = =e =s 
4 2 16 
bo tee dl 1 
0+1 —-= 04+0:0+— 0+0 =+0 
2. 2 1 6 8 
1 
=| 0 1 0: 0 0 — 
! 4 
I 
0 0 ee ee 
1 4 2 16 
1 0 0/1/6 0 1/8 
I 
SOL OY 0 0 1/4 


0 0 1!1/4 —-1/2 5/16 


The inverse matrix N" appears right of the dotted line. 


1/6 0 1/8 
N'=| 0 0 1/4 
1/4 -1/2 5/16 
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Note: Problems 10.39-10.41 refer to the system of equations defined below. 


2x — 3y=—1 
x— 2y=6 


x 
10.39 Express the system as a matrix equation of the form A | =B. 
J 


Construct matrix A using the coefficients of the system and use the constants of 
the system to generate matrix B. 


253 =1 
A= B= 
1 -2 6 
Substitute A and Binto the equation A> * =B. 
J 
2 —3| |x| |-1 
1 -2/ ly] | 6 


Note: Problems 10.39-10.41 refer to matrix A, matrix B, and the system of equations defined 
in Problem 10.39. 


This matvix 
equation is just another 
way to write the 

System of equations, 


10.40 Calculate A“, the inverse of matrix A. 


You coula 
use the vow 
operation 

R, + (-2)R, 7 R, 
instead, put that’s a 
lot move wovk thon just 
Swarpping the vows. Make 
suve to swap the vows 
in the augmented part 
of the matvix acvoss 
the Aotted line as 


Construct the augmented matrix [ Ard, | and express matrix A in reduced-row 


echelon form. 
2 -311 0 
| 
1 -2!0 1 


Begin with the row operation R, + R, to make a,, = 1. 
1 -2,0 1 
| 
2 -3!1 0 


Apply the row operation (—2)R,+ R,> R, to make a,, = 0. 


1 —2! 0 1. 1 -2! 0 1 
(-2)(1)+2 (—2)(—2)-3 | (—2)(0)+1 (—2)(1)+0] |-24+2 4-3!10+41 -2+0 
te erOk> a 
“(0 1!1 -2 
Apply the row operation 2R, + R,> R, to make a, = 0. 


2(0)+1 2(1)—2 1 20) +0 2¢- 2) |i OT 225 20: aed 
0 1! 1 “| OF whe at 4 


4a 0nF 2 8 
~{0 1l!1 -2 


— 
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The inverse matrix, A’, appears right of the dotted line in the augmented 
ie: 2 -3 
* [ek 32 


Note: Problems 10.39-10.41 refer to matrix A, matrix B, and the system of equations defined 
in Problem 10.39. 


matrix. 


Notice that 
matrix A ana 
matvix A! ave the 
same! Some martvices 
ave theiv own 
iweyses. 


10.41 Solve the matrix equation generated in Problem 10.39. 


According to Problem 10.39, the system of equations can be expressed as the 


following matrix equation. 
2 —3] |x -1 
1 -2}/y} | 6 
x 
To solve this equation, isolate the column matrix left of the equal sign. 


—3 
To eliminate matrix A= = , multiply both sides of the equation by the 


—3 
inverse matrix calculated in Problem 10.40: A’) = i I 


oti SIE 


Pewee 2(—3)+(—3)(-2)]_ 


Multiplying a 
matrix by = = 
coe 2(—1)+( ay 
beer UD +(-2)6) 
basically the same 
as multiplying a veal 


Hel 
IDE 
sig no pee eal ecu 
Y 1. Youd wvite fi 
Ba 


1(3) as3 ANA just Avop 0 4 
the | because there's J 
no need Pov it. Same 
thing goes with the 
iAentity Matyi 


1 Oo 
heve, 
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POLYNOMIALS 
ana vawialles vaiseda to powers 


Clumps of numbers 


Though a polynomial is no more than a sum of a finite number of terms, 
each term usually the product of a real number and a variable raised to 
some integer, the importance of polynomials cannot be overstated. This 
chapter presents the most basic polynomial skills: classifying polynomials 
and calculating polynomial sums, differences, products, and quotients. 


Polynomials ave like chains. Small clumps of numbers and el 
multiplied together callea tevms ave steuneltcgcticeaaneds ae 
and subtvaction signs. Youve been Aealing with polynomials Lov a at 
now, even though you may not have known it, For instance, 2x + . ile 
Polynomial made up of two tevms, 2x and |. This chapter aoe a: 


how re Aescvibe polynomials and how to adda them, subtvact them 
multiply them, and Aivide them, ) 


Theve ave polynomials out 
theve that have an infinite number 
of terms, but you Aout Aeal with 
those in algebra. 


Chapter Eleven — Polynomials 


Classifying Polynomials 
Labeling them based on the exponent and total terms 


It Aoeswt 
have Aegvee 
one because 
theve’s only one 
vawiale. It has 
Aegvee one because 
the only vaviable 
theve is vaisea 
to the vst 
POWER. 


Il. = Classify the polynomial 7x + 10 according to its degree and the number of 
terms it contains. 


The degree of a polynomial is the highest exponent to which the variable in that 
polynomial is raised. The only variable present in this expression is x, so the 
polynomial has degree one. Such polynomials are described as linear. 


The polynomial contains two terms, 7x and 10, so it is a linear binomial. 


Classify the polynomial 6x* according to its degree and the number of terms it 
contains. 


It’s a Bluomial 
becouse tt has 
TWO terms (bi = 
two). A MONOwial 
has ONE term, anda 
A TRinomial has 
THREE terms. 


The polynomial 6x? consists of a single term, so it is a monomial. That term 
contains a variable raised to the second power, which classifies the polynomial 
as a quadratic monomial. 


Classify the polynomial —3x? + 5x according to its degree and the number of 
terms it contains. 


The polynomial —3x? contains two terms: —3x and 5x. Of those terms, the 
highest power of x is 2, so the polynomial has degree two. A polynomial with 
two terms and degree two is called a quadratic binomial. 


RULE 
OF THUMB: 
The Aegvee is 
the highest powev 
of the vaviavle. 
Heve’s how polynomial 
classifications break 
down by Aegree: 
Degree I: Linear 
Degree 2: Quadratic 
Degree 3: Cubic 
Degree 4: Quawtic 
Degvee S: Quintic 
there ave others, but 
these ave the most 


11.4 Classify the polynomial 12x° according to its degree and the number of terms 
it contains. 


This polynomial consists of a single term, so it is a monomial. Furthermore, the 
polynomial has degree three, which means it is cubic. In conclusion, 12x° is a 
cubic monomial. 


Note: Problems 11.5—-11.6 refer to the polynomial 4x? — 7x + 6. 


11.5 Classify the polynomial according to its degree and the number of terms it 
contains. 


This polynomial contains three terms (4x°, -7x, and 6) and has degree two 
(because the highest power of x is two). Therefore, 4x” — 7x + 6 is a quadratic 
trinomial. 
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Note: Problems 11.5-11.6 refer to the polynomial 4x? — 7x + 6. Its callea 
the “leadin 
11.6 Identify the leading coefficient and the constant of the polynomial. Bie as 
coefficient” because 


you normally write 
A polynomial in ovdey 
from the highest Power 
of the Vaviable to th e 
lowest, That puts th B 
term with the biggest 
exponent out front and 
tts coefficient ends 

up at the beginnin 3 of 
the Polynomial, ithe 
ead” spot. 


According to Problem 11.5, the polynomial has degree two because x” 
represents the highest power of x. The coefficient of x” is the leading coefficient 


of the polynomial: 4. 


A constant is a term with no explicitly stated variable. Of the terms in 
4x° — ‘7x + 6, the rightmost term has no variable, so 6 is the constant. 


Note: Problems 11.7-11.8 refer to the polynomial ax? — bx’ — c. Assume that a, b, and c are 
nonzero integers. 


11.7 Classify the polynomial according to its degree and the number of terms it 
contains. 


The polynomial consists of three terms: ax’, —bx*, and —c. The highest power of x 
among the terms is 3, so the polynomial has degree three. Therefore, 
ax? — bx’ — cis a cubic trinomial. 


It’s callea 
A constant 
because with no 
vaviables inside 
tt tts value never 
vawies, vemaining 
Constant no matter 
what value of 
x gets pluggea 
into the othey 
tevms, 


Note: Problems 11.7-11.8 refer to the polynomial ax? — bx’ — c. Assume that a, b, and c are 
nonzero integers. 


11.8 Identify the leading coefficient and the constant of the polynomial. 


According to Problem 11.7, the term containing the highest variable power is 
-bx*. Its coefficient, —d, is the leading coefficient of the polynomial. The term —c 
is a constant because it contains no variables. 


Adding and Subtracting Polynomials 
only wovks fev like terms 


&Y ana -Sy 
would be like 
terms (because they 
both have y). Howevey, 
2x? ana Ix ave NOT like 
tevms. They both have 
on x, but those x’s ave 
vaised to Aiffevent 
powers. The vaviables 
of like tevms 
must match 
exactly. 


11.9 Simplify the expression: (5x + 2) + (8x- 3). 


Terms that contain the same variable expression are described as “like terms” 
and can be combined via addition or subtraction. In this expression, 5x and 

8x are like terms because they both contain x. The constants 2 and —3 are like 
terms as well, as they share the same (lack of) variables. Rewrite the expression 


by grouping the like terms. 


Youve allowed to move the tevms 
around when you've adding veal numbers 
AccovdAing te the commutative propevt (Se 

Problem 1.34 Lov move information.) aes 
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(5x + 8x) + (2-3) 


To combine like terms, add the coefficients and multiply the result by the 
shared variable. For example, to add 5x and 8x, add the coefficients (5 + 8 = 13) 
and multiply the result by the shared variable (x): 5x + 8x= 13x and 2-3 =-l. 


(5x+ 8x) + (2-3) =18x-1 


11.10 Simplify the expression: (2x? + 3x +1) + (9x2 - 6x- 13). 


This expression contains three pairs of like terms: 2x? and 9x*; 3x and —6x; 1 
and —13. Rewrite the expression by grouping the like terms. 


(2x? + 9x?) + (3x—- 6x) + (1-13) 
Combine like terms to simplify the expression. 


11x? - 3x- 12 
ee area eae 
11.11 Simplify the expression: 0K —14)+3(x«-2). 


. . As 1 
Before you combine the terms of the expression, distribute 9 and 3 to the 
expressions in the adjacent parentheses. 


(22) +3(-"] Hs@+9--9) 


The distributive 
Property says that 


2 


YOU cam multiply a y 
outside Paventheses to : i E 7 a pe 
MN AAAItion oy subtvaction 9 
Problew inside. That means =—x—-7+3x—-6 


B(x - 2) = 3(x) +302) =3_¢ 


Rewrite the expression by grouping like terms. 


[Fx+30}+(-7-6) 


Combine like terms, using a common denominator to add the x-terms. 


(Fat Fn) 4( 7-6) 
2 1e2 
-(3x+$x]+(-7-6) 
ao Oe £233) 

2 
22 is 

2 


1 15 
Therefore, 9 (oe —14)4+3(x-2)= ue 13. 
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11.12 Simplify the expression: 6x- (8x+ 4). 


Distribute —]1 through the expression 8x + 4. 


6x —1(8x +4) When awn expression 
= 6x + (—1)(8x) + (—1)(4) in paventheses has A 
= 6x — 8x —4 negative in front of it, think 


of that negative sign as a -| 
and distvilbute it through the 
paventheses. 


Combine like terms 6x and —8x. 
(6x- 8x) -4=-2x- 4 
11.13 Simplify the expression: (6x? + 5x + 2) — 2x?(7x—- 1). 
Apply the distributive property to the expression —2x?(7x- 1). 


[6x? + 5x +2]+[(—2x°)(7x)+(-2x7)(-1) | 
= (6x° +5x+ 2) + (-14x° + 2x7) 


When you 
multiply x? 
and x, you get 
x(x) = x?(x!) = 

x TIE X? IE you 
need to veview this 
exponential vule, look 
at Problems 3.25-3.29, 
theve ave a handful 
of Aistvilbutive 
property practice 
problems theve 
that contain 
vaviables. 


Rewrite the expression by grouping like terms. 


—14x° + (6x? + 2x") + 5x+2 


Combine like terms. 


—14x° + 8x7 + 5x+2 


11.14 Simplify the expression: (x? + 6y? + 2x 3y) + 2x(5x+ y— 10). 
Apply the distributive property. 
[x? + Gy” + 2x — 3y]+[ (2x) (5x) + (2x)(y) + (2x)(—10) | 
= (x? + 6y? +2x— 3y) + (10x° + 2xy— 20x) 
Group like terms and combine them to simplify the expression. 


(x? +10x?) + 2xy + 6y" + (2x — 20x) — 3y 
= 11x? + 2xy + 6y* —18x — 3y 


You Aow't HAVE 
to vewvite the 
EXPVESSION So that the 
(Ke tevms ave next to 
each othey before you 
combine them, but it 
helps to make Suve you 


Aout } eave anythi 
out, Ce 


11.15 Simplify the expression: (x? + 4) — 6x(3x-9) — (2x? — 5x). 


Apply the distributive property. 


[x* +4]+[(—6x) (3x) + (—6x)(—9)]+[(—1)(2x”) + (-1)(-5x) | 
= (x? +4)+(-18x? + 54x) + (-2x? + 5x) 


Group and combine the like terms. 


(x? — 18x7 — 2x?) + (54x + 5x) +4 =-19x7 + 59x+ 4 
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11.16 Simplify the expression: 3y(2x? + 9xy — 7y2) + 2x (x2 — Quy — 452). 
Apply the distributive property. 
[(3y)(2x*) + (3y)(9xy) + (8y)(—79*)] + [@x)(x*) + (2x)(—2ay) + (2x)(—45*) ] 
= (6x"y + 27xy” —21y*) + (2x° — 4xy — 8xy") 
Group and combine like terms. 


9x? + (6x? y—4x?y) + (27xy° - 8xy") — 21y° 
= 2x* + 2x? y+ 19xy? —21y° 


\ Vl 1.17 Given the following equation, evaluate the expression a+ b. 
4 (x? + ax +1) —3(x? + b) = x7 -8x+79 


AX 
Distribute 4 and —3 through the respective quantities. 


[4(x?) + 4(ax)+4() ]+[(—3)(x") + (3) (0) ]= x? - 8x +79 
[ 4x” + 4ax +4 ]+[-3x° - 3b ]=x°> -8x+79 


The wova 
“quamtity” is used 
heve to Aescvibe 
something in parentheses. 
If you say “3 times the 
quautity x + 2,’ youve 
saying that 9 is not just 
multiplied by x but by 
2 as well: 3(« + 2). 


Group and combine like terms. Note that x is the only variable in this equation. 
Although the real number values of a and bare not yet known, they are fixed— 


and therefore constant—values nonetheless. 


(4x* — 3x") + 4ax + (4-3b) = x° —8x+79 
x” + 4ax + (4—3b) =x"? —8x+79 


Subtract x? from both sides of the equation. 


(x? —x?) + 4ax t+ (4-30) = (x? —x?)—8x+79 
4ax + (4— 3b) =—-8x +79 


Treat a and b 
like numbers, not like 
vaviables. That means 4 
And -3b awe like tevms 
because neither of 
them contains x. 


Both sides of this equation contain an x-term and a constant. The x-term left of 
the equal sign has a coefficient of 4a and the coefficient of the x-term right of 
the equal sign is —8. For the equation to be true, the x-terms must be equivalent, 


so the coefficients must be equal. 


4a=—8 
4a 88 
4. 4 
a=-2 


The constants of the polynomials (4 — 3) on the left side of the equal sign and 


79 on the right) must be equal as well. 
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4—3b=79 
—3b =79-4 
—3b = 75 
—3b 75 
3-3 
b=-25 


Evaluate the expression a+ b. 


at+b=(—2)+(-25) 
=-27 


11.18 Given the following equation, evaluate the expression a + 3b + 2c. 
2(x? — 4x + a) — 3(-2x7 + bx—1) + 5 (cx? + 5x +6) = 23x? + 17x-—5 


Apply the distributive property to the left side of the equation. 


2(x*)+2(—4x) + 2(a) — 3(-2x") — 3(bx) — 3(-1) + 5 (cx?) + 5 (5x) + 5(6) = 23x? +17x —5 
Qx* — 8x + 2at 6x* — 3bx +34 5cx® + 25x + 30 = 23x +17x—5 


The vight 
Side of the 
equation has three 

Perms and the lett 
State has three groups 
The group 2a + 33 0~*# 
VePvesents Constant 
because it has no x's. 
Set 2a + 33 equal to 
the Constant that’s 


Group and combine like terms. 


(2x° + 6x? + Bex”) + (—8x + 25x — 3bx) + (2a + 3+ 30) = 23x" +17x —5 
(8x° + Bex”) + (17x — 3bx) + (2a + 33) = 23x” +17x—5 


Calculate a by setting the constants on both sides of the equation equal. 


2at+33=—-5 vight of the equal 
9a =—-5 —33 Sign: -S, 
2a=—38 
2a__ 38 
9 2 
a=—-16 


Set the x-terms on both sides of the polynomial equation equal to calculate b. 
For the moment, assume that x # 0. 


17x — 3bx =17x 
—3bx =17x —-17x 
—3bx =0 
Sok 0 
75k 3x 
b=0 


Set the x*-terms on both sides of the polynomial equation equal to calculate c. 
Again, assume for the moment that x # 0. 
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8x? + 5cx®? = 23x" 
5x” = 23x" — 8x" 


Box” = 15x? 


Evaluate the expression a+ 3b+ 2c. 


at 3b+ 2c =—-16+3(0)+2(3) 
=-16+6 
=-10 


Multiplying Polynomials 
FOIL anda beyonA 


Don't spena 
too much 
energy memovizing 
what FOIL stands 
Lov, lustead, vealize 
what's going on when 
you multiply polynomials, 
Basically, you take 

the terms of the left 
Polynomial one at a 
time and distribute 
them through the 
tevms ih the vight 
Polynomial, 


11.19 Explain how to calculate the binomial product (a+ b)(c+ d) using the FOIL 
method. 


FOIL is an acronym for “First Outside Inside Last” and refers to pairs of terms 
in the product. To multiply the binomials (a+ 6) and (c+ d), you add the 
products of the first terms in each binomial (aand c), the outside terms (a and 
d), the inside terms (band c), and the last terms of each binomial (band d). 


(a+ b)(c+ d) = ac+ ad+ bc+ bd 


In practice, the FOIL technique distributes a, the first term of the first 
binomial, through the second binomial: a(c+ d) = ac+ ad. It then distributes 8, 
the remaining term of the first binomial: b(c + d) = bc + bd. This interpretation 
of polynomial multiplication is more valuable because it can be generalized to 
calculate products of any two finite polynomials. 


11.20 Calculate the product and simplify: (x + 2)(x+ 6). 


The left polynomial in the product is x + 2. Distribute x, its first term, through 
the polynomial on the right (x + 6). 

x(x+ 6) =x? + 6x 
Now distribute 2, the second term of the left polynomial, through the terms of 
the right polynomial. 

2(x+ 6) =2x+12 


The product (x + 2)(x+ 6) is the sum of the terms calculated above. 


(x +2)(x+6) =x? + (6x +2x)+12 
=x +8x4+12 
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11.21 Calculate the product and simplify: (y— 1)(y +3). 


Distribute the terms of the left binomial, y and -1, through the right binomial, 
(y+ 3). 


(y-1)(y+ 3) = y(y) + 98) -1(y) -108) 
=¥ +(3y-ly)-3 
= yy +2y-3 


11.22 Calculate the product and simplify: (3x —- 4)?. 


Squaving 
Something means 
multiplying it times 
itself, 


Rewrite the expression as a product: (3x- 4)? = (3x— 4) (3x—- 4). Calculate the 
product using the technique described in Problems 11.19-11.21. 


(3x — 4) (3x — 4) = 3x(3x) + 3x(—4) —4(3x) —4(—4) 
= 9x" +(—12x —12x) +16 
= 9x" — 24x +16 


11.23 Calculate the product and simplify: (a+ 3b)(2a— 7b). 


Distribute each term of the left binomial through the right binomial. 
(a+ 3b)(2a—7b) = a(2a) + a(—7b) + 3b(2a) + 3b(—7d) 
= 2a” + (—Tab + 6ab) — 210” 
= 2a° — lab — 210° 
= 2a" —ab—210° 


11.24 Calculate the product and simplify: (x — 3y) (4x? — y?). 


Distribute each term of the left binomial through the right binomial. 


(x —3y)(4x* — y*) = x(4x*) + x(—y") ~ 8y(4x") — 3y(-9") 
= 4x° — xy? —12x°y+3y° 


The vight- 
hana poly- 
nomial in this 
proAuct has 
three tevms, not 
two, So you can't use 
the Foll methoa. 

No big Aeal—just 
Aistvibute the terms 
of the left-hana 
polynomial (x ana 2) 
through x? — 4x + 
G ANA AAA Up 
the vesults. 


=4x° —12x?y — xy? +3y° 


11.25 Calculate the product and simplify: (x + 2)(x? — 4x + 6). 


Distribute each term of the left binomial through the right trinomial. 


(x +2)(x° — 4x +6) = x(x") +x(—4x) + x(6)+2(x?) + 2(—4x) + 2(6) 
=x° —4x° + 6x + 2x" —8x+12 
=x° +(—4x° + 2x) + (6x —8x) +12 
=x —2x" —2x +12 
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11.26 Calculate the product and simplify: (x— y)(x? + 6xy— 9y?). 


Distribute each term of the left binomial through the right trinomial. 
(x — y)(x* + xy — 9y") = x(x") + x (Gxy) + (—9y*) — y(x*) — y(6xy) — y(—99") 
= x° + 6x? y — Oxy? — x? y — 6xy? + 9y” 
=x + (6x"y = xy) + (—9xy? — 6xy" ) +9y° 
=x° + 5x? y—15xy? + 99° 


iy 


11.27 Calculate the product and simplify: (x + 3y— 1)(2x- y+ 7). 


Even though 
both polynomials 
have thvee tevws, 
it Aoesn't change 
the way you multiply. 
Distvilpute x, then 3y, 
ana then -| through 
the vight-hana 
polynomial anda ada 
everything together: 
x(2x -y + 7) + Sy(2x« 
-y+7)-|(Qk-y 
4g): 


Distribute each term of the left trinomial through the right trinomial. 


x +3y—1)(2x— +7) =x(2x) + x(—y)+x(7) + 3y(2Qx) + 3y(—y) + 3y(7) — 1(2x) — 1(-y) -1(7) 
= 2x" — xy +7x + 6xy—3y +2ly—2Qx+ y—7 
= 2x? + (—xy + 6xy) — 3y? + (7x —2x)+(2ly+y)-7 
= 2x? + 5xy —3y? +5x+22y—7 


11.28 Calculate the product and simplify: (a— 35+ 2c)(4a— 6+ 5c). 


Distribute each term of the left trinomial through the right trinomial. 

(a— 3b + 2c)(4a—b+5c) = a(4a)+ a(—b) + a(5c) — 3b (4a) — 3b(—b) — 3b (5c) + 2c (4a) + 2c (—b) + 2c (5c) 
= 4a° — ab + 5ac —12ab + 3b” —15bc + 8ac — 2be +100? 

= 4a” + 3b? +10c? + (—ab —12ab) + (Bac + 8ac) + (—15be — 2bc) 

= 4a" + 3b? +10c? —13ab +13ac —17be 


Befove you 
try to perform 
long Aivision on 
polynomials, make 

Suve you vemember 
how the process 

works with whole 
numbevs—lip back to 
Problems 2.3 and 2.5. 
The two techniques 
ave basically the same, 
except with whole 
numbers you Aivide 
one DIGIT ata time, 
and with polynomials 
you Aivide one 
TERM at a time, 


Long Division of Polynomials 
A lot like long Aividing integers 


11.29 Calculate (x+ 4) + x using long division. 


Rewrite the expression as a long division problem, with the divisor outside the 
division symbol and the dividend within it. 


x)x+4 


The Aivisov is 
what youve aividing BY and 
the dividend is what youve 
Aividing INTO. 
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Divide the leftmost term of the dividend by the divisor: x + x= 1. Write this 
number above its like term in the dividend. 


1 


x)x+4 


Multiply the newly placed number by the divisor: | - x= x. Write the opposite of 
the result beneath the dividend, once again lining up like terms. 


The number 
Ain the Aividena 
x+A4has the same 
vawviable as | (necause 
neither of them howe 
any vavialoles). That 


1 
4 ave like 
x) ed. means | and : 
terms. When you write 
TX 
— numbers above the 
<8 is Vv 
Combine like terms: x— x= 0. AWvision sywbodl, ae 
them up with their 
1 Vike tevws. 
ae vetey 
Xx 
0 


Add the next term of the dividend (+4). 


1 
Whenever 
) +4 
ales you multiply a 
=x number on top of the 
0+4 Alvision symbol by the 
number out front, write 
Combine like terms: 0 + 4 = 4. the OPPOSITE of thet 
1 number (in this case -x 
x) xt4 stead of x) beneath 
a the Aividena. 
4 


The degree of the divisor x is greater than the degree of the polynomial below 
the horizontal line, so the process of long division is complete. 


x= x! Sox has 
Aegvee one. Ais a 
Coustamt and Acesut 
nee: ANY Vawlables 

$0 it has Aegvee a 
Because | > 0, youre 
Aone dividing, 


The number above the division symbol (1) is the quotient and the number 
below the horizontal line (4) is the remainder. Write the solution using the 
format below. 


oe a . remainder 
dividend + divisor = quotient + ————— 
divisor 


4 
(x+4)+x=14—-— 
x 
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Note: Problems 11.30-11.31 refer to the quotient (x? + 6x — 9) + (x- 2). 


11.30 Calculate the quotient and remainder using long division. 


Express the quotient as a long division problem. 
x—2 ) x +6x—9 


Divide the leftmost term of the dividend by the leftmost term of the divisor: 
x® + x= x. Write the answer above the like term 6x in the dividend. 


x 
x—2)x? +6x—9 


Multiply the newly placed x by each term of the divisor and write the opposites of 


In other wovds, 
x (Prom the divisor) 
times what equals x2 
(Prom the Aividena)? 
The answer's x: 
xX =x. IE you write 
the Polynomials Ly, oe 
highest to lowest powers 
of x, you'll always be 
dealing with the terms 
on the left: “the left 
rer of the divisor 
times what equals 

the left term of the 
Avidena?” 


the products beneath the dividend. 


x 
x — 2) x? +6x —9 


—x" +2x 


Combine like terms (6x + 2x = 8x) and add the next term of the dividend (9). 


x 

x—2) x° +6x-9 
—x° +2x | 

8x —9 


Divide the leftmost term below the horizontal line by the leftmost term of the 
divisor: 8x + x= 8. Write the answer above the division symbol, multiply both 
terms of the divisor by 8, and write the opposites of the products below 8x -— 9. 


7 
Therefore, (x? +6x—9)+(x—-2)=x+84+——. 
ie 
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Note: Problems 11.30-11.31 refer to the quotient (x? + 6x — 9) + (x — 2). 


11.31 


11.32 


Verify the answer generated by Problem 11.30. 


To verify the answer to a long division problem, multiply the divisor by the 
quotient and then add the remainder. The result should be equal to the 
dividend. 


The vemainder in 
Problem 1130 is just 
7, even though you 
wvite the vemainder 
aS pavt of the 


(divisor) (quotient) + remainder = (x- 2)(x+8)+7 


Multiply the binomials by distributing each term of x- 2 through the quantity 
(x + 8), as explained in Problems 11.19-11.24. 


fraction - i 7° 
(x —2)(x+8)+7 =[x(x)+x(8)—2(x)—2(8)]+7 
=[x° +(8x—2x)-16]+7 
=x" + (8x —2x)+(-16+7) 
=x +6x—-9 


Because the result, x? + 6x—9, is equal to the dividend of Problem 11.30, the 
quotient x + 8 and the remainder 7 are correct. 


Youve 
always 
asking, “The 
Aivisov term 
with the highest 
Aegvee times WHAT 
equals the Aividena 
term with the highest 
Aegvee?” In later steps 
it changes to, “The 
Aivisov tevm with the 
highest Aegvee times 


Calculate (2x*- x— 15) + (x? + x- 12) using long division. 


Rewrite the expression as a long division problem. 
x +x —12)2x? —x-15 


Divide 2x by x? to get 2 and write the answer above the like term —15 in the 
dividend. Multiply each term of the divisor x? + x— 12 by the newly placed 2 
and write the opposite of the results below the corresponding like terms of the 
dividend. 


2 
ee oc a WHAT equals the 
x +x 12) = x-15 term below the 
—2x° — 2x+ 24 hovizontal line with 
—3x+ 9 the highest 


Aegvee?” 
The polynomial below the horizontal line has degree 1, which is less than the 
degree of the divisor, so the long division process is complete: 


—3x+9 


Qe ye Pan eee - ee Se ee 
(2x? — x —15) +(x? + x—-12) oa As 
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11.33 Calculate (x° + 4x? — 7x +9) = (x+ 1) using long division. 


Apply the technique described in Problems 11.29-11.32. 


x + 3x—10 
x+1) x +4x?-— 7x+ 9 
—x°— x? 

3x" — 7x 
— 3x — 3x 

—10x+ 9 

10x +10 

19 


; ; 19 
Therefore, (x? + 4x? —7x+9)+(x+1) =x" +3x-10+— 
x 


When a 
Aivisov “Aivides 
evenly” into a 
Aividend, the final 
answer has no 


11.34 Use long division to demonstrate that x + 5 divides evenly into 
x? + x? — 32x—- 60. 


Divide x? + x? — 32x- 60 by x+ 5. 


vemaindey, : 
x— 4x-12 
x+5) x°+ x?—32x—60 
—x* — 5x? | 

—4x? — 32x 
+4x? + 20x — 60 
That also 19e 60 
means x + SiS +12x + 60 
a FACTOR of 0 


x? + x? -32x - 60. Move 
on that in Chapter 12 
when factoring is 

covevea in Aepth. 


Because the remainder is 0, x + 5 divides evenly into x° + x? — 32x- 60. 


11.35 Calculate (2x°- 4x+ 2) = (x—6) using long division. 


Note that the dividend does not contain an x*-term. To preserve the polynomial 
long division technique, insert the placeholder term 0x? into the dividend. 


9x? +129x+ 68 
x—6) 9x7 + Ox? -— 4x4 2 
—2x° + 12x? 


If the highest 
power in the Aaividend is 
x*, then you need alll the smaller 


powers of x in theve as well: x”, x, and 19 =: Ay 
a constant. If any of those things ave — 19x? + 72x 
missing, you need to put them iv with a Gude +3 


0 coefficient to make suve things 


line up pvopevly. — 68x +408 


410 
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410 
Therefore, (2x* — 4x + 2) +(x —6) = 2x” +12x + 68+ ae 
ee 


11.36 Calculate (5x° + 6x? - 3) + (x?- 1) using long division. 


Both the dividend and the divisor are missing powers of x. Neither contains an 
x'-term, so insert the placeholder 0x into each one before dividing. 


5x +6 

x? +0x—1) 5x°+ 6x? +0x—3 
—5x" — Ox? +5x 

6x* +5x—-3 

— 6x" -0x +6 

5x+3 


5x +3 


x? —] 


Therefore, (5x° + 6x? — 3) + (x? = 1) =5x+6+ 


Synthetic Division of Polynomials 
Divide using only the coefficients 


11.37 Explain why synthetic division cannot be used to calculate (x* + 1) + (x? +1). 


It’s a quadvatic 
because the highest 
Power of x is 2. Is a 

binomial because there 
ave two separate 
tevus, 


Synthetic division, a technique used to divide polynomials that is simpler and 
more compact than long division, can only be applied when the divisor is a 

linear binomial. In this problem, the divisor x? + 1 is a quadratic binomial, so 
long division must be used to calculate the quotient. 


11.38 Calculate (x? - 4x—- 12) = (x— 6) using synthetic division. 


List the coefficients of the dividend in a horizontal row. Note that x? does not 
have an explicitly stated coefficient, so the implied coefficient is 1. Beneath the 
coefficients, draw a horizontal line. 


1 -4 -12 


To the left of the numbers, list the opposite of the constant in the divisor. 
Separate it from the coefficients using a box, as demonstrated below. 


6) 1 


The constant 
mM the A\visov 
x- Gis -6, Take 
the opposite of that 
number and put it 
heve, 


—4 —12 


Drop the leftmost coefficient, 1, below the horizontal line. 


6] 1 -4 -12 
) 
1 
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Multiply the boxed number (6) by the number below the horizontal line (1) and 
write the result (1 - 6 = 6) between the next coefficient (-4) and the horizontal 
line. 
6| 1 -4 -12 
6 


Add —4 and 6 (-4 + 6 = 2) and write the sum in the same column as those 
values, below the horizontal line. 


6} 1 -4 -12 
6 
1 2 


Multiply the boxed number (6) by the newly placed value beneath the 
horizontal line (2) and write the result (6 - 2 = 12) between the final coefficient 
(-12) and the horizontal line. 


6| 1 -4 -12 
6 12 
i> 72 


Combine the numbers in the rightmost column (-12 + 12 = 0) and write the 
result in the same column, below the horizontal line. 


The aividenaA 6| 1 -4 -12 
is xt - Ax - 12, 6 12 
which has Aegvee two 1 2 0 


(pecause the highest 
power of x is two). The 
Aegvee of the quotient 
is one less, so its fivst 
term has Aegree 


The numbers below the horizontal line represent the coefficients of the 
quotient and the remainder. Note that the degree of the quotient is always one 
less than the degree of thé dividend, so this quotient has degree one: 1x + 2, or x 
+ 2. The rightmost number below the horizontal line represents the remainder, 
which is 0 for this problem. 


Therefore, (x? — 4x— 12) + (x-—6) =x+2. 


11.39 Calculate (3x2 + 5x—-1) + (x+4) using synthetic division. 


the Aivisov 
is x + 4, so write 
-4 (the opposite of 
the constant) ina 
vox left of the 
coefficients. 


Place the coefficients of the dividend in a horizontal row and the opposite of the 
divisor’s constant to the left of those values, separated by a box. Beneath the row 
of numbers, draw a horizontal line. 


SA B=] 


Drop the first coefficient (3) below the horizontal line, multiply it by the boxed 
number (—4), and write the result (-4 - 3 =-12) between the next coefficient 
(5) and the horizontal line. 
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11.40 


11.41 


-443 5 -l 
, -12 
3 


Add the values in the second column of coefficients (5 — 12 = —7), and write the 
result in the same column below the horizontal line. 


-443 5 -1 
-12 
ay 


Multiply the newly placed value (-7) by the boxed number (—4), write the 
product (—4 - -7 = 28) between the final coefficient value (-1) and the 
horizontal line, and add the numbers in that column (-1 + 28 = 27). 


-44 3 5 -1 
-12 28 
ae me yi 


The degree of the quotient is one (exactly one less than the degree of the 
dividend, which is two), so the numbers below the horizontal line, from left 
to right, represent the coefficient of x' (3), a constant (-7), and the remainder 


(27). 


(sterol e Geen e = 
x+4 


Calculate (2x° — 9x? — 51x— 40) + (x— 8) using synthetic division. 


Apply the synthetic division technique described in Problems 11.38-11.39. 


8} 2 -9 
1 16 


—51 —40 
56 = 40 


The degree of the quotient is two, which is one less than the degree of the 
dividend. Therefore, the numbers below the horizontal line represent, from left 
to right, the coefficient of x’, the coefficient of x, a constant, and the remainder. 


Therefore, (2x° — 9x? — 51x— 40) + (x—8) = 2x?+ 7x+5. 
Calculate (5x* + 9x° — 3x*- x— 10) = (x+ 3) using synthetic division. 


Rewrite the expression as a synthetic division problem to calculate the values of 
the quotient and remainder. 


-3) 5 9 -3 -1 -10 
) -15 18 —45 138 
5 -6 15 —46 128 


RULE 
OF THUMB: 
Multiply the 
numbers below 
the hovizontal line 
by the number in 
the box and wvite 
the vesult above the 
hovizontail line in the 
next column. AAA 
the numbers in that 
column, write the 
answer below the 
hovizontal line, 
ana vepeat. 
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The degree of the quotient is 3, one less than the degree of the dividend. 


128 
x+3 


Divide the 

vemainder |28 
by the Aivisev, 
x+%, 


(5x* + 9x? — 3x” —x—10)+(x+3)=5x° — 6x" + 15x — 46+ 


11.42 According to Problem 11.34, (x° + x? — 32x— 60) + (x+5) =x?- 4x - 12. Verify 
the quotient using synthetic division. 


Rewrite the expression as a synthetic division problem to calculate the values of 
the quotient and remainder. 


-~5| 1 1 -32 -60 


4 -5 20 60 
1 —4 -12 0 


Therefore, (x? + x? — 32x-— 60) + (x+5) =x?-4x—-12. 


410 
11.43 According to Problem 11.35, (2x? —4x+2)+(x—6) = 2x° +12x+68+——. 
= 


Verify the solution using synthetic division. 


Rewrite the expression as a synthetic division problem. 


6|§ 2 0-4 2 
{ 12 72 408 
2 12 68 410 


The dividena is 
Missing an x-tevwy 
So Just like you have 
to include Ox? tg lon 
Aivide iy Problem || 3s 
you have to include 
the 0 coefficient to 
Avide synthetically, 


410 
Therefore, (2x? —4x+ 2) +(x —6) = 2x? +12x+ 68+ a 
ee 


11.44 Calculate the value of cin the expression (x*-9x +c) + (x+ 2) if the remainder 
is 26. 


Use synthetic division to calculate (x? -9x+ ¢) + («+ 2). 


—2| 1 9 Cc 
} -2 14 
1 7 ¢-14 


Set the remainder calculated above (c— 14) equal to the stated remainder (26) 
and solve for c. 


c—14=26 
c=264+14 
c=40 
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evenly into the cubic polynomial. 


11.45 Calculate the value of ain the expression x° + ax? — 61x + 14 if x+ 7 divides \\ 
oe 


Apply synthetic division to calculate (x? + ax? - 61x + 14) + (x+7). 


-7| 1 a -61 14 
1 -7 -7a+49 49a+84 
1 a-7 —7a-12 49a+98 


When you 
multiply a - 7 by -7 
(the number in 
the box), you get 
MA ~ 1) = Ta - 7-7) = 
“la + 44, JAA that to 


If x+ 7 divides evenly into x* + ax? - 61x + 14, then the remainder (49a + 98) is 
equal to 0. Express this using an equation and solve it for a. 


49a +98 =0 “él by combining the 
Constants: -6] + -7a, 
meas +49) = Tat OS] + 
49a __ 98 4D) = -Ta - 12. 
49 49 
a=-2 
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FACTORING POLYNOMIALS 
The opposite of multiplying polynomials 


This chapter explores factorization, first of integers and then of polynomi- 
als. The process of factorization is the reduction of a quantity into a series 
of prime components, the product of which is the original quantity. 


) 


Factoving is basically “unmultiplying.” In other words you can multipl 
3 +S to get IS, ana you com factor IS to get 3-5, Seo Stavt with a 
numbers, ‘\Aentifying prime factovizations of integevs—the unique stvi 
of prime number factors that exists Lov any integers. You'll then mo : 
to greatest common factors of two monomials. = 


she ne youll factor binomials and trinomials, using proceAuves 
- eA SActoving by grouping” and “factoring by Aecowmposition.” Theve’s 
: . a tiny bit of memovization involved, formulas that help you factor 
irrevences of perfect squaves and th i 
e sums and A 
pevfect cubes. ener ar 


Chapter Twelve — Factoring Polynomials 


Greatest Common Factors 
Lavgest factor that Aivides into everything evenly 


Natuval 
numbers ave 
Positive numbers 
with no fractions ov 
Aecimals: |, 2, 3,4, 
3, 6, ANA so on, 


12.1 What does the fundamental theorem of arithmetic guarantee? 


According to the fundamental theorem of arithmetic, all natural numbers 
greater than | can be expressed as a unique product of prime numbers—no two 
natural numbers have the same set of prime factors. 


Prime numbers 
avent Aivisile 
by any numbers 
except themselves 
aud |. (And | Alvides 
into everything, so 
that’s no big Aeal,) 2, 
3,5, 7, ma || ave prime 
numbers but 4 is not 
(necause it’s Aivisible by 
2) and 100 iswt prime 
(becouse it’s Aivisible 
by 2,4, 5, 10, anda 
bunch of other 
WUUMbEVS AS 
well). 


Generate the prime factorization of 21. 


Only two natural numbers have a product of 21: 3 and 7. Therefore, the prime 


factorization of 21 is 3 - 7. 


Note: Problems 12.3-12.4 demonstrate that a number has the same prime factorization 


regardless of the initial pair of products chosen. 


12.3 Generate the prime factorization of 20, given 20 = 4 + 5. 


To generate a prime factorization, begin by expressing the number to be 
factored as a product of two natural numbers. This problem directs you to 


begin with the product 4 - 5. 


20=4-5 


Your goal is to express 20 as a product of prime numbers. Whereas 5 is a prime 
number, 4 is not, so you should express 4 as a product of natural numbers, 
much like 20 was expressed as the product 4 - 5 one step earlier. 


20 =(2-2)-5 


In Problem 
12.2, those numbers 
happened to be prime, 
but they don't have to 
be tn the fivst Step. In 

fact, they usually won't 
be. Youll just factor 
the ones that avewr 
until they’ve alll 
prime, 


Because 2 and 5 are prime numbers, 2 - 2 - 5 is the prime factorization of 20. 
Complete the problem by expressing 2 - 2 in exponential notation (2 - 2 = 2”). 


20 =2?-5 


Note: Problems 12.3-12.4 demonstrate that a number has the same prime factorization 
regardless of the initial pair of natural numbers chosen. 


12.4 Generate the prime factorization of 20, given 20 = 2 - 10. 


Of the given factors, 2 is prime but 10 is not. Note that 10 is divisible by 


4 is not 
5 (10 + 5 = 2). Express 10 as a product of natural numbers. 


prime because 
you can Aivide tt 
by 2:4 +2 = 2. That 
means 2-2 = 4. Write 
(2 +2) wheve 4 was in 
the factovization 
of 20. 


20=2- 10 
20 =2-(2°5) 
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Factors 2 and 5 are prime, so the prime factorization of 20 is 2- 2-5.As 
directed in Problem 12.3, write the repeated factor using exponential notation. 


20 = 27-5 


The number 
2 appears twice in 
the Lactovization, so 
wvite tt once but vaise 
it to the secona 
power. 


This prime factorization exactly matches the prime factorization generated by 
Problem 12.3. The initial natural numbers chosen to factor 20 (whether 4 - 5 or 
2-10) had no effect on the final answer. 


Note: Problems 12.5-12.6 demonstrate that a number has the same prime factorization 
regardless of the initial pair of natural numbers chosen. 


12.5 Generate the prime factorization of 48 given 6 - 8 = 48. 


Neither of the initial factors (neither 6 nor 8) are prime, so both should be 
expressed as the product of natural numbers. There is only one way to factor 
each into a pair of natural numbers: 2-3=6and2-4=8. 


48= 6 - 8 Well, you coula 
48 = (2-3)-(2°4) wite ¢ as3.2, 
48 =2-2-3-4 


but that’s not ve ally 
Aiffevent, It’s just the 
Same numbers in a 

Aiffevent ovAey. 


Of the three factors (2, 3, and 4), only 4 is not prime. Express it as a product: 
2:2=4. 


48=2-2-3- 4 
48 =2+2-3+(2-2) 
48 =2-2-9-9-3 


Both of the remaining factors (2 and 3) are prime. Use exponential notation to 
indicate that the factor 2 appears four times. 


48 =2'-3 


Note: Problems 12.5-12.6 demonstrate that a number has the same prime factorization 
regardless of the initial pair of natural numbers chosen. 


12.6 Generate the prime factorization of 48 given 4 - 12 = 48. 


Neither 4 nor 12 is prime. Express each as a product of natural numbers. Note 
that 12 can be expressed either as 2 - 6 or 3 - 4, but both will result in the same 
prime factorization. 


48= 4 +: 12 
48 =(2-2)- (3:4) 
48 =2-2-3-4 
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“Composite” 
is the opposite 
of pvime. The 
composite facto 
w2-2-3-4 
is 4. 


Heve, “Pactov” 
means “write 56 as 
two natural numbers 

multiplica together.” You 
coulA use 8+ 7 instead 
of the pvoAuct used 
by the book, 4+ 14. 


One composite factor remains. Express it as a product of natural numbers. 


48=2-2:3- 4 
48 =2-2-3 -(2-2) 
48 =2-2-2-9-3 
48 =2' +3 


This prime factorization exactly matches the factorization generated by 
Problem 12.5, despite the fact that the problems began with different natural 
number factors. 


Note: Problems 12.7-12.9 illustrate the steps used to calculate the greatest common factor of 
64 and 112. 


12.7 Generate the prime factorization of 64. 


Because 64 is an even number, it is divisible by 2: 64 + 2 = 32. Therefore, 
64 =2- 32. 


64= 2-32 
The number 32 is composite, so express it as a product. 
64=2- (4-8) 


Neither 4 nor 8 is prime, so factor each: 4= 2-2 and 8=2- 4. 


64=2: 4 -: 8 
64=2-(2-2) -(2-4) 
64=2-2-2:2-4 


Only one composite factor remains: 4. 
64=2°2:2-°2: 4 
64 =2-2*2"2-(2°2) 
64 = 2° 


Note: Problems 12.7-12.9 illustrate the steps used to calculate the greatest common factor of 
64 and 112. 


12.8 Generate the prime factorization of 112. 


Notice that 112 is an even number, so it is divisible by 2: 112 + 2 = 56. 
112=2.-56 
Factor the composite number 56. 


112 =2- (4-14) 
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Factor the newly introduced composite numbers, 4 and 14. 
112=2: 4 : 14 
112 =2 -(2-2) -(2-7) 
1123 2:2+2°2°7 
112=2'-7 


Note: Problems 12.7-12.9 illustrate the steps used to calculate the greatest common factor of 
64 and 112. 


12.9 Identify the greatest common factor of 64 and 112. 


According to Problems 12.7 and 12.8, 64 = 2° and 112 = 2'- 7. To construct the 
greatest common factor identify the common factors shared by 64 and 112. The 
number 112 has two different prime factors, 2 and 7, but 64 has only a single 
prime factor, 2. Thus the only factor 64 and 112 have in common is 2. 


In the factorization of 64, 2 is raised to the sixth power, and in the factorization 
of 112, 2 is raised to the fourth power. The greatest common factor is 2 raised 

to the lower of those powers: 2'. Therefore, the greatest common factor of 64 
and 112 is 2*= 16. 


Note: Problems 12.10-12.11 illustrate the steps used to calculate the greatest common factor 
of 36 and 90. 


12.10 Generate the prime factorizations of 36 and 90. 


Write each number as a product of natural numbers and factor all of the 
resulting composite numbers. 


36= 4 - 9 90= 9 - 10 
36 = (2-2):(3°3) 90 =(3-3)-(2°5) 
36 =2° -3° 90 = 2-3-5 


: The greatest Common 
: ele has to Aide inte both 
- oe evenly, so choosing the lowey 
vmeaus that all of th i 
; st 2 2s will 
out if you Aivide beth numbers % 2 
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Note: Problems 12.10-12.11 illustrate the steps used to calculate the greatest common factor 
of 36 and 90. 


Both 
factovizations 
contain 3”, so 

technically theve is 
no “lower power” of 3; 
they've both equal, 
When this happens, 
use the matching 
power: 32, 


12.11 Identify the greatest common factor of 36 and 90. 


According to Problem 12.10, 36 and 90 have two factors in common, 2 and 3. 
The prime factorization of 36 contains 2? and 3?; the prime factorization of 90 
contains 2! and 3?. Choose the lower power of each to include in the greatest 
common factor (GCF). 


GCF of 36 and 90: 2! - 3?=2-9=18 


12.12 Identify the greatest common factor of 9x? and 15x’. 


Generate the prime factorizations of coefficients 9 and 15. As you factor the 
numbers, do not alter the variable expressions. 


9x" =(3-3)+x? 15x =(3-5)+x° 
9x? = 3" +x? 15x* =3-5-x° 


Instead of 3? 
9x? and 15x° have two factors in common: 3 and x. The greatest common factor 


(GCF) will include the lower power of both factors, 3! and x? . 
GCF of 9x? and 15x°*: 3! + x? = 3x°. 


lustenad of x? 


Note: Problems 12.13-12.14 present the steps used to factor the expression 18xy* + 27x’. 
12.13 Identify the greatest common factor of 18xy! and 27x*y?. 


Generate the prime factorizations of coefficients 18 and 27. 
18xy* = 2: 9 :xy* 27x? y? =3- 9 ox? y? 
18xy' = 2-(3-3)-xy" 27x? y° = 3+(3-3):x°y" 
18xy* = 2-3? xy? 27x? y? = 3° +x? 9? 
18xy" and 27x87? have three factors in common: 3, x, and y. Choose the lower 


power of each from the factorizations to calculate the greatest common factor 
(GCF). 


GCF of 18xy* and 27x°y": 3? + x! + y? = Oxy? 
Note: Problems 12.13-12.14 present the steps used to factor the expression 18xy* + 27x’. 


12.14 Factor the greatest common factor out of the expression and verify your 
answer. 


According to Problem 12.13, the greatest common factor of 18xy' and 27x*y? is 
9xy?. Divide each term of the expression by 9xy?. 
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18xyi 18 , ,. P : ; 
sf => 8 yt ? = 9x99? = 2(1)(y?) = 29° 
7x3 y° i F ; ; : 

= = ye = 3x7 y° = 3? (1) -_ 3x? 
xy 


A wumbev 
vaisea to the 

zevo powev equals 
one, sox? = y9 = |, 


Write each term as a product of the greatest common factor and the quotients 
calculated above. 


18xy' + 27x? 
= (9xy")(2y") + (9xy*)(3x") 


Rewrite the expression as the greatest common factor 9xy? times the sum of the 
remaining factors of each term. 


18xy! + 27x*y? = Ixy? (Qy? + 3x?) 


In other Wovds, 
PUll Ixy? out of each 
ron Youve left with 
2y? + 3x2. Pur those 
leftovers in Paventheses 
ANA multiply by the 
greatest Common 
factor: 


Ixy*(2y? + 3x2), 


Verify that 9xy?(2y? + 3x?) is correct by applying the distributive property. 
Oxy" (29° + 3x") = (Ixy? )(2y° ) + (9xy° )(3x*) 
= 18x! pale + QT x1? y? 
= 18xy* +. 27x° 9? 


expression is correct. 


The result is equal to the original expression, so the factored form of the 


Note: Problems 12.15—12.16 present the steps used to factor the expression ee 


12.15 Identify the greatest common factor of 40x*y°z’, 12xy°z?, and 36x!yz°. 


40x? y?z’ = (2°2)+(5°2) «x? yz? 12x? y?z? =2+(2-3) x? yz? 36x" yz° = (2-2)-(3-3)-x*yz° 
40x? yz! =9° Be xP yPz” 12x? y°z° = 9? 3% yz 36x" yz° =2 +3? ~x*y28 


40x? x! + 12x77? + 36x*yz5. yi j 


I2x*y*2" 
ana 36x*y2° 
wpoth contain the 
prime factor 3, but 
40x*y°z' Aoes wot, so 
Aoeswt appeay in the 
greatest COMMON 
Lactov. 


Generate the prime factorizations of each term. 


= 4 +10 :x?y?z" 12x7y°22 =2> 6 sx? y?z? 36x*yz°= 4 + 9 extyz® 


2.3.3 


All three terms have four factors in common: 2, x, y, and z. Raise each common 
factor to its lowest power in all three factorizations to calculate the greatest 
common factor (GCF). 


GCF: 2? + x? + yl. 23 = 4x?yz3 


Heve ave all the 
Powers of the common 
factors, with the lowest of 
each civclea: 


2» GZ 
x &) x* 
y ae) 
ee) 2° 
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Note: Problems 12.15-12.16 present the steps used to factor the expression 
40x? y? 2! + 12x72? + 36xtyz°. 

12.16 Factor the greatest common factor out of the expression. 


According to Problem 12.15, the greatest common factor is 4x*yz>. Divide this 


quantity into each term of the expression. 


40x? y°z! = 0 pty = 1Oxy*z! 


Ax? yz" A 
eee = eh _ 3x" yz” - By? 
x” yZ 


36x" yz? - 28 eyes - Qx? yz = Ox2z3 


4x” yz? 4 


Factor 4x*yz? out of the expression by multiplying it by the sum of the quotients 


listed above. 
40x yz? + 12x*y3z3 + 36x4y2° = 4x*yz3 (LOxy*zt + By? + 9x23) 


12.17 Factor the expression: 16x?y> — 12xy?. 


Use the technique described in Problems 12.1—12.12 to calculate the greatest 
common factor of the expression: 4xy?. Divide each term of the expression by 


Axy?. 
16x"y? 16 5, 5. 
ro =e 13 2 = 4x'y! = xy 
—12xy’ 12 1-1, 2-2 0.0 
aie =-3 =-3(0)0)=-3 
re: re, xy (1)) 


Distvilbute 
Axy’ to check 
your answer: 
Axy’(Axy) + 4xy*(-3) = 
lox*y? - I2xy* 


Factor the expression by writing it as the product of the greatest common factor 


and the quotients above. 
16x?y3 — 12xy? = 4xy?(4xy- 3) 


12.18 Factor the expression: —4x’y> — 20x°y!!. 


The greatest Divide each term of the expression by the greatest common factor: —4x°*y°. 


common factor is 
negative because —4x"y° * TE rye = Ixy =x? (1) =x? 
—4x°y? 4 


both of the terms ave 
hegative—both ave 
multiplica by -1, so you 
can factor that out 
as well, 


~20x°y! 20 5g a 
a a i rau Py! 3 =5x°y° =5(1)(y*) =5y° 


Factor the expression by writing it as the product of the greatest common factor 


and the preceding quotients. 
—4x7y8 — 20x yl! = —4x5y3 (x? + By) 
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12.19 Factor the expression: 2(x+ 1) + 3y(x+ 1). 


If the 
expression 
was 2w + Syw, 
WA be easy 

to tell that w 
was the greatest 


This expression consists of two terms, 2(x+ 1) and 3y(x+ 1). Both terms have 
one common factor, the binomial (x + 1), so the greatest common factor of the 
expression is x + 1. Divide both terms by that quantify. 


2(xtT) _ 2 


=2 
eer common factor; 
3y 5 just plug in (x + I) 
(+1) _3y_ 3y wheve wis ana you 


x*t 1 


Factor the expression by writing it as the product of the greatest common factor 
and the preceding quotients. 


2(x+1) + 3y(x+ 1) = (x + 1)(2 + 3y) 


get Problem 12.14. 
Common factors 
Aout have to be 
wmonomials. They can 
ve binomials like 
this (ov tvinomials, 
ov fvactions, ov 
squave voots,.. 
the list goes on 
ana on). 


Factoring by Grouping 
You can factov out binomials, too 


12.20 Factor the expression: 9x(2y—- 1) + 8y-4. 


This expression consists of three terms: 9x(2y— 1) is the first term, 8y is the 
second, and —4 is the third. Notice that the first term is expressed as a product. 


The greatest common factor of the second and third terms (8y and —4) is 4. 


Factor it out of the expression 8y-— 4 to get 4(2y- 1). Rewrite the expression whew vet 
using the newly factored form of the second and third terms. Protas, Oy 1) 
out of the 


9x(2y-1) +8y-4 
= 9x(2y—1)+ 4(2y-1) 


expression, youve 
left with 9x in the 
Fivst tev and 4 wy 
the second. AAA 
those values inside 
Paveutheses (9x + 4) 
and multiply by the 
greatest common 
Lactov: 


(Ix + 4)(2y - |), 


The expression contains two terms with a binomial greatest common factor: 
2y — 1. Factor the expression using the method described in Problem 12.19. 


9x(2y-1) + 4(2y- 1) = (2y- 1) (9x + 4) 


12.21 Factor the expression by grouping: 3x° + 15x? + 2x+ 10. 


To factor by grouping, group together the polynomial terms that have common 
factors. In this problem, 3x* and 15x” have common factors, and 2x and 10 share 
a common factor as well. 


The tevms 
you end up grouping 
ave usually next to 
each othey. 


(3x° + 15x”) + (2x+ 10) 


The greatest common factor of the left group of terms is 3x”; the greatest 
common factor of the right group is 2. Write each group in factored form. 


3x?(x+5) + 2(x+ 5) 
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The expression now contains two terms with a common factor: x + 5. 
Factor it out. 
(x + 5) (3x? + 2) 


Therefore, the factored form of 3x° + 15x? + 2x+ 10 is (x + 5)(3x? + 2). 


12.22 Factor by grouping: 14xy + 21x+ 8y+ 12. 


The first two terms share the common factor 7x; the last two terms share the 
common factor 4. 
(14xy + 21x) + (8y + 12) 


Factor each group. 
7x(2y +3) + 4(2y + 3) 


Factor the binomial 2y + 3 out of both terms. 


(2y + 3) (7x + 4) 


The factored form of 14xy+ 21x + 8y+ 12 is (2y+ 3)(7x+ 4). 


12.23 Factor by grouping: 3x° — 12x° + x— 4. 


< The first two terms have a greatest common factor of 3x”; group them together. 


(3x? — 12x?) + x-4 


Factor the grouped expression. 
3x°(x-4) + x-4 


The only factor common to the last two terms of the expression (x and —4) is 1. 
Factor it out. 
3x?(x—4) + 1(x-4) 


Factor the binomial x— 4 out of both terms. 


(x— 4) (3x2 + 1) 


Therefore, the factored form of 3x° — 12x? + x—4 is (x— 4) (3x? +1). 


12.24 Factor the expression by grouping: 4x° — 8x° — 5x? + 10. 


The first two terms share common factor 4x° and the last two terms share 


You can tell the 
binomials ave Opposites 
because the Signs of 
the CowvesPonding terms 
AVE opposites: x? ana — 2 
AVE Opposites, as ave -2 
ANA +2 


common factor 5. 


(4x° — 8x°) + (—5x* +10) 
= 4x° (x? - 2) + 5(=x° + 2) 


Unlike Problems 12.20-12.23, once factored, these groups do not contain a 
common binomial term. In fact, the binomials x* — 2 and —x? + 2 are opposites. 
To apply the factoring by grouping technique, the binomials must be equal. 
Satisfy this requirement by factoring —1 out of the second group. 
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3(.2 2 
4x° (x* —2)+5(-1)(x? —2) In Problem 
oem (x2 - 2) a 5 (x? nas 2) 12.23, fac- 
toving out a | 
Aidt change 
the binomial. when 
you factor out a 
-| im this problem, it 
changes every term 
in the paventheses 
into tts opposite. 


Factor the binomial x? — 2 out of the expression. 


(x? — 2) (4x? — 5) 


Therefore, the factored form of 4x° — 8x° — 5x? + 10 is (x? — 2) (4x° — 5). 


12.25 Factor the expression: 96x‘ + 36x° — 160x— 60. 


Before you factor by grouping, note that all of the terms share the 
common factor 4. Factor it out of the expression. 


4(24x* + 9x? - 40x — 15) 


The first two terms of the quartic polynomial share common factor 3x°; 
the last two terms share common factor —5. 


“Quavtic” 
meous the highest 
power of x in the 

polynomial is 4. 


4[ 8x° (8x + 3) —5(8x +3) | 
Factor the common binomial out of the expression. 


4| (8x + 3)(3x* —5) | 
= 4(8x +3)(3x° —5) 


Leave 
this 4 (that 
: got factovea out 
in the previous step) 
th Pont of the 


&xPvession, 


Common Factor Patterns 


Diffevence of pevfect squaves/cubes, sum of perfect cubes 


12.26 Factor the expression: a? — b?. eae 
squave is a 
number you get by 
multiplying something 
times itself. That 
meas 4 is a perfect 
squave becouse 2 times 
itself equails 4: 
2-2=2=4, 
A DIFFERENCE of 
perfect squaves just 
wmeons subtvaction 
is nvolvea. 


The expression a? — 0? is a difference of perfect squares. In other words, the 
expression consists of one squared quantity (0”) subtracted from another (a’). 
All differences of perfect squares are factored using the formula 

(a? — b*) = (at b)(a- 8). 


12.27 Factor the expression: w?— 36. 


Notice that w* and 36 are perfect squares, as each is equal to some quantity 
times itself: w- w= w? and 6 - 6 = 36. 
w? — 36 = ww? - 6 


According to Problem 12.26, a polynomial of the form a’ — ? has factors 
(a+ b)(a— 0b). Here, a= wand b= 6. 
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a’ —b? =(at+b)(a—b) 
w’ —6" =(w+6)(w—6) 
w’ — 36 =(w+6)(w—-6) 


The answer 
(w - 6)(w + 6) is also 

covvect. The ovdaev of 
the factors Aceswt 
matter. 


Therefore, the factored form of w? — 36 is (w+ 6)(w-— 6). 


12.28 Factor the expression: 4x? 81. 


‘a is the 


thing you vaultiply 
times itself to get 
the left term. In this 
case a= 2x because 
(2x)? = 4x? “WB” is the 
thing you multiply 
times itself to get 
the tevm that’s 
subtvacted, 


This binomial is the difference of perfect squares: (2x) (2x) = 4x? and 
(9)(9) = 81. Therefore, it should be factored using the formula 
a —b?= (at b)(a—b). If @ — b= 4x7 - 81, then a= 2x and b=9. 


a’ —b =(at+b)(a—b) 
(2x) —(9)° = (2x + 9)(2x —9) 
4x” —81=(2x + 9)(2x -9) 


12.29 Factor the expression: 98x? — 200. 

Both terms are divisible by 2, so factor that value out of the expression. 

2 (49x? — 100) 

The resulting binomial, 49x? — 100, is a difference of perfect squares: (7x)? = 


49x? and 10? = 100. 
2(7x + 10)(7x—- 10) 


check to 
See if theve is a 
greatest common 
factor before you 
try to factoy an 
EXPression Any othey 
way. In this problem 
if you Aout factor. 
the 2 out fivst, you 
Aout ena Up with 
a AiPfevence 
of perfect 
Squaves, 


12.30 Factor the expression: 4x‘ — 64. 


The terms of this expression have a greatest common factor of 4, so factor 4 out 


of the polynomial. 


XY Va 4(x*— 16) 


The binomial x* — 16 is a difference of perfect squares: (x)? = x and 4? = 16. 
VANE 4(x2 + 4)(x2— 4) 


The expression is not yet fully factored, because x? — 4 is, itself, a difference of 
perfect squares: (x? - 4) = (x + 2)(x— 2). Substitute the factored form of x? — 4 


into the polynomial. 
4x* — 64 = 4(x? + 4) (x + 2)(x—- 2) 


io After Factoring the 
iPPevence of Perfect saquaves 
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12.31 Identify the formulas used to factor a’ + 6° (the sum of perfect cubes) and 
a’ — b° (the difference of perfect cubes). 


The formulas for the sum and difference of perfect cubes are nearly identical; 
two signs in the factors constitute the only differences. 
a+ b= (at b)(a—- abt b?) 


a — b= (a—b)(a + abt b?) 


Both expressions factor into the product of a binomial and a trinomial. The 
sign of bin the binomial matches the sign of b* in the unfactored expression, 
and the sign of ad in the trinomial factor is always its opposite. 


12.32 Factor the expression: x + 64. 


This polynomial is the sum of perfect cubes because each term can be 
generated by raising some quantity to the third power (that is, cubing it): 
(x)? = x8 and 4-4-4 = 4° = 64. Apply the formula from Problem 12.31, setting 
a=xand b=4. 

a +b? =(a+b)(a —ab+0’) 

x? +4? =(x+4)(x? —(x)(4)+ 4’) 

x +64= (x +4)(x? — 4x +16) 


12.33 Factor the expression: 24x° — 375. 


Both terms share the common factor 3, so factor it out of the polynomial. 


3 (8x3 — 125) 


Don't forget that 
the fivst step of this 
problem was to factor 
3 out of 24x? - 375, 
which proAucea the 
Aiffevence of perfect 
cubes &x? - 125. That3 
has to be a factor in 
the final answev. 


The resulting cubic binomial is a difference of perfect cubes: (2x)? = 8x* and 
5° = 125. Apply the formula from Problem 12.31, setting a= 2x and b=5. 


a —b° =(a-b)(a@ +ab+b*) 
(2x) —5* = (2x —5)] (2x) + (2x)(5) +5" | 
8x —125 = (2x —5)(4x” +10x + 25) 


Substitute the factored form of 8x° — 125 into 3(8x° — 125). i ee ee 


3(2x—5)(4x2 + 10x + 25) 
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12.34 Factor the expression: x® - 1. 


Express the terms of the polynomials as perfect squares: (x*)? = x° and 1? = 1. 
Apply the difference of perfect squares formula. 


a’ —b° =(at+b)(a—b) 
(x*)’ == (x? +1)(x° —1) 


You coula 
factor x — | 
using the Aiffevence 
of perfect cubes 
formula, because 
<)" = x* ana 3 a l 
Youll ena UP with 
O + Wo = [G4 + 42 !) 
Theve’s no easy way ! 
to factor the trinomial 
mt theve, though. the 
Aiffevence of perfect 
SAuaves Formula gives 
A better answey with 
move factors, 


The resulting factors are a sum of perfect cubes (x? + 1) and a difference of 
perfect cubes (x° — 1). Apply the factoring formulas for each, setting a= x and 


b=1. 
x -1l= (x° +1) : (x° -1) 
x° —1=[(«+1(x? -(x)()+2)} [(@e-D(** +) 0) +1) 
x° —1=(x41)(x’ — x +1)(x —1)(x° +x+1) 


Factoring Quadratic Trinomials 
Turn one tvinomiail into two binomials 


12.35 Factor the expression: x? + 3x+ 2. 


The quadratic binomial x* + ax + b, once factored, has the form below. 


ln other 
words, when 
you ada the 
numbers, you get 
the coefficient of 
x in the tvinomial, 
and when you 
multiply them, you 
get the constant. 
This wovks only when 
the coefficient 
of x’ is | (like in 
this problew). 


x +ax+b=(x+ 2))(x+ 2}) 


Each of the empty boxes represents a number. Those missing values have sum a 
and product b. In this problem, a= 3 and b= 2, so the two missing values must 
have a sum of 3 and a product of 2. The correct values are 1 and 2, because 
1+2=3and 1 -2=2. Substitute 1 and 2 into the boxes of the formula. 


x? + 3x4+2= (x+ 1)(x+ 2) 


The order of the factors is irrelevant, so the answer (x + 2)(x+ 1) is equally 


correct. 


12.36 Factor the expression: x? + 8x+ 12. 


To factor this quadratic binomial, you must identify two numbers with sum 8 
and product 12. Begin by subtracting 1 from the required sum (8 — 1 = 7) to 
identify two numbers with the correct sum: 1 + 7 = 8. Unfortunately, 1 and 7 do 
not have the required product (1 - 7# 12). 
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To continue the search for the correct values, subtract two from the required 


sum (8 — 2 = 6) to identify another possible pair of numbers: 2 + 6 = 8. 
: : If that 
The numbers 2 and 6 satisfy both requirements, the correct sum and the Dade wet yew 
required product: 2 + 6 = 8 and 2(6) = 12. Substitute 2 and 6 into the boxes of ik: RE 
suotvact 3, then 4, 


the factoring formula. 


and so on. From stewt 
to finish, youd try 7 + 
1,64+2,5+%3, and 4 

+ 4 until you find the 
paiv of numbers that 
multiplies to give 
you |2. 


x +ax+b=(x+[])(x+P) 


x” + 8x +12 =(x+2)(x+6) 


12.37 Factor the expression: x? — 9x + 20. 


The two numbers needed to factor this expression have a sum of —9 anda 
product of 20. Those values are only possible if both numbers are negative; two 
negative numbers have a negative sum and a positive product. Test a series of 
negative numbers that add up to —9 until you find a pair of values that equals 20 
when multiplied: —8 — 1, -7 - 2,-6- 3, and -5 - 4. 


Notice that —5 and —4 have the required sum and product: —5 + (-4) = -9 and 
—5(-4) = 20. Use those values to factor the polynomial. 


x? —9x + 20 = (x-5)(x-4) 


12.38 Factor the expression: x? — 16x + 64. 


Like Problem 12.37, the numbers required to factor the expression have a 

negative sum and a positive product, so both of the numbers must be negative. 
Test a series of sums that equal -16 until you find values that have a product of 
64: -15 - 1, -14- 2, -13 - 3, -12 - 4, -11 - 5, -10 - 6, -9 - 7, and -8 - 8. 


You Aont 
HAVE to write out 
this list, but it gives 
you a place to start 
tf you cant figure 
out what the two 
numbers ave 

vight away, 


Because —8 + (—8) = -16 and —8(-8) = 64, -8 and —-8 are the necessary values. 
Factor the expression. 


x? — 16x + 64 = (x— 8)(x- 8) 


Because the factor (x- 8) appears twice, you should use exponential notation. 


x? — 16x + 64 = (x- 8)? 


In other 
words, if you 
\Qnove the sign Pace 
moment, the positive 
number will be greater 
than the negative, 

Foy example, 49 awa 

“6 have a positive sum 
because the Positive 
Value 7 is greater thay 
the negative value ¢ 
However, -4 and +o 
have aA hegative sum 
because ¢ <7, 


12.39 Factor the expression: x? + 3x— 18. 


To factor, you need to identify two numbers with a sum of 3 and a product of 
-18. Because the product is negative, the numbers must have different signs; the 
products of two positive numbers and the products of two negative numbers are 
positive. Because the sum is positive, the positive value must be larger than the 


negative value. 


Generate pairs of numbers with opposite signs that have a sum of 3 until you 
identify a pair with a product of -18: 4— 1, 5 — 2, and 6 — 3. Because 6 — 3 = 3 
and 6(-3) = -18, the values required to factor the expression are —3 and 6. 


x? + 3x—18 = (x— 3)(x + 6) 
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12.40 Factor the expression: x? — 5xy — 36)”. 


So when you 
Find the numbers, 
wvite them as 

coefHicients of y in 
the factors. 


Much like the polynomial x” + ax + b has factors (x + [? )(x +/P ) , the polynomial 
x? + axy + by® has factors (x +|?]- y) (x +[2|- y). To factor, you must identify two 
numbers that have a sum of —5 and a product of —36. Because the product is 
negative, the numbers have different signs. The sum is negative, so the larger of 
the two numbers is negative. 


Generate a list of number pairs that have a sum of —5 until you encounter 
numbers with a product of -36: -6 + 1, -7 + 2,-8+ 3, and -9 + 4. Notice that 
-9 + 4=-5 and -9(4) = -36, so factor the polynomial by placing —9 and 4 into 
the boxes of the formula (x +[?]: y) (x +[?}-y). 


x? — 5xy — 36? = (x- Oy) (x + 4y) 


12.41 Factor the expression: x* + 6x? + 9. 


Identify two numbers with sum 6 and product 9 and place them into the boxes 
of the formula (x? +/P )(x* + [? ) to factor the polynomial x* + 6x? + 9. The sum 
and the product of the numbers are positive, so the numbers themselves are 
also positive. 


Generate a list of number pairs that sum to 6 until you identify a pair that has a 
product of 9:5+1=6,4+2=6,and 3+ 3=6. Notice that 3 + 3 = 6 and 3(3) =9, 
so substitute 3 and 3 into the boxes of the factoring formula stated above. 


x! + 6x? + 9 = (x? + 3) (x? + 3) 


Use an exponent to indicate the presence of a repeated factor. 


xt + 6x7 + 9 = (x? + 3)? 


The numbers 
still AAA up to 

the x-coef cient 
like they Aid before 
but now they Aow't ‘ 
multiply to give you the 
Constant; their ProAUct 
Ss €qual to the product 
of the Constant and 
gee coefficient of 

x, 


12.42 Factor the expression: 2x* + 17x + 36. 


When the coefficient of x? is not 1, the factoring technique described 

in Problems 12.35-12.41 will not work. Instead, you should factor by 
decomposition. Like the method presented in the preceding problems, you 
must identify two numbers with specific characteristics. Given the polynomial 
ax® + bx + c, the two required numbers have sum band product a: c. 


In this problem, the two required numbers have a sum of 17 and a product of 

2 - 36 = 72. Both the sum and product are positive, so the individual numbers 
are positive as well. List pairs of numbers that have a sum of 17 until one pair 
has a product of 72 as well: 16+ 1, 15+ 2, 14+ 3,13+4, 12+5, 11+6, 10+ 7, and 
9 +8. Notice that 9 + 8 = 17 and 9(8) = 72. 
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When factoring by decomposition, you do not immediately place the required 
numbers into factors. Instead, rewrite the x-coefficient as a sum. RULE S 
OF THUMB: A 
when the x’- 
coefficient is |, 
finding the two 
“mystery” wambers 
means youve Aone 
Ractoving. However, 
when the x’- 
coekficeint is NOT | 
(in this problem, it’s 


9x? +17x +36 
= 2x? +(8+9)x+ 36 


According to the commutative property, the order in which you multiply does 
not affect the product. Therefore, (8 + 9)x and x(8 + 9) are equivalent. Apply 
the distributive property: x(8 + 9) = 8x + 9x. 


2x? + 8x + 9x+ 36 


Factor by grouping, as explained in Problems 12.20—12.25. 


2 2), you veplace the x- 

(2x? + 8x) + (9x + 36) See uiterne 
= 2x(x+4)+9(x+4) sum of the mystery 
=(x+4) (2x +9) numbers anda then 


factor by 
grouping. 


Wr 


Therefore, the factored form of 2x? + 17x + 36 is (x + 4)(2x+9). r<\ 


12.43 Factor the expression: 8x? — 2xy — 3y?. 


When you multiply 
the “wystery” 
numbers, you should 
get the same vesult 
as multiplying the x2. 
coefficient (8) ANA the 
Constant (3), 


Identify two numbers with a sum of —2 and a product of —24. List pairs of 
numbers with a sum of —2 until one pair also has a product of —24: —3 + 1, 
-4+2,-5+ 3,and-6+ 4. Notice that —6 + 4 =-2 and -6(4) =-24. Replace the 
x-coefficient with the sum of —6 and 4. 

8x" — Qxy — 3y" 

= 8x" +(-6+4)xy— 3y° 


Apply the distributive property: (—6 + 4) xy =—-6xy + 4xy. 


This sign is 
always positive, no 
matter what's in 

paventheses. 


8x? — Bxy + 4xy — 3y° 
Factor by grouping. 
(8x* — 6xy) + (4xy — 39”) 
= 2x (4x — 3y)+ (4x — 3y) 
= (4x —3y)(2x +) 


Therefore, the factored form of 8x? — 2xy — 3y? is (4x— 3y)(2x + y). 
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12.44 Factor the expression: 6x? — 41x + 30. 


proAuct 
is positive, 
so both 
numbers 
hawe to have 
the same sign. 
You also know 
that the suw is 
negative, which 


To factor by decomposition, list pairs of numbers that have a sum of —41 until 
one pair also has a product of 6 - 30 = 180: —40 - 1, -39 - 2, -38 - 3, -37 — 4, and 
-36 — 5. Notice that —-36(—5) = 180, so replace the x-coefficient with the sum of 


—36 and —5. 


6x? — 41x + 30 
= 6x" + (—36-—5)x +30 


Apply the distributive property and factor by grouping. 


meous the ; 
numbers youve 6x" — 36x — 5x + 30 
locking fov = (6x? - 36x) +(—5x + 30) 


must both be 
negative. 


= 6x (x —6)—5(x—-6) 
= (x —6)(6x —5) 


In ovAev to 
get matching (x - 6) 
binomials, you have to 
factor -5 out of 
(-Sx + 30) insteaa 

of +5, 12 you Aowt 
Understand why, look 
at Problem |2.24. 


You can check this 
(ov any other factoring answer) by 
multiplying the factors to make suve you 
get the oviginal polynomial back: 

(x —6)(6x —S) 

= x(6x) + x(—-S) + (—€)(Ex) + (—€)(-S) 
= 6x’ — Sx -36x +30 
= 6x’ Alx +30 
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RADICAL EXPRESSIONS AND EQUATIONS 


Squave voots, cube yoots, ANA Pvactional exponents 


One of the most important characteristics of the polynomials discussed 

in Chapters 1] and 12 is the exponential powers to which variables in the 
terms are raised. This chapter explores roots, written as both rational ex- 
ponential powers and radical expressions. It begins with the simplification 
of roots, progresses to operations on (and equations involving) roots, and 
culminates with a discussion of complex and imaginary numbers and their 


relationship to negative radicands. 


Youve probably heava of Ssquave voots, which lock like this: 4/7 A 
SMMANE VOOr answers the question, “what times itself gives you the 
Mumtber tuside the vadical sigu?” (The radical sign is the symival Laat 
looks like a check mavk,) It’s basically the opposite of squawing som nn 
pea 3 gives you 9:3? = 1, so the squave ROOT of 9 ie: vee 3 ees 
) a 7 eee 
ee See NE ONY AA et oats ot theve, as you see in this 


Atter you igure out how to simplify vadicals, it’s time to Stawt usin 
them in expressions ana equations, which means you'll learn how oF 
AAA, sutvact, multiply, and divide them, Finally, youll look at compl 
numbers, which answer the question, “What times itself coula i a 
equal a negative number?” eens 


Chapter Thirteen — Radical Expressions and Equations 
f 
Simplifying Radical Expressions 
Moving things out from under the vadical 
Note: Problems 13.1-13.2 refer to the radical expression /64 . 
13.1 Identify the radicand and index of the expression. 
The index of a radical expression is the small number outside and to the left of 


the radical symbol; the index of %/64 is 3. The value inside the radical symbol is 
called the radicand; the radicand of ¥/64 is 64. 


Note: Problems 13.1-13.2 refer to the radical expression /64 . 


Radicals 
with index 
3 ave callea 
“cube voots,” 
Just like vaising 
Something to the 
thiva power is callea 
“cubing” tk. Radicals 
with index 2 ave 
callea “squave 
voots,” just like 
vaising Something 
to the second 
power ts callea 
“squaving’ it 


13.2 Simplify the expression and verify your answer. 


As explained in Problem 13.1, the index of 64 is 3. To simplify the cube root, 
try to identify factors of the radicand that are perfect cubes. It is helpful to 
memorize the first six perfect cubes, listed here. 


P=1 2=8 3=297 44=64 5°=125 6° =216 


Notice that 64 is a perfect cube, as 4° = 64. Rewrite the radical expression, 
identifying the perfect cube explicitly. 


Any factor of the radicand that is raised to an exponent equal to the index of 
the radical can be removed from the radical. 


i =4 


Therefore, 64 =4. To verify this solution, raise the answer (4) to an exponent 
equal to the index of the original radical (3). The result should be the original 


radicand (64). 


The 4 
inside the 
vadical symbol 
has exponent 3, 
ana the index of 
the vadical (that 
tiny number floating 
out front) is also 3. 
When the power and 
the index match, they 
sovt of cancel each 
other out. The $ 
exponent goes away, 
the index goes 
away, and the 
vadical sign 
Aisoppeows, 
too. 


43 = 64 


Note: Problems 13.3-13.4 refer to the radical expression 36 . 


13.3 Identify the index and radicand of the expression. 


The radicand of V36 is the number inside the radical symbol: 36 
written explicitly, which indicates an implied index of 2. Square roots are rarely 
written with an explicit index, so the notation ¥36 is preferred to ¥36. 


When theve’s no little 
number nestle in the check mawvk 
outside the vadical, that means 
youve dealing with a Squave voot 
ANA You can assume the thdex 

is 2. 
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Note: Problems 13.3—-13.4 refer to the radical expression 36 . 


13.4 


13.5 


Simplify the expression and verify your answer. 


According to Problem 13.3, the index of V¥36 is 2. To simplify the square root, 
factor the radicand using perfect squares. It is helpful to memorize the first 15 
perfect squares, listed here. 


r=1 F=4 37 =9 V=16 52 =295 


6°=36 7=49 8=64 9=81  107=100 
177 =121 1297=144 137=169 147 =196 157 =295 


Notice that 36 is a perfect square, as 6? = 36. Rewrite the radical expression, 
identifying the perfect square explicitly. 


36 = V6? 


As stated in Problem 13.2, any factor in the radicand that is raised to a power 
equal to the index of the radical can be simplified. 


Ve =6 


To verify that /36 = 6, raise the answer (6) toa power that equals the index of 
the original radical (2). The answer must match the original radicand (36). 


The index of 
the vadical is 2, 
and the exponent 
of Cis2. Those 2’5 
cance] out ana take 
the vadical sign 
Away with them, All 
that’s left is 6, 


6? = 36 Dowt even 
bother with 
I= |. Suve lisa 


implify th ical ion: ¥50. 
Simplify the radical expression V50 per Pbck squawe, put 


it Alvides into evevy 

number evenly and is 
not all that useful 
fov simplifying 
vadicals. 


The index of 50 is not written explicitly, so according to Problem 13.3, the 
index is 2 and the radical expression is a square root. Consider the perfect 
squares listed in Problem 13.4 and determine whether any of those values divide 
evenly into the radicand. 


Because dividing 50 by 25 produces no remainder (50 + 25 = 2), 25 is a factor of 
50. Rewrite the radicand in factored form, explicitly identifying 25 as a perfect 
square. 


In other Wovads, 
when two things ave 
multiplica inside a 
voot (A vadical symbol) 
oe can break them : 
into two Sepavate voots 
ae multiplica: 
poe = Yard . This 
oes NOT hecessavily 
work when two things 
\uside vadicals Bus 
aAdAea ov Subtvactea: 


VATD Aya Hy, 


50 = /25-2 
= 5" -2 


The root of a product is equal to the product of the roots. 


The exponent of 5 and the index of the radical expression are equal, so simplify 
the radical expression: V5 =5. 


=5,/2 


Therefore, V50 = 5/2 . 
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13.6 Simplify the radical expression: */256 . 


The index of the radical expression is 3, so to simplify the expression, you must 
identify factors that are perfect cubes. Consider the abbreviated list provided 
in Problem 13.2. Notice that 64 divides evenly into 256: 256 + 64 = 4. Factor 256 


and identify the perfect cube explicitly. 


4/256 = 64-4 


=7/49.4 


Don't bother 
flipping back to 

Problem |3.2. Heve’s 
the list: 2? = &, 3? = 27, 
4° = 64,5%= |25, 
6 = 216, 


The root of a product is equal to the product of the roots. 
=F 
Simplify 14? , noting that the exponent of the radicand is equal to the index of 


the radical: 3f43 =4, 
=4-3/4 


Simplify the radical expression: %/96 . 


The index of the radical is 5, so simplifying the expression requires you to 
32, which divides evenly 


identify factors with an exponent of 5. Notice that 2° = 
into the radicand: 96 + 32 = 3. Rewrite the expression, explicitly identifying the 


Theve’s 


ho way that i . 
factor that is raised to the fifth power. 
3° = 243 coula P 
196 = 332-3 


be a factor of 9¢ 
because 243 is bigger 
than 96, The Saue 
goes fov any humbery 
lavger than 3 vaisea 
to the fft), Power, so 
Aon't even bother 
checking it, 


= 3/9 .3 
=2-33 


13.8 Simplify the radical expression: xo. 


The index of the radical is 3, so to simplify the expression, express x° as a 
quantity raised to the third power. To accomplish this, divide the exponent of x 


(6) by the index of the radical (3): 6 + 3 = 2, so (x?)> = x®, 
Yx® = (x?) 


Now that the index of the radical and the exponent of the radicand are equal, 


If you have a 
hava time turning x° into 
(x)? to get the exponent of 3 

you need, break x‘ into as many xs 
AS you cow: x° = x? - x? (since x’ - 
x? *? = x), Now simplify: 


WKH VR Hee =H KeK =x 


simplify the expression. 
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13.9 


13.10 


13.11 


Simplify the expression: 8/x'’y*z® . 


To rewrite the radicand to include perfect cubes, divide each of the variables’ 
powers by 3, noting the resulting quotients and remainders. Begin with 
x!7; 17 + 3 = 5 with remainder 2. Therefore, x!” = (x°)° + x? 


Apply the same procedure to y!: 4 + 3 = 1 with remainder 1, so y* = (9°)! - y! 
Finally, express z§ using perfect cubes: 8 + 3 = 2 with remainder 2, so 
28 = (z’)>- 2. Rewrite the radicand using the above factorizations. 


fee = Met) x OY EY 2 


Separate the product into two radicals, one that contains factors raised to the 
third power and one that contains factors raised to other powers. 


= (x° : 2 (2) ax? = yh 2? 
Simplify the radical containing the perfect cubes. 


= x? yz? + Bix? yz? 


Simplify the expression: Ne 


The exponent of the radicand (2) is equal to the index of the radical (2) so the 


expression can be simplified: Vx? =|x|. Note the presence of absolute values, 
which were not required in the preceding problems of this chapter. 


If nis an even number, then Yx”" =|x|. In other words, if a factor in the 
radicand is raised to an even power that is equal to the index of the radicand, 
when simplified, that variable expression must appear in absolute values. 


According to mathematical convention, a root with an even index must produce 
a positive number. This holds true for natural numbers as well. Whereas this can 
easily be ensured for natural numbers, absolute values are used to ensure that 
roots of variables are positive. 


Simplify the expression: ,/40x°y° . 


Express the coefficient as a product that includes a perfect square: 


40 = J/4-10 = 2? -10. Express x° using a perfect square by dividing its 
exponent by the index of the radical: 9 + 2 = 4 with remainder 1, so x* = (x*)? - 
x', Apply the same procedure to y*: 3 + 2 = 1 with remainder I, so y’ = (y')? + y! 


(40889? = 42 10-(x*F ox! oy 


Separate the radicand into two radicals, one that contains all of the perfect 
squares and another that contains the remaining factors. 


(40x°y? 


To vewvite 
x"? as something 
to the thiva power, 

you Aaivide I7 by %. It 
oes in S Hes evenly: 
(x5)? = x!®. You still have 
avemainder of 2, So 

multiply by x raised to 
the geval er power: 
(x5)? + x2 = x!" 


THUMB: Ika 
vadical has an 
even index, then 
simplifying it has 
to vesult in positive 
values. Even though 27 
and €2)* both equal 
4, A =2 1s covvect, 
anda /4 # -2. You 
Aont know if x is 
positive ov negative in 
Problem 13.10, so use 
absolute values to 
make suve that 
the answev's 
positive, 
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-2-@ GY Viowy 
= 2? (xt +9?» fOny 


Wondering 


why x* 
suddenly jumpea ; 
out of these Simplify the radical containing the perfect squares. Note that (x*) = [x*| and 


y= [| because x* and y are raised to an even power that matches the index of 


= 2|x*y| /1Oxy 
= 2x" |y| /1Oxy 


13.12 Simplify the expression: 4/405x’y"*z? . 


To simplify the coefficient, identify factors that are raised to the fourth power: 


405 = 81-5 = 1/3" +5. Divide the exponents of the variables by the index 
of the radical to express the variables as factors raised to the fourth power: 


7 +4=1 with remainder 3, so x’ = (x')*- x°; and 12 + 4 = 3, so y"” = (y*)*. The 
factor z’ cannot be rewritten because its power is less than the index. 


foresee? CY 
= alg x8 (99 )* - fx? 6@ 
fee -OY 6 RX 


= 3|xy" | V5x%23 


Absolute value bays? 
X IS VAISeA to an even 
Powey, so x* will always 
be Positive no matter 
what x equals, 
Howevey, y ts not 
VAISEA to ay even 
PowWey, So it has 
to stay inside 
the absolute 
values, 


the radical. 


Try Aividing 
405 by a few 

hatuval numbers 

vaisea to the fourth 
Power: 2* = [6,34 = Sl, 
4*= 256 s+= 625. of 
those, only 81 Aivides 
evenly: 405 + g) = 5 
so 3*-S=405. 


Put x ana 
y’ in absolute 

values because 
they've vaisea to 
even powers that 

match the index of 

the vadical. You cawt 
Avop those absolute 
value bavs because 
x! ana y* have oAA 
powers anda coula 
be negative, 
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Rational Exponents 
Fractional powers ave vadicals in Aisguise 


You caw use 
either formula 

to vewvite x”, 
Youll probably use 
ei (Wx) wove 
often because x* tends 
to be a lavge number 
that’s howa to 
simplify. 


13.13 Write x” as a radical expression. Assume that aand bare natural numbers. 


Rational exponents (that is, fractional exponents) indicate radical expressions. 
The denominator of the rational power (bin this problem) represents the 
index of the radical, and the numerator of the power represents either the 
exponential power of the radicand or the power to which the entire expression 


: : bb b of. \" 
is raised: x“/? =4/x* and x%’ = (4x) : 


13.14 Write 4°? as a radical expression and simplify it. 


According to Problem 13.13, xe = (e)". In this problem, x= 4, a= 3, and 
b=2. 


13.15 Write 250” as a radical expression and simplify it. 
According to Problem 13.13, x= (Vx)". In this problem, x= 250, a= 1, and 
b= 3. 
250'/ = (3/250) 
= ¥250 


Notice that 125 is a perfect cube and a factor of 250. 
= ¥125-2 
=V5°-2 
= 3 53 23 9 


=5-3/9 


13.16 Write 49 as an exponential expression with base 7. 


The radicand 49 is equal to 7”, so 8/49 = Shy . According to Problem 13.13, 
ofa =x’ In this problem, x= 7, a= 2, and b=5. 


iF =r" 
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\ 13.17 According to Problem 13.1, 9/64 =4. Verify the statement using rational 
6,e exponents. 
VAS 


Begin by writing 9/64 as an exponential expression with base 4. 
9/64 = */4? 


Rewrite the exponential expression using a rational exponent. 


Do this the 
Same way Problem 
IZ.1otumea VaF 


= 4o/3 
into any exponential _4) 
©xPression with 
base 7, res 


13.18 Write (12x°y?)!”? as a radical expression and simplify. 


: : ee , 1 
The entire quantity 12x*y? is raised to the rational exponent 2° so construct a 
radical expression with radicand 12x*y* and index 2. 


(12x°y° Ms = (/12x*5° ) 
= J12x*y? 


Simplify the radical expression by identifying perfect square factors. 


J12x°9? = [4-83-27 x+y" 
= 2|xy| V3x 


13.19 Write (9x)'/? yas a radical expression and simplify it. 


1 
Note that 9 and x are both raised to the 9 power. 


(9x)1/? yi = 91/2 xl? yi/4 
Rewrite the expression as a product of radical expressions. 
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To simplify dy? , divide the power of y by the index of the radical: 7 + 4 = 1 with 


remainder 3, so fy" = (y! y’ y= aly' aly? = Iyl- 4fy° . Substitute dy? =lyl-4fy? 


into the expression. 


= 3Vx ‘yl: {fy 
Group together the radicals of the expression. 


= 3lylWx «45° 


i 


13.20 Identify the value of x that makes the statement 16*4 = 8 true. ZS 
ce 


Rewrite the left side of the equation as a radical expression. In this case, 4 
(; 16) is preferred to V16" . 


Solving the 
“nonprefevved” 
way to write the 
vadical equation 

involves logavithws, 
which avew't covevea 
until Chapter 1%. The 
pvefevved version is 
easier because x 

iswt inside the 
vadical. 


The solution x answers the question, “Two raised to what power produces a 
value of 8?” The answer is x= 3. 


Radical Operations 
AAa, sutvact, multiply, and Aivide voots 


13.21 What condition must be met by radical expressions in order to calculate a sum 
or difference? 


“Indices” is 
Radical expressions can be added or subtracted only when they contain Just the pluval form 
“like radicals,” which means that the radicands and indices are equal. This of “index,” 


requirement is similar to the “like terms” requirement placed on polynomial 
addition and subtraction, wherein terms are required to have equivalent 
variable expressions before they can be combined. 


13.22 Simplify the expression: 2Vx —5Vx +14Vx . 


Youve 
allowea 
to ada these 
because they 
all contain the 
some vadical 
expression: vx. 


Combine the coefficients of the like radicals to compute the sum: 
2-5+14=11. 


2x — 5x +140 x =11Vx 
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13.23 Simplify the expression: 9/2 +5V8. 
The radicals cannot be added because the radicands are not equal. However, 


5V/8 can be simplified. 

9/2 + 5/8 = 9/2 +5/4-2 
=9/2+5-J4-/2 
= 9/2 +5(2)J/2 

= 9/2 +10V2 


The expression now consists of like radicals. Calculate the sum. 


=19,/2 


13.24 Simplify the expression: 40 —¥/135 . 


You can 
subtvact 
the coefficients 
pecause the vad 
cals match: 2-3 = -l. 


The cube roots contain factors that are perfect cubes; simplify both. 


{40 — 3/135 = 3/8 -5 — 397-5 
= 8 - 5 - 3/27 -¥/5 


Instead of writing a 
coefficient of -1, just Sie leie 
=-¥5 


use the negative 
sign by itself. 


13.25 Simplify the expression: V3 (J2x - 39). 


Apply the distributive property. 
V3 (V2x - 39) = (V3)(J/2x) + (V3)(—/3y) 


Problem 
I3.S said you 
COUNA split a 
proAuct side 
one vadical into 


The product of two roots with the same index is equal to the root of the 


product: Ja-Vb =Vab. 


V3+2x —/3°3y 


sepavate vadicails. 
This problem tells you 
it works backwawA = V6x — /9y 
as well, two vadicals Se 
that ave multiplica Simplify the expression. 
sJea-We a 


can be merged into 
one big vadical 
as long as they 
have the same 
index. 


= 6x — 3,/y 
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13.26 Simplify the expression: (5 — 9x ii ; 
Express the squared quantity as a product. 
(5-9Vx) =(5—9Vx)(5-9Vx) 
Calculate the product using the technique described in Problem 11.19. 


= 5(5)+5(—9Wx) — 9Vx (5) — 9Vx (-9Vx) 
= 25 — 45x —45Vx + 81V x? 


Combine like radicals. 


If you Aowt 
Undevstana why 
You need arsolute 
values, look at 
Problem 13.10, 


= 25 —90Vx + 81Vx? 


Recall that Vx? =|x|. 


= 25 —90Vx + 81|x| 


13.27 Simplify the expression: Vx (6Vx - 5/9) +/9 (2Vx + 79) 
Apply the distributive property. 
Vx (6Vx —5aly) + /y (QV x + 74/9) = Vx (60x) + Vx (-5,/y) + yy (20) + 9 (79) 
= 6Vx? +(—5 xy + 2Juy) + 7/9? 


Combine like radicals and simplify. 


=6Vx? -3 xy + 74/92 


= 6|x|-3 xy +7) 


When some- 
thing vaised toa 
power (like x!” ov y*) 
is vaiseda to a power 
(like 2), multiply the 
powers togethey. 


13.28 Simplify the expression (3x'/?y*/ ai -(4x°y?) and express it using radical 
notation. 


According to a property of exponents, (x*)’ = x”. 


(Bx1/2 3/4) ‘ (4x° 5°) = s AN lass) 


= (9x1 y°/4 )(4x°y° ) 
= (9xy?/* )(4x°y? ) 


Calculate the product. 
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2 (9 7 4)(x! . x \(y°/? , y’) 
= 36x! y8/22 


= 36x4 y8/244/) 


= 36x*y’/? 
Write y’”? as a radical expression and simplify. 
= 36x" fy” 


= 36x" (9°) -y! 


=36s' (9°) yb 


= 36x" "|p 


13.29 Calculate the quotient ,/10x’y’ +./2x*y° . 


Express the quotient as a fraction. 


. In other Wovds, 

ustead of havin 3 

_ Sepavate vadicals 

tn the numerator and 

Aenowinatoy, put the 

entive fraction under 
One vardicall, 


The quotient of two roots with the same index is equal to the root of the 
quotient. 
10x*y” =, (IOS aes 
9x! ad 9 x y 
D, 
= [5x 79? 


Eliminate the negative exponent by moving x? into the denominator. 


Simplify the expression. 
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7 
13.30 Rationalize the expression: = F 


A rationalized expression does not contain a root in the denominator of the 
fraction. Rewrite the square root of this quotient as a quotient of square roots. 


Anything 
7x _ Vix divided by 
5 65 itself equals | 
(including VS 
To eliminate J5 in the denominator, multiply the numerator and denominator 


AiviAed by itsel), 
AnA multiplying by 
| Acesw't change 
the fractions 
value, 


by V5. 


Vix V3 J35x _ 35x 
vb V5 25) OS 


The square root V5 is eliminated by replacing it with the perfect square 25. 
Bra) 


Bee tenes) ee 
13.31 Simplify the expression Bar and rationalize the answer. 
8{ 3x 


This fraction 
the coefficients in 
the humevatoy na 


Write the quotient of cube roots as the cube root of a quotient and simplify the 
fraction. 


3 A i 

NET pe 1 aye - Sui oe 
=413 plicit 

3x" V3 top, peace 


——— So theve’s an implica 
afl coefficient of [i 


3] -2 
\3° 


The Aenow- 
natov stavts 
as Sy’. Multiplying 
this by two move 
3s, anA one move y 
gives you $*y*, The goal 
is to vaise everything 
inside the vadical toa 
power that matches 
the index of the 
vadicall, in this 
case %. 


To rationalize the expression, the cube root in the denominator must be 
eliminated. To accomplish this, multiply the numerator and denominator of 


the fraction by 3/3’ y. 
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Solving Radical Equations 
Use exponents to cancel out vadicals 


13.32 Solve the equation /x+2=6 for x. 


To solve for x, you must eliminate the square root from the equation. To 
eliminate a root with index 2, raise both sides of the equation to the second 


power. 


2 9 
(Vx+2) =(6) 
x+2= 36 

Squaring a square root, cubing a cube root, or more generally raising an nth 
root to the n power will eliminate the radical symbol, leaving only the radicand. 
Solve for x by subtracting 2 from both sides of the equation. 

x= 36-2 

x = 34 


Dont square 
both sides of the 
equation to get vid 
of the square vook 

until you've got the 
vadical alll by itself 
On One Side of the 

equal sign. 


13.33 Solve the equation /2x +11—1=2 for x. 


Isolate the radical expression by adding 1 to both sides of the equation. 


V2x+11=2+1 
V¥2x+11=3 


Eliminate the square root by squaring both sides of the equation. 


(J2x+11) =(3)° 


2x+11=9 
2x =9-11 
2x =-2 
2x _ —2 
ae a 
x=—-] 


13.34 Solve the equation 6-¥/x-—4+7=—5 for xand verify your answer. 


Isolate the radical expression x —4 left of the equal sign. 


6-Vx—-4=-5-7 

6-Yx—4=-12 

6-¥x-4 12 
6 6 
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Eliminate the radical expression and solve for x. 


(/e—4) =(-2)° 


The index of 
the vadical is 3, 


x-4=-8 SO vaise both sides 
x=—-8+4 to the thiva power. 
aa Dowt forget to cube 


the number on the 
vight side of the 
equation, 


To verify the answer, substitute x = —4 into the original equation. The result 
should be a true statement. 


6-Yx—44+7=-5 
6:-V-4-44+7=-5 
6-Y-8+7=-5 
6(-2)+7=-5 


—-12+7=-5 True 


13.35 Solve the equation 2V13—x +6=10 for x. 


Isolate the radical expression left of the equal sign. 


9/13 —x =10—6 
2J13—x =4 
2/13—x _ 4 

2 9 
J13—x =2 


Eliminate the square root by squaring both sides of the equation. 


(13=3)' 2 
13-x=4 
13-4=x 

9=x 


13.36 Solve the equation for x: Vx +3 —VJ2x+5=0. ee 
() 


Add ¥2x+5 to both sides of the equation to separate the radical expressions. wi ERS 


Vxt+3=04+J2x+5 
Vxt+3 = J2x4+5 


If you squavea 
both sides without moving one 
of the vadicals, your get 


(x +3) -2y (x +3)(2K +5) + (2x +9), 


Eliminate the square roots by squaring both sides of the equation. 


(Vx+ 3) = (J2x+5) 


x+3=2x+5 which is not neavly as easy 
3—5=9x—x to Aeal with. 
—-2=x 
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Complex Numbers 
Numbers that contain t which equals v=1 


13.37 Simplify the expression: V—49. 


Write —49 as the product of —-1 and a perfect square. 


J—49 = |(-1)(7) 


~J71-VF 


You caw'+ 
take the squave 
voot of a negative, 
because nothing 


Radical expressions with an even index that contain negative radicands 
represent imaginary numbers; they are defined using the value 1=vV-1. 


times itself equals a mea 

negative number, That a a 

WEoms negative saquave ? 
=71 


voots (and fourth voots, 
sixth voots,,..all even 
voots) ave imaginary 
numbers, 


13.38 Simplify the expression: /—128 . 


Identify the largest factor of -128 that is a perfect square to simplify the radical 


expression. 


VJ=128 = y(-1)(64)@) 
= (-1)(8")(2) 
= BF 8 
Substitute i=/—1 into the expression and simplify. 
=i-V8? -/2 
=i-8-/2 
= 8i/2 


13.39 Simplify the expression: 71°. 


If i= J-1, then ? = (J=1) =—1. Express 7} as a product of 7? factors. 


How can 
v=-|? 


Usually, it’s 
impossible to 
squave something 
ana ger a 
negative value. 
However, Lis an 
Maginavy number, 
so it’s not governed 
by the same 
vules veal 
numbers 
ave. 


Ma P- P a i Se See) 


(B= -1) -1)(-1) -1) -1)(-1)() 


+13 ‘ 
t=) 


Theve ave 

Six -l’s heve, 1 hat’s 

three pativs of €1)1); 

Seas D-(-I)(-1) 
, | | 


1 =1 


Umongous Book of Algebva Pvolblems 


Chapter Thirteen — Radical Expressions and Equations 


Note: Problems 13.40-13.42 refer to complex numbers a = 2 — 31 and b = —4 + 51. 


13.40 Calculate a+ b, the sum of the complex numbers, and a- 6, the difference of 
the complex numbers. 


Adding and subtracting complex numbers is very similar to adding and 
subtracting polynomials—combine like terms. 


at+b=(2—3i)+(—4+ 52) 
=[2+(—4)]+[-37 +51] 
=-2+2i 

To calculate a— b, multiply by -1. 


a—b=(2-—3i)-1(-—4+51) 
= 2—3i-1(—4)-1(5) 


=2-—31+4-51 
=(24+4)+(-3i—-5i) 
=6-8 


Note: Problems 13.40-13.42 refer to complex numbers a = 2 — 31 and b = —4 + 51. 
13.41 Calculate a: b. 


Multiply complex numbers the same way you would multiply two binomials. 


(2—3i)(—4 + 51) = 2(—4) + 2(5i) — 31(—4) — 31(52) 
=—8+(10i+12i) —15i” 
=—8 +22) —15i° 


If youve not 
suve how to multiply 
binomials, look at 
Problem 1.19, 


According to Problem 13.39, i” =—1. Substitute that value into the expression. 


=—-8+ 229i -15(—1) 
=—8+221+15 
=(—84+15)+ 221 
=7+221 
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Note: Problems 13.40-13.42 refer to complex numbers a = 2 — 31 and b = —4 + 51. 


The conjugate 
of -44+ Siis-4- 5. 
All you do is change 
the middle Sign to 
itS opposite and leave 
everything else alone, 
Heve’s the benefit: a 
complex number times 
itS Conjugate always 
ProAuces a veal 
number with no vs 
im th 


13.42 Calculate a+ b. 


Express the quotient as a fraction. 


Multiply the numerator and denominator of the fraction by the conjugate of the 


denominator. 


2-31 -4-5i (2—3i)(-4-5i) 
—44+5i —4-5i (—4+5i)(—4—52) 


Calculate the products in the numerator and denominator. 


2(—4) + 2(—5i) — 3i(—4) — 3i(—5i) 
—4(—4)—4(—5i) + 5i(—4) + 5i(—5i) 
_ —8+(—101 +121) +157" 

~ 16 +(20i— 201) — 257? 

_ 8+ 214157 

16-257" 


Substitute 7? =-1 into the expression and simplify. 


_ -8+2i+15(-1) 
~  16—25(-1) 
_ 8+ 2i-15 
16425 

_ (—8-15) + 2% 
7 41 
234-2 

~ 4d 


Each 
tevm in the 
wumevator 
becomes its own 
fvaction. Both of 
the new fractions 
have the same 
Aenominatov 
as the big 
Lvaction 


Complex numbers are usually expressed in the form c+ di, so rewrite the 
expression as a sum of two fractions with denominator 9. 
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13.43 Calculate the product: (10 + 2)(6— 7). 


Apply the technique described in Problem 13.41. 


(10 +2)(6—1) =10(6) +10(—7) +2(6) +2(-z) 
= 60 + (—10i1+ 61) -7” 
=60-4i-7° 
= 60 - 4i —(-1) 
= (60+1)—4:i 
=61-4: 


84+ 52 
13.44 Calculate the quotient: 1 - ; 
—21 


Multiply the numerator and denominator by the conjugate of 1 - 22. 


8+5i 142i  (8+51)(14+ 22) 

1-2) 142) (1—-2i)(1+ 21) 
_ 8(1) + 8(22) + 5i(1) + 52 (22) 
~ 1(1)+1(2) — 24(1) — 242%) 
_ 8+(16i+5i) +103" 
~ 14+(2i-21)— 472 
_ 84211 +107" 
eS eae 


Substitute i? = —1 into the expression. 


_ 8+21i+10(-1) 
Teal 4) 

_ 8+21i-10 

ae eo 

_ (8-10)+21i 
7 5 

_ -2421i 
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QUADRATIC EQUATIONS AND INEQUALITIES 
Solve equations containing x? 


The techniques used to solve linear equations presented in Chapter 4 

are significantly different than those used to solve quadratic equations. 
Whereas the primary means by which linear equations are solved still ap- 
ply (that is, it is still permissible to add or subtract the same quantity from 
both sides of an equation), quadratic equations require you to factor, com- 
plete the square, or apply the quadratic formula in order to isolate x and 
solve the equation. This chapter also discusses techniques used to solve and 


graph quadratic inequalities. 


Chaptev 4 explains how to solve lineav equations—equations like 

x+ 34 = 12, wheve the highest power of the vavialle is |. Chaptev 7 
explains how to solve and graph lineav Mequallities, hinge like : +4>|2 
This chapter ups the ante and explains how to solve quadvatic equati 5 
ANA inequalities, which contain a vavialle vaisea to the second as “ 
Quadvatic equations have UP To twe Aiffevent veal number es = 
and something callea the Aiscviminant helps you figure out exact i 
many theve ave without calculating them. You can use one of th i." 
methods to solve a quadvatic equation: factoving, completing th ie 

and the quadvatic formula, Factoving is probably, the eae sie “ ” 
nae ss a hs can actually factor the polynomial, The Sines 
—- ne ae eting the squave always work but they ave a litte 


Finally, this chapter explains how to selve inequalities containin 9 x2. You 
ne igs something callea “cvitical numbers,’ and they've explained as 
well. You'll need them again in Chapter 21 to solve vational inequalities 
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Solving Quadratics by Factoring 
Use techniques from Chapter |2 to solve equations 


You caw’ 
multiply two 
numbers and 

get zevo unless one 
(ov both) of these 
numbers is 0. That’s a 
Propevty that is unique 
to 0. For example, if 
xy = 4, then theve’s 
Wo Quavantee that 
either x=4Loyr 

y = 4. You coula set 
x=2oandAy=2, ov 
maybe x = ¥ and 
Y= OS, 


14.1 Solve the equation: xy = 0. 


According to the zero product property, a product can only equal 0 if at least 
one of the factors (in this case either x or y) equals 0. Therefore, xy = 0 if and 
only if x= 0 or y=0. 


Solve the equation: x(x - 3) = 0. 


The product of x and (x- 3) is equal to 0. According to the zero product 
property (explained in Problem 14.1), one (or both) of the factors must equal 0. 


x=0 or x-3=0 


Solve x - 3 = 0 by adding 3 to both sides of the equation. 


x=0 or x=3 


The solution to the equation x(x- 3) =0 is x=0 or x= 3. 


Theve 
ave two 
possible 
solutions to | 
the equation. 
Use the wova 
“ov” to sepavate 
them because 


14.3 Solve the equation: (x + 2)(2x-9) =0. 


According to the zero product property, the product left of the equal sign only 
equals 0 if either (x + 2) or (2x-9) equals 0. Set both factors equal to 0 and 
solve the equations. 


plugging either x+2=0 fae 
x=0ORx=% into -_9 or 2x =9 
the equation proAuces ee 
a true statement. 2 


Mathematically, 

saying “x = 0 AND 

x =%3” meous x has to 
equal both of these 
things at the same 
time, and that 
Aoeswt make 
sense. 


9 
The solution to the equation (x + 2)(2x-9) =0 is x=-2 or x= 9 F 


Note: Problems 14.4-14.5 demonstrate two different ways to solve the equation x’ = 16. 


14.4 Solve the equation using square roots. 


Problems 13.32-13.36 demonstrate that squaring both sides of an equation that 
contains a square root eliminates the root. Conversely, taking the square root 
of both sides of an equation containing a perfect square eliminates the perfect 
square. 


Back in Chapter 
both sides AFTER 
YOot on one side of 
only SQquave voot be 
Squave is isolatea 


13, you only squavea 
You isolated the Squave 
the equal sign, Similowly, 
th sides when the perfect 
On One Side of the equal sign 
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Note: Problems 14.4-14.5 demonstrate two different ways to solve the equation x’ = 16. 


14.5 


14.6 


Notice the “+” sign. Whenever you take the root of both sides of an equation 
and the index of that root is even, you must introduce the + sign on one side of 
the equation, usually the side not containing the variable. 


You have 

to include + oy 
youll exclude valid 
Auswers. 4 is not the 
only squavea numbey 
that equals |<. -4 
works, too, 


The solution to the equation is x = —4 or x= 4. 


Solve the equation by factoring. 


To apply the zero product property (the principle used to solve the equations 
in Problems 14.1-14.3), one side of the equation must equal 0. Change the right 
side of the equation to 0 by subtracting 16 from both sides. 


See Problems 
12.26-|2.30 to 
practice factoring the 
Aiffevence of pevPect 
squawes. 


x =16 
x? -16=0 


Factor the left side of the equation, a difference of perfect squares. 


(x+4)(x—4) =0 


Apply the zero product property by setting each factor equal to 0 and solving 
the resulting equations. 


x+4=0 x-4=0 
x=—4 °° x=4 the fivst 
step to solving 
This solution echoes the solution generated by Problem 14.4: x =—4 or x= 4. a quadvatic by 


Lactoving is to make 
suve one side of the 
equation (usually the 
vight side) equals 0. 
That way, after you 
Ractov, you can use the 
zevo proAuct property 
to set the factovs 
equal to 0. 


Solve the equation: x? — 11x + 28 = 0. 


The right side of the equation equals 0, so factor the quadratic trinomial. 
Because the leading coefficient of x? — 11x + 28 is 1, use the techniques 
described in Problems 12.35-12.41. 


x” —11x+28=0 
(x-4)(x-7)=0 


Apply the zero product property and solve the equations that result. 


x-4=0 x-7=0 
x=4 ke x= 


the coefficient 
of x’ is |, so to 
factoy, you'll need to 
Find two numbers thet 
AAA up to -l1 and 
multiply to give you 
+28. The numbers 
ave -4 awa -7. 


The solution to the equation is x= 4 or x= 7. 
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14.7 Solve the equation: x° = —7x + 78. 


the coefficient 
of x’ is |, so you 
need two numbers 
with a sum of 7 and 
a product of -78. The 
proAuct’s negative, so 
the signs ave Aifferent. 
The sum is positive, so the 
positive number is biggev. 
try §- 1,9-2,10-%,... 
until you veach 
I$ -6 = 7, because 
I3C6) = -78. 


To solve a quadratic equation by factoring, only 0 should appear right of the 
equal sign. Add 7x to, and subtract 78 from, both sides of the equation. 


x? =—7x +78 
x +7x—78=0 


Factor the quadratic trinomial. 


(x + 13)(x-6) =0 


Apply the zero product property. 


x+13=0 x-6= 
x=-13 ve x=6 


The solution to the equation is x =-13 or x= 6. 


14.8 Solve the equation: 10x? + 13x- 3 = 0. 


Factor the quadratic trinomial by decomposition, as illustrated by Problems 
12.42-12.44. 


10x? +13x -3=0 

10x? +(15-2)x-3=0 
10x? +15x —2x —3=0 
5x (2x +3)—-1(2x+3)=0 
(2x + 3)(5x —1) =0 


Use Aecomposition 
because the Cco- 
efficient of x iswt | 
You've looking Lov ty me 
humbevs that h nue 
A SUM of +13 and a 
ProAuct of -30. The 
wWwbers ave [Sick 


Apply the zero product property to solve the equation. 


: Qx+3=0 5x—-1=0 
9x=-3 or 5x =1 
3 1 
x= x= 
2 5 
‘ eee 1 
The solution to the equation is x = “5 or x =5: 


14.9 Solve the equation: 36x? + 12x+ 1=0. 


Factor the quadratic trinomial by decomposition. 


36x° +12x+1=0 

36x" +(6+6)x+1=0 
36x” + 6x + 6x +1=0 

6x (6x +1)+1(6x +1) =0 
(6x + 1)(6x +1)=0 
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Apply the zero product property. 


Theve’s 


6x+1=0 only one 
6x =—-1 equation 
1 (ustead of two 
ae? sepavatead by the 
1 wova “ov”) because 
The solution to the equation is the double root x = a poth factors ave 


equal. Theve’s no 

need to solve the 
Same equation 
twice. 


14.10 Solve the equation: 12y° + 324 = 0. 


The terms 12y* and 324 share a greatest common factor: 12. Factor it out of the 


sum. 
12(y3 +27) =0 X Va 


Apply the zero product property. 6,@ 


wy 
12=0 or 9°+27=0 i ‘9 


Discard the left equation, as 12 #0. 


It’s callea 
a “Aouble voot” 
because you get this 
auswev TWICE in the 
Same problem, as the 
factor (6x + |) is 


y +27=0 vepeated, 
y =-27 
$y? = Y-27 
yas 


It’s okay to 
take the voot of a 
negative number whey 
the nAex of the voot 
\S OAA: (-3)-3)-3) = -27 
Negative voots with an , 
even index, howevey, 


ave t 7 
e maginavy numbers. 


The solution to the equation is y= —3. 


14.11 Solve the equation: 6x° — 3x? - 4x =-2. 


Add 2 to both sides of the equation and factor by grouping. 


6x? — 3x? —4x +2=0 
3x" (2x —1)-—2(2x -1)=0 


(2x —1)(3x? —2) =0 or (ie 


Apply the zero product property to solve the equation. \; To veview factoving 


by grouping, look at 


3x° -2=0 Problems 12.20-|2.25. 
3x7 = 
2x -1=0 7 5 
2x = or x= 
3 
1 
9 eae |* 
3 
2 
x=t,/— 
3 
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Rationalize 2/2 by multiplying the numerator and denominator by V3 : 


The equation 
is allowed to 

have up to three 

veal number solutions 
because the highest 
Power of x in the 
ovigihal equation 
was 3, 


ie Vv2__ v2 v3_ V6 _ V6 
+,J= =t-2=4+-2-Za=t =+ 
Ja a oe ae Oe 
6 6 
The solution to the equation is x = 9° x a = : 


Completing the Square 
Make a tvinomial into a perfect squave 


14.12 Given the quadratic expression x? — 8x + n, identify the value of n that makes 
the trinomial a perfect square and verify your answer. 


Divide the coefficient of x by 2. 


x - &x+ 6 
: -8+2=-4 
is a perfect 
squawe because it’s Square the quotient. 
equal to some quantity (-4)2 = 16 


multiplied times itself: 
(x - 4)(x - 4). It’s the 
same logic that makes 
25 a perfect squave: 
$-S=25, 


Substituting » = 16 into the expression creates the perfect square x” — 8x + 16. To 
verify that the quadratic is a perfect square, factor it. 


x? — 8x+ 16 = (x— 4)(x— 4) = (x-4)? 


14.13 Given the expression x? — 3x + b, identify the value of b that makes the 


trinomial a perfect square. 


Apply the technique outlined in Problem 14.12: divide the coefficient of x by 2 


This trick only 
works if you have 
an xterm with a 
coefficient of | 

ANA an x-tevm, 


1 
(that is, multiply it by 9) and square the result. 


14.14 Solve the equation by completing the square: x? — 6x = 0. 


Convert the quadratic binomial x? - 6x into a perfect square quadratic trinomial 
by dividing the coefficient of x by 2 (-6 + 2 = —3) and squaring the result 
([-3]? = 9). 

x°-6x+9=04+9 


Notice that you cannot add 9 only to the left side of the equation. Any real 
number added to one side of the equation must be added to the other side 


as well. 
x -6x+9=9 
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14.15 


Factor the left side of the equation. 
(x-3)?=9 


Heve’s 
a tp: When 
you facto 
the tvinowial, 
youll always get 
(x + something)’. 
That “something” is 
half of the oviginal 
x-coef-ficient, the 
wumbev you 


Solve for x by taking the square root of both sides of the equation. Remember 
that this operation requires you to include “+t” immediately right of the equal 


sign. 
V(x- 3) = +/9 


x—-3=43 


Solve both equations that result. 


x—-3=-3 squavea to get 4 
x=-3+3 or x=34+3 a few steps 
gent 6 ago. 


The solution to the equation is x= 0 or x= 6. 


The equation 
x- 3 = t3 
vepvesents two 

dit fevent equations: 
K-3=43 ov 
x-3= -3, 


Solve by completing the square: x* + 2x- 7 =0. 


Move the constant to the right side of the equation by adding 7 to both sides. 
x + 2x= 7 


Divide the coefficient of x by 2 and square the result: (2 + 2)? = 1?= 1. Add 1 to 
both sides of the equation. 


x +I9x+1=74+1 


This leaves 


x? +2x+1=8 an x’-tevm 
anda an x-tevm 
Factor the perfect square. on the left side of 
(x+1)2=8 the equation, so you 


cam come up with a 
constant to make 
a perfect squave 
Vike in Problems 
14.12-14.14. 


Solve for x by taking the square root of both sides of the equation. 


V(x +1)? =+V8 


xt1=+2/2 


Solve for x by subtracting 1 from both sides of the equation. 
x=—1+2J2 


The solution to the equation is x =—1— 2/2 or x=—-142V2. 
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\ 14.16 Solve by completing the square: x? — 5x +1=0. 
6e 
VAC 


Move the constant to the right side of the equation by subtracting 1 from both 


sides. 
x -5x=-l 
, 5\’ 25 
Square half of the x-coefficient: (-5 +2) =|-——] =—; add the result to both 
sides of the equation. 2 3 
5 5 
x? — 5x + ae =-1 ae 
4 
5 4 25 
a ieee ee 
4 4 4 
5 1 
x” — 5x + 2 = ah 
4 4 


Dont forget 
the factoving 
tvick: this number 
is always half of 
the oviginal x- 
coefficient. 


Solve the equation for x. 


5 21 
KH SS a 
iene 7 
5 21 
x- = =+-—— 


You com 
aaa these 
fractions because 

they have the same 
Aenominatov. 
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14.17 According to Problem 14.7, the solution to the equation x? = —7x + 78 is x= -13 
or x= 6. Verify the solution by completing the square. 


Add 7x to both sides of the equation. 
x? + 7x = 78 


Divide the x-coefficient by 2 and square the result: (7 +2)” -( 
49 
Add a to both sides of the equation. 


; 49 49 
x? + 7x +— = 78 +— 
4 4 
, 49 78-4 49 
x + 7x +— =—_+— 
4 14 4 
: 49 312449 
x +-7x + — = 
4 4 
49 361 
x? + 7x +$— =— 
4 4 


Factor the left side of the equation and take the square root of both sides. 361 is 
hot an obvious 
Perfect Squave, 
pn Aout kick yoursele 
if you Panickea when 


ea ee 361 0 h . 
To} V4 VOW NAA Fo simplify this 
vadicol, 
rele resid, 
V4 
V19° 
a5 = age 
19 
x+-=t— 
2 


7 19 
x=—--+— 
2 2 
—7+19 
x= 
2 
—74+19 —7-19 
x= or x= 
2 2 
12 —26 
x=— or x =—— 
2 2 
x=6 or x=-13 


Completing the square verifies that the solution to the equation is x = —13 or 
x= 6. 
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14.18 Solve by completing the square: 2x? - 20x + 4 =0. 


You com 
Aivide all 
the terms of an 
equation by any 
nonzevoe veal number 
(Aividing by Zevo is an 
algebraic no-no), ana 
it won't change the 
solution to the 
equation, 


To apply the technique described in Problems 14.12-14.17, the coefficient of x” 
must be 1. Divide every term in the equation by 2 so that the coefficient of x? is 1 


Complete the square. 


x” —10x +25 =—-2425 
x? —10x +25 = 23 


Half of 2 

_ the x-coePicient Ge 2 = 8 
iselQ- Qiang: V(x—5) = +23 
x-5= +,/93 


Squave that: 

CS)? = +25, faa 2s 
to both sides of the 
equation. 


Take half of the 
coefficient: 


NI- 
| 
2 
s 
2 
(ay) 


3 


that: | 
( J —26 
x+—| =+,/—— 
3 9 
pails: Anes 
V9 
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Recall that i= V-1. 


xto-=t 
3 
3 
1 iV26 
The solutions to the equation are complex numbers: x = ae wee 
1 ig 1/26 


3 3 


This is 
the quadratic 
formula. Make 
Suve to memovize 
it If the equation is 
equal to 0, then ais 
the coefficient of x2, 
is the coefficient of x, 
and cis the constant. 
Make suve that one 
Side of the equation 
equals 0 befove you 
use the formula! 


Quadratic Formula 


Use an equations coefficients to calculate the solution 


14.20 According to the quadratic formula, what are the solutions to the equation 
ax? + bx + c=0, assuming a# 0? 


To solve the equation ax* + bx + c= 0 using the quadratic formula, substitute the 
coefficients a, b, and cinto the formula below. 


—b+Vb" —4ac 


2a 


x= 


14.21 Solve using the quadratic formula: x? — 5x- 14 =0. 


Substitute a= 1, b=—-5, and c= -14 into the quadratic formula. 


= —b+~b° —4ac 


IP x? ov 


uy 
v x Aoesu't have a 


2a ; coefficient written 
_=(-5)# (57 -4( (E14) ee an oF it, the 
x= 9(1) coefficient is |. 
5+J254+56 
x = 
2 
5+/81 
x= 
2 
5+9 
yo 
2 
F sho 5+9 DQ ee ne : 
The solution to the equation is x = —— or x =——. Simplify the rational 
expressions. a 
5+9 5-9 
x= or x =—— 
2 2 
14 —4 
x=— or x=— 
2 
x=7 or x=—2 


The solution to the equation x? - 5x- 14=0 is x=-2 or x=7. 
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14.22 Solve using the quadratic formula: 2x? — 7x + 3 = 0. 


Substitute a= 2, b=—-7, and c= 3 into the quadratic formula. 


ni —b+Vb? —4ac 


x= 
2a 
_ -(=7)+\(-7)° - 4(2)() 
2(2) 
7+J49—24 
x SS 
4 
7+ J25 
x= 
4 
745 
pp 
4 
74+5 -5 
x=— or x=— 
4 4 
12 2 
x=— or x=— 
4 4 
1 
x=3 or x=— 
2 


The solution to the equation is x = 9 or x= 3. 


14.23 Solve using the quadratic formula: —5x? + x+ 8 =0 


Substitute a=—5, b= 1, and c= 8 into the quadratic formula. 


o —b+Vb° —4ac 


x = 
2a 
—(1)+/1? —4(-5)(8 
You cawt — (1) (—5)(8) 
simplify this 2(—5) 
vadical. The pe —l1++v1+160 
only factors of 16| —10 
(besides the obvious _—1+Vvi6l 
factors | and |¢|) ~~ 40 
ave 7 and 23, and iste = [aie 
neither of those Ba aay Rags: 


ave perfect 
squaves. 
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1-161 1+ 161 
= OF XS ae 


10 10 


The solution is x = 


14.24 Solve using the quadratic formula: x? + 2 = -8x. 


To apply the quadratic formula, one side of the equation must equal 0. Add 8x 
to both sides of the equation. 
x2 + 8x+2=0 


Substitute a= 1, b= 8, and c= 2 into the quadratic formula. 


= —b+Vb° —4ac 


x 


2a 
7 —(8)+,/8 —4(1)(2) 
ss 2(1) 
_ -8+/64-8 
ae 2 
_ —8+ /56 
9 
_-8+ 74-14 
9 
ae —8+2J14 

2 


Reduce the fraction to lowest terms. 


_ AAs) 
eee = 
x=—44 14 


To get 
these Answers, factor 


-| out of the wuMmevators and 


The solution is x =—4—14 or x=—-44V14. A ‘ 
enominators 


anes ANA cancel 6 ba [es 
el slevi 
—lo 
- Zl+vei) A(\- Wat) 
al ae rag 
| 


i) 
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If you 
have trouble 
factoving, use the 

quadvatic formula 
to solve quadvatic 
equations. As this 

problem Aewmoustvates, 
youll get the same 
answer either 
wor. 


14.25 According to Problem 14.8, the solution to the equation 10x? + 13x—- 3 = 0 is 


3 1 
x= aS or x =~. Verify the solution using the quadratic formula. 


Substitute a= 10, b= 13, and c=-3 into the quadratic formula. 


—b+Vb° —4ac 


x= 


2a 
= (13) + /(13)' —40)(-3) 
x= 
2(10) 
—13+ ¥169 +120 
x= 
20 
—13+4 ¥289 
<<< 
20 
—13+17 
x = —_—— 
20 
-13+17 —13-17 
x=——— or x=—— 
20 20 
4 —30 
x= or x=—— 
20 20 
1 3 
x= = or x=-— 
5 2 
: : : 1 
The quadratic formula verifies the solution: Way Ona 


14.26 According to Problem 14.19, the solution to the equation 3x* + 2x + 9 = 0 is 


eit . Verify the solution using the quadratic 


3 


3 
formula. 


1 iV¥26 1 iv26 
or 
3 3 


Substitute a= 3, b= 2, and c= 9 into the quadratic formula. 


2 —b+Vb° —4ac 


x 


2a 
_ —(2)+ 42? — 4(3)(9) 
a 2(3) 
-2+/4-108 
= 6 
Ae —2+J-104 
6 
_ 2+ J-1-4-26 
= 6 
ge Tati: 26 
6 
of ~9+9;/96 
6 
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Reduce the fraction to lowest terms. 


x= 23 
—1+i/26 
x= 
3 
—1-if26 —14+i/26 
= ———_. or Xx = —— 
3 3 
1 iV26 1 iV26 
x= or x=-[t+ 
ane 8 a 


The quadratic formula verifies the solution generated by completing the square: 


1 iV26 __1, iv26 


3 3 3 3 


14.27 Generate the quadratic formula by completing the square to solve the 
equation ax® + bx + c= 0, assuming a> 0. de 


To complete the square, the coefficient of x? must be 1. Divide each term 
of the equation by a. 
You can 


2, Oo c 
x +-xt-= make the 
a a a a 2 
b c eiisie: any 
+ox+—= Yadvati : 
ees a WaAAvatic equation 


Positive, so this isa 
Pretty veasonable 
assumption. If the 
x’-coeP ficient is 
negative, just 
Aivide all of the 
tevms by -]. 


6) Awidea by any 
NONZEVO HUMber 


aA 
Even though c an Seiya. 


a lock like vavialles, 
they've coustamts. 
the coefficients of a 
quadratic equation (a, 
b, and d Aowt suddenly 
change in the middle of 
a problem—you Aon't know 
what those coefficients 
ave, SO YOU Use A, », 
ana c to vepvesent 
them. 
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This value 
(halt of the x- 
coefficient) goes 
inside the factovea 
fovm of the perfect 


1 1b By cab 
Multiply the x-coefficient by — and square the result: | —-— S| Se 
,2 2 2a 2a 4a 
Add 4a? to both sides of the equation. 

a 


b b° es 


squave. 4a” a 4a 
ey _  ¢:4a b° 


4a? a‘4a 4a 
BP 4ac BP 


4a 7 4a 4a 


= —4act+b? 
4a’ 4a’ 
L b? —4ac 


4a’ 


| b } b? —4ac 
xt—!] = 3 
2a 4a 
( b ) b? —4ac 
x+ =+ , 
2a 4a 
b b” —4ac 
+—=t 
2a ha? 
b b° — 4ac 
x+ =H 
2a 2\al 


The problem states that a> 0, so the absolute value bars may be omitted: |a|=a. 


b Vb? —4ac 


xt+ = 


2a 2a 
Oi Nae 
2a 2a 
es —b+Vb° —4ac 
2a 
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14.28 Solve the equation for x: V4x-—1= Jx+2-3. i (2 
: a mE Ce 
Square both sides of the equation in an attempt to eliminate the radical oad ( 4 
expressions. \ 


(J4x—1) =(Vvx+2-3) 
4x —1-V4x—1=(Vx+2-3)(Vx+2-3) 


(4x1) =(Je+2) —3Vx+2-3/xt+249 


(Ve+2 -3) 


Aces NoT equal 


2 
4x —l=x+2—-6Vx4+24+9 (W*2) =" Weeties 
ol 
4x —1=x—6Vx+2+(24+9) L methoa to multiply 


4x —1l=x—6Vx+24+11 (Ve¥2 ~3) (erg —3) 


Isolate the radical expression right of the equal sign by subtracting x and 11 
from both sides of the equation. 


(4x — x) -1-11=-6V/x+2 
3x -12=—-6Vx+2 


Square both sides of the equation to eliminate the radical expression. 


(3x -12)° = (—6Jx+2) 
(3x —12)(3x—12) = (—6)"(Vx+2) 
9x” — 36x — 36x +144 = 36(x +2) 
Qx* —'72x +144 = 36x + 72 


Subtract 36x and 72 from both sides of the equation so that the right side of the 
equation is equal to 0. 
9x" + (—72x — 36x) + (144-72) =0 
9x” —108x +72 =0 


Divide each term of the equation by 9. 


9, 1 
Ds OE ey 
9 9 9 


x” —129x+8=0 
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Solve the equation using the quadratic formula. 


—(-12)+ J(-12)" -4)(8) 
al 2(1) 
_ 19+ J144—32 
i: 2 
_ 1244112 
v9 
_ 19+ V16-7 
ae = 
fe 1944/7 
2 


Getting 
to the last 
steps from the 
steps above them 
is quite advancea, 
So Aout Wovvy about 
simplifying something 


like ¥ 23-87. 
Instead, type the 
€xPvessions into a 
calculater. The 
Aecimal you get for 
the left side wow 
equal the decimal you 
get for the vight side, 
and that's enough 
to show that the 
equation is Lalse, 


Reduce the fraction to lowest terms. 


a2 (6#2v7) 


4 
x=6+2V7 


Squaring both sides of an equation might introduce false answers, so verify the 
solutions by substituting them into the original equation. 


[Test x=6+2V7| 
\4(6+2V7)-1=,|(6+2V7)+2-3 
(244+ 8V7 -1 = (6 +2V7+2-3 


234+ 8V7 = /8+2V7 -3 
V7+4= 7-2 False 


[Test x=6—-2/7 
{4(6-2V7)-1= |(6-2V7)+2-3 
J24—8V7 -1=/6+2-2N7 -3 


23 -8V7 =/8-2v7 -3 
4-J7=J7-4 False 


Neither x =6-—2V7 nor x=6+2V7 satisfies the equation, so the equation 


V4x —-1 = V¥x+2—-—3 has no real number solution. 


“Roots” 
is another 
wovas fov 
“solutions,” so the 
book's asking what 
you can predict 
about the veal number 
solutions of an equation. 
Don't get these voots 
confused with vadicals; 
squave ROOTS 
ana the ROOTS 
of an equation 
mean totally 
Aiffevent 
things. 


Applying the Discriminant 
What b*- 4ac tells you alpout an equation 


14.29 The discriminant of the equation ax? + bx + c= 0 is defined as the value 
b? — 4ac. What conclusions can be drawn about the real roots of a quadratic 


equation based on the sign of its discriminant? 


According to the fundamental theorem of algebra, all quadratic equations have 
two roots, because all quadratic equations have degree two. The discriminant is 
calculated to predict how many (if any) of those roots will be real numbers. 
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A positive discriminant indicates that the equation has two unique real roots. 
In other words, there are two different, real number solutions to the quadratic. 
The solutions may be rational (which means that the equation can be solved 
by factoring) or irrational (which means that the equation must be solved by 
completing the square or the quadratic equation), but both solutions are real 


numbers. 


Ana they'll 
contain the 
imaginary number 


i=q-l. 


A zero discriminant is an indication of a double root. The quadratic still has 
two solutions, but the solutions are equal. For instance, the quadratic equation 
(x+5)(x+5) = 0 has two roots: x=—5 and x=—5. Because a single real root is 
repeated, x = —5 is described as a double root. 


If a quadratic equation has a negative discriminant, there are no real number 
solutions. That does not mean the equation has no solutions, but instead that 
the solutions are complex numbers. 


14.30 Given the equation 3x? + 7x + 1 = 0, use the discriminant to predict how many 
of the roots (if any) are real numbers, then calculate the roots to verify the 
prediction made by the discriminant. 


The equation has form ax® + bx + c= 0, so substitute a= 3, b= 7, and c= 1 into 
the discriminant formula. 


In case you 
P AiAwt vecognize 
it, the Aiscviminant 
bp? - 4Aac is the Part 
of the quadratic 
Formula that’s inside 
the vadical. When you 
plug everything into the 
Wadvatic formula 
theve’s yo need to a‘ 


b° —4ac =7° —4(3)(1) 
=49-12 
= 37 


According to Problem 14.29, the equation 3x? + 7x + 1 = 0 has two positive 
real roots because the discriminant is positive (37 > 0). Calculate the roots by 
applying the quadratic formula. 


—b+Vb" —4ac 


2a 
SSTSNaT calculate p? - Aac 
~ 9(3) again—Just plug in 
—7 +37 the Aiscviminant, 37, 
es —— = 


6 


7 8. ‘ 


The solution to the equation is x = 6 rx ea 
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Note: Problems 14.31-14.32 refer to the equation x’ + 2x + 6 = 0. 


14.31 Use the discriminant to classify the roots of the quadratic and then calculate 
the roots to verify the answer. 


Substitute a= 1, b= 2, and c= 6 into the discriminant formula. 


RULE 
OF THUMB: 
Complex voots 
always come in 
paivs callea “complex 
conjugates.’ The only 
aiffevence between 
thew is the sign in the 
middle. For examele, 
if an equation has 


b° —4ac = 2? — 4(1)(6) 
=4-24 
=-20 


Because the discriminant is negative, the equation has no real roots. Instead, 
the equation has two complex roots. Apply the quadratic formula to calculate 


them. 


= —b+Vb? —4ac 


cones wee 
eu tr Wu also 
have complex x= =2+V-20 
voot -2 - 7. 2(1) 
_ 24 V-1-4-5 
a ame 
pT 2e BINS 
2 


Reduce the fraction to lowest terms. 


_ £(-1+iv5) 
aS ag 


x=—-l+ivs 


The solution to the equation is x =—1+ iv5 or x=—-1-iv5. 


Note: Problems 14.31-14.32 refer to the equation x’ + 2x + 6 = 0. 


In othev 
wovas, explain 14.32 Describe the causal relationship between the discriminant and the nature of 
WHY you ena the equation’s roots. 


up getting 0, 
|, ov 2 veal voots 
based on the sign 
of the Aiscviminant 
you calculate in 
Problem 14.31. Hint: It’s 
not enough to say, 
“Because that’s 
how Aiscviminants 
wovk.” 


The discriminant of a quadratic equation, b? — 4ac, is the radicand in the 
quadratic formula. Because the equation x? + 2x + 6 = 0 has a negative 
discriminant, when the quadratic formula is applied, the radical expression 
therein contains a negative value (as demonstrated in Problem 14.31). Square 
roots with a negative radicand have imaginary values, and therefore produce 


complex roots. 
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Note: Problems 14.33—14.34 refer to the equation 9x? — 12x = —4. 


14.33 Use the discriminant to classify the roots of the quadratic and then calculate 
the roots to verify the answer. 
Rewrite the equation in form ax* + bx + ¢= 0 by adding 4 to both sides. 


9x? -12x+4=0 
Substitute a= 9, b=—-12, and c= 4 into the discriminant formula. 


b* —4ac =(—12)° —4(9)(4) 
=144-144 
=0 


Because the discriminant equals 0, the equation 9x? — 12x =—4 has a double 
root. Apply the quadratic formula to calculate it. 


_ —(-12)+V0 


e399) 
1220 
~ 18 

12 
x= 

18 

2 
x= 

3 


: ae 2 
The solution to the equation is x = 3" 


Note: Problems 14.33—14.34 refer to the equation 9x’ — 12x = —4. 


14.34 Describe the causal relationship between the discriminant and the nature of 
the equation’s roots. 


When the discriminant of a quadratic equation is 0, the radical expression in 
the quadratic formula is equal to 0, as demonstrated in Problem 14.33. 


x= 
2a 
_-b+ V0 
2a 
—b+0 
x= 
2a 
b 
gan 
2a 
b., P F 
Therefore, x =—— isa double root, the only solution to the equation. 


When the 
Squave voot 
€aualls 0, you lose 
the “plus ov minus” 
Part of the formula 
that actually creates 
two different answers: 
one that’s +, plus the 
SAuave voot of the 
Aiscviminant ANA one 
that’s minus the 
SMrave voot of the 
Aiscviminant That's 
why you ena UP with 
only one anSwey 
instead of 
two, 
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One-Variable Quadratic Inequalities 
Inequailities that contain x? 


The vight side 
of the inequality 
needs to equal 0 
befove you dao 

anything else. 


Note: Problems 14.35-14.37 refer to the inequality x’ — x — 12< 0. 


14.35 Identify the critical numbers of the quadratic expression. 


The critical numbers of an expression are the values that make the expression 
equal zero or cause it to be undefined. No real number, when substituted into 
a quadratic expression, can cause a quadratic to be undefined, so calculate the 
x-values for which x” — x— 12 = 0. Solve the equation by factoring, 
using the method outlined in Problems 14.1-14.10. 


Algervaic 
expressions 
vun the visk of 
being undetinea 
either when 


x —x—-12=0 


they've fractions (x —4)(x+3)=0 
(oecause the sm HG x+3=0 
Aenominator coula be or 

x=4 x=-3 


0) ov when they contain 
vadicals with on even 
index (because you 
coula have a negative 
inside). Neither of 
those things occuy in a 
quadvatic expression, 
So Aowt wovvy about 
quadvatics being 
undetned. Focus 
on when they 
equal 0. 


The critical numbers of x? — x— 12 are x=-3 and x=4. 


Note: Problems 14.35—-14.37 refer to the inequality x? — x — 12< 0. 


14.36 Solve the inequality. 


According to Problem 14.35, the critical numbers of the quadratic are x = —3 
and x= 4. When graphed, those two values split the number line into three 


intervals, as illustrated by Figure 14-1. 


-3<x<4 x24 


x=-3 


Fov move 
information on closea 
(soli) ANA open (hollow) 
Points on a gvaph—ona 
how they've velatea to 
mMequallity signs—look at 
Problem 7,13, 


Figure 14-1: The critical numbers x = —3 and x = 4 divide the number line into three 
intervals. Note that the critical numbers are plotted as closed points 


due to the inequality sign S in the original problem. 


To decide whether to include the intervals pictured in Figure 14-1 as part of the 
solution to the inequality, choose one “test value” from each, such as x = —4, 

x= 0, and x= 5. Substitute each of the test values into the inequality. If a test 
value satisfies the inequality (that is, results in a true inequality statement), 
then the entire interval from which that test value was taken represents valid 


solutions to the inequality. 


aaa ~4 vepvesents the left interval 
of Figuve |4.| (because -4 < -3)x=0 
vepreseuts the middle interval (because 0 is 
between -3 anda 4) andx=¢ vepveseuts the 
vight interval (because 5 > 4), 
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Test x =—4 Test x =0 Test x=5 


(-4)° —(-4)-12 <0 0? -0-12<0 (5)° —(5)-12 <0 
16+4-12<0 0-12<0 25-5-12<0 
8<0 False -12<0 True 8<0 False 


Of the three test values, only x = 0 satisfies the inequality. Therefore, the 
solution is —3 < x< 4, the interval that contains x= 0. 


Note: Problems 14.35-14.37 refer to the inequality x’ — x — 12< 0. 


14.37 Graph the solution to the inequality. Use soliA Aots 
on the number line 

when the inequality 
Contains < ov >, 


According to Problem 14.36, the solution to the inequality is —3 < x < 4. Graph 
the solution by darkening that interval on the number line and using solid 
endpoints, as illustrated by Figure 14-2. 


5 4 3 2 1 0 1 2 3 4 5 6 


Figure 14-2: The graph of the inequality x° — x — 12< 0. 


You coula 
Aaivide by +3, 
ov you coula choose 
not to Aivide by 

anything at all. The 
final answev isn't 
affected. 


Note: Problems 14.38—-14.39 refer to the inequality 12x — 12x’ 2 3. 


14.38 Solve the inequality. 


Rewrite the inequality in form ax’ + bx + c2 0. 


—12x°+12x-320 


Divide each term of the inequality by —3. 


-12, 12 -3 0 
xe + x+ < Remembev 
—3 ee a to vevevse th 
Vv 
4x? —4x+1<0 


inequality symbol 
when you multiply 
ov Aivide bya 
negative, 


Calculate critical numbers by setting the quadratic expression equal to 0 and 
solving for x. 


4x7 —4x +1=0 
(2x -1)(2x-1) =0 
2x—-1=0 

2x=1 

1 

x= 

2 


Plot the critical number on a number line using a solid point, as illustrated by 
Figure 14-3. 
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a ae 
0 ( 1 2 
i 
2 


20 | 


i 
2 SAcvitical 
Figure 14-3: The quadratic equation 12x — 12x’ > 3 has only one critical point, x = 


eet So when you plug it 
ato 4x? — Ax 4 |, you get 0 


rote bOI» 


The critical point splits the number line in Figure 14-3 into two intervals: x S$ 


1 
and x =—. Choose test points from both intervals (such as x= 0 and x= 1) to 


identify the solution to the inequality. 


Test x =0 Test x =1 
4(0)° -4(0)+1<0 4(1) —4(1)+1<0 
0-0+1<50 4-4+1<0 

1<0 False 


1<0 False 


Neither interval contains solutions to the inequality. The only valid solution is 


Note: Problems 14.38-14.39 refer to the inequality 12x — 12x? = 3. 


14.39 Graph the solution to the inequality. 


According to Problem 14.38, the solution to the inequality is the single value 


1 
x = —. To graph the solution, plot a single solid point at x = —, as illustrated 
by Figure 14-4. 
SSS SS SSS OS ee 
=2 —l 0 1 1 2 
2 


Figure 14-4: The solution to the inequality 12x — 12x? = 3 is a single point on the 


number line. 
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Note: Problems 14.40-14.41 refer to the inequality 2x’ + 3x — 1 > 0. 


14.40 Solve the inequality. 


Identify critical numbers using the quadratic formula, as the quadratic cannot 


be factored. 
8) V3" = 4D 


_ Type the voots 
into a calculator 


2(2) Fo get approximate 
x= Sete can Figuve out where 
: Fo plot the points, 
—3+ 17 
x = ——— 
4 
Plot the critical numbers, x = seit =0.281 and x= at = —1].781, 


on a number line, as illustrated by Figure 14-5, and choose test values (such as 
x=-2, x= 0, and x= 2) from the three resulting intervals. 


Seay. 


= 0.281 
Si 


<m O02 —__ J1—S<— 
=2 —l 0 1 2 


=3=/17 
4 


=—1.781 


Figure 14-5: Plot the critical numbers of the quadratic using open points, as the 
statement contains the > inequality symbol. 


Test x =—2 Test x =0 Test x =2 


2(-2) +3(—2)-1>0 2(0) +3(0)-1>0 2(2)° +3(2)-1>0 
2(4)-6-1>0 0+0-1>0 2(4)+6-1>0 
8-7>0 -1>0 False 8+6-1>0 
1>0 True 13>0 True 
The solution to the equation is x < sion or x = the intervals 


that contain x=—2 and x= 2. 
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Note: Problems 14.40-14.41 refer to the inequality 2x? + 3x — 1 > 0. 


14.41 Graph the solution to the inequality. 


eben 
4 


To graph the solution, graph the inequalities x < — 


on the same number line, as illustrated by Figure 14-6. 


—3+ 17 
S 4 


——_—_—_—<0= —_|_ 9g.2.>.__—_—_—_—_—-> 
1 2 


—2 —] 0 


= 0.281 


—3- 17 © 
4 


=1 2781 


Figure 14-6: The graph of 2x° + 3x — 1 > 0. 


aN Vl Note: Problems 14.42-14.43 refer to the inequality 4x? + 5x? — 6x < 0. 


on 
A RR 14.42 Solve the inequality. 
Calculate the critical numbers by factoring the expression. 
4x® + 5x? — 6x =0 
x(4x° + 5x —6)=0 


This iswt 

A AMWaAAVAtIC 
equation, but you'll 
get a quadvatic 
expression ouce you 
factor out the 
greatest common 
factov, x. 


Factor by decomposition. 
x[4x* +(8—3)x-6]=0 
x| 4x” + 8x —3x—6|=0 
x[4x(x + 2)—3(x+2)|=0 
x(x + 2)(4x — 3) =0 


Set each factor equal to zero and solve for x to get critical numbers x= 0, x= -2, 


3 
and x=—. As illustrated by Figure 14-7, those critical numbers separate the 


3 
number line into four intervals: x<—-2,-2<x<0, 0<x< 2? and x> re 


=Z —l 0 


| Co ——> 


Figure 14-7: Three different critical numbers will separate a number line into four 
intervals. 
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Substitute test values from the intervals (such as x =—3, x 


into the inequality to identify the solution. 


Test x =—3 Test x =—-1 ieee =e 
2 
—3(-3+2)[4(-3)-3] <0 ~1(-1+2)[4(-1)-3] <0 (52 (: pos} 
-3(-3+2)(-12-3) <0 ~1(-1+2)(—4-3) <0 ae a 
—3(-1)(-15) <0 -10))(-7) <0 1(5+2]($-$]<o 
alo ele 2 
—45 <0 True 7<0 False 
Ai(-Z)<° 
gle Zg 
1/5 
a}-<0 


The solution to the inequality is x<-2 or 0<x< 5 : 


Note: Problems 14.42-14.43 refer to the inequality 4x? + 5x’ — 6x < 0. 


14.43 Graph the solution to the inequality. 


, and x= 1) 


1 
=-l,x=— 
2 


Test x =1 


()(+ 2)[40) -3] <0 
()(.+2)(4-3) <0 
1(3)(1) <0 

3 <0 False 


According to Problem 14.42, the solution to the inequality consists of two 


3 
intervals: x<—-2 and 0<x< vi . Plot them both on the same number line, as 


illustrated by Figure 14-8. 


——_ —-_ <9? >==.0-+—__+—__>> 


<2 —] 0 1 


| oo— 


Figure 14-8: The solution to the inequality 4x° + 5x’ — 6x < 


2 


0. 


It’s easier 
to plug the test 
values into the 
factovea version of 
the inequality: 

x(x + 2)(4x -3) <0 
instead of 

Ax? + Sx? — 6x < 0. 
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FUNCTIONS 


Named expressions that give one output pev input 


Though a fundamental concept of mathematics, the function is little more 
than an expression that meets a specific criterion—each independent 
variable input results in exactly one dependent variable output. Cosmeti- 
cally, the function differs from a general expression because it is assigned 
a name, often f(x). This chapter investigates the distinction that makes a 
mathematical relation a function, operations performed on functions, the 
composition of functions, inverse functions, and piecewise-defined func- 


tions. 


Many books describe a function as a machine: you plug in an xval 
is you get out an £(x)-value. That Aescvipti Pr erarem ra ene im - 
ese to think of a function as an expression you Sai cee to : : 
For instance, let’s say #(x) = x2 + |, After you Aefine it, ever ne ee 
vefev to L(x), everyone knows y ouve talking ee es ; Y € you 


There's other benefits as well. Writt 
- Writing £(2) means “plug x =21 
function £(x).” So if fq) = x? + | then £(2) = 22 + | ‘ : : rarer 


ces ave nate than just nomea expressions, however. A function has 
ou one vequivement—every x-value you plug inte it has to pvoAuce 

exactly one output. In other words, if you plug x = | into a function, you'll 

never get two Aiffevent answers. an 
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the left 
number ih 
each ovAevea 
pay is the input: 

1, 2,5, & pis not 
Aefinea for any 
other values, so p(3), 
fov examele, is 
undefinea. 


“Avscissa” 
is the fancy 
wova Lor <value 
of a point, ana 
‘ovdAinate” means 
the y-value. The 
abscissa of (|,9) 
is | and the 
ovAinate is J, 


None of the 
xvalues in b-2ive 
vepeatedA—each only 
APPeows once, That 

means each x-value 
'S PriVeA With only 

one yvalue, So it’s 
aA function, 


Q Aoes con- 
tain the point (4, -]), 
ut -| is the output 
(ovAinate) of that paiv, 
not the input. 


Every input of 

a function can only 
PyoAuce one output. In 
this case, the input -2 
Produces two outputs, 
3 ana 4, 


Relations and Functions 
What makes a function a function? 


Note: Problems 15.1-L5.2 refer to relation p defined below. 
p: {(1,9), (2,6), (5,1), (8,6)} 


15.1 Evaluate p(1) and p(8). 


A relation defines a relationship between two sets of numbers. Relation p is 
defined as a list of coordinate pair (a,b), such that each input value a is paired 


with an output value 0. 
To evaluate p(1), locate the ordered pair with abscissa | and report the 
ordinate. Relation p contains the ordered pair (1,9), so p(1) = 9. Note 
that p(1) #5. Although the point (5,1) belongs to the relation, | is the 
ordinate of that coordinate pair, not the abscissa. 


To evaluate p(8), identify the ordered pair with abscissa 8: (8,6). The ordinate 
of that pair is 6, so p(8) = 6. 


Note: Problems 15.1-L5.2 refer to relation p defined below. 
p: {(1,9), (2,6), (5,1), (8,6)} 


15.2 Is pa function? Why or why not? 


A relation is a function if and only if every abscissa value is paired with exactly 


one ordinate value. Relation p states that p(1) =9, p(2) = 5, p(5) = 1, and 
p(8) = 6. Each input value (1, 2, 5, and 8) is paired with only one output value, 


so pis a function. 


Note: Problems 15.3-15.4 refer to relation q defined below. 
q : {(-4, -1), (-2,3), (0,6), (-2,9), (-6, -13)} 
15.3 Evaluate q(0) and q(-1l). 


To evaluate q(0), identify the coordinate pair with an abscissa of 0: (0,6). 
Relation g defines g(0) as the ordinate of that pair: ¢(0) = 6. 


Because none of the ordered pair constituting relation g have an abscissa of -1, 


q(-1) is undefined. 


Note: Problems 15.3-15.4 refer to relation q defined below. 
q- {(-4, -I), (-2,3), (0,6), (-2,9), (-6, -L)} 


15.4 Is ga function? Why or why not? 


To be a function, each of a relation’s input values must be paired with only one 
corresponding output value. Notice that two coordinate pairs in relation q con- 
tain the same abscissa: (—2,3) and (-2,9). Therefore, g(—2) = 3 and q(-2) = 9. 

Relation g pairs abscissa value —2 with two different ordinate values, so q is not 


a function. 
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Note: Problems 15.5-15.6 refer to the relation r(x) = |x|. 


15.5 Evaluate r(-3) and r(4). 


To evaluate r(-3) and r(4), substitute x =—-3 and x = 4 into the relation. 


r(x) =|x| r(x) = |x| 
r(-3)=|-3| r(4)=(|4| 
r(-3)=3 r(4)=4 


Note: Problems 15.5-15.6 refer to the relation r(x) =|x| . 
15.6 Assuming xis a real number, is r(x) a function? Why or why not? 


Relation r(x) is a function, as every real number has exactly one absolute value. 
The absolute value of a real number greater than or equal to zero equals the 
number itself, and the absolute value of a real number less than zero is defined 
as the opposite of that number. 


Note: Problems 15.7-15.8 refer to the relation s(x) = 5+ x. 


15.7 Evaluate s(0) and s(-1). 


To evaluate s(0), substitute x= 0 into s(x) =5+x. 


s(x) =54x 
s(0)=5+0 
s(0)=5 


Evaluate s(-1). 


s(x) =5+x (O)=s+0 
Ss = 

HY RotC1) had at sign in it, 

too, but adding 0 to 

S ama subtracting 0 

from S both proAuce 


the same vesult: S. 


The expression contains a + symbol, so consider both possibilities as you 
evaluate s(1). 


s(-1)=5+(-1) or s(—1)=5-(-1) 
s(-1)=5-1 or s(-1)=5+1 
s(-1)=4 or s(—1)=6 
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Note: Problems 15.7-15.8 refer to the relation s(x) = 5+ x. 
15.8 Is s(x) a function? Why or why not? 


According to Problem 15.7, s(-1) = 4 or s(-1) = 6. For a relation to be a 
function, each value substituted into the relation must produce only one result. 
In this case, substituting x =—1 into s(x) produces two results (4 and 6), so s(x) 
is not a function. 


Operations on Functions 
+,-45 and + functions 


Note: Problems 15.9-15.14 refer to the following functions: f(x) =x — 4, g(x) = 3x + 2, and 
h(x) = 2x? — 13x + 20. 


This is 
NOT the 
Aistvilbutive 
propevty—youve not 
distvilbuting x through 
(F + 9) to get F(x) + 9(x). 
It’s just notation: 

(P+ g(x) = F(x) + 9(x), 

@ - gos) = F6H) - 906 
(Pa)(x) = P(x) + 90s), and 


£ ROS): a 
[E}oe oy 78) +99 


15.9 Express (/+ g)(x) in terms of x. 


The function (f+ g)(x) represents the sum f(x) + g(x). 


(f + g)(x) = f(x) + g(x) 
= (x —4)+(3x+2) 
=(x+3x)+(2-4) 
=4x-2 


J 


Note: Problems 15.9-15.14 refer to the following functions: f(x) = x — 4, g(x) = 3x + 2, and 
h(x) = 2x’ — 13x + 20. 


15.10 Evaluate (f+ 4g— h)(-2). 


The function (f+ 4g— h)(x) represents the sum /(x) + 4g(x) — h(x). Evaluate 
J(x), g(x), and h(x) for x=—-2. 


f(x)=x—-4 g(x) =3x42 h(x) = 2x" —13x + 20 
f(-2)=-2-4 = g(—2)=3(-2)+2  h(—2)=2(-2)* -13(-2) +20 
f(-2)=-6 g(-2)=-64+2 h(—2) = 2(4) + 26+ 20 

g(-2)=-4 h(—2) =8+ 26+ 20 
h(-2) =54 


Use the values of f(-2), g(-2), and h(-2) to calculate (f+ 4g— h)(-2). 


(¢+4g—h)(—2) = f (—2) + 4g(-2) -A(-2) 
=-6+4(—4)—(54) 
=-6-16-54 
=—76 
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Note: Problems 15.9-15.14 refer to the following functions: f(x) = x — 4, g(x) = 3x + 2, and 
h(x) = 2x? — 13x + 20. 


15.11 Evaluate (/g)(6). 


The function (/g)(x) is defined as the product f(x) - g(x). Therefore, 
(fg) (6) = (6) - g(6). Evaluate f(x) and g(x) for x= 6. 


f(x)=x-4 g(x) =3x+2 

f(6)=6-4  g(6)=3(6)+2 

f(6)=2 g(6)=184+2 
g(6) = 20 


Use the values of /(6) and g(6) to calculate (fg)(6). 
(se)(6) = f(6)- g(6) 
= 2-20 
= 40 


Note: Problems 15.9-15.14 refer to the following functions: f(x) = x — 4, g(x) = 3x + 2, and 
h(x) = 2x? — 13x + 20. 


15.12 Express (/g)(x) in terms of x and evaluate that expression for x = 6 to verify the 
solution to Problem 15.11. 


To calculate 
(£9)(6), you com 
either plug ¢ into 
F(x) and g(x) and then 
multiply those vesults (like 
Problem 15.11) ov multiply 
L(x) and g(x) fivst ana 
THEN plug in x = ¢ (like 
Problem |5.12). 


The function (/g)(x) is defined as the product f(x) - g(x). Calculate the product. 
(se) (x) = fe) ee) 
= (x —4)(3x +2) 
= 3x° +2x—12x-8 
= 3x? —-10x—-8 


Evaluate the expression for x = 6. 


(fz)(6) = 3(6)° —10(6)-8 
= 3(36)-60—8 
=108-—60-8 
= 40 
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Note: Problems 15.9-15.14 refer to the following functions: f(x) = x — 4, g(x) = 3x + 2, and 
h(x) = 2x? — 13x + 20. 


15.13 Express we in terms of x. 


h 
The function Ge is defined as the quotient of h(x) and /(x). 


h(x) = Ix? —13x + 20 
f(x) x—4 


Chapters 
20 ana 2 
go into a lot 
move Aetail about 


Reduce the fraction to lowest terms by factoring the numerator. 


A(x) _ (2x —5)(x —4) 


vational expressions = F 
@ractions that contain f() a 
polynomials), including A(x) _ (2x —5) (x4) 
how to simplify f(x) <4 
Ate) =2x—5,x#4 


f(x) 


Note: Problems 15.9-15.14 refer to the following functions: f(x) = x — 4, g(x) = 3x + 2, and 
h(x) = 2x? — 13x + 20. 


The oviginal 
Aenominatoy of 
the fraction was 
x-~4,s0 when x =4 the 
Achominatoy is4-4= 6) 
Dividing by Ois not , 
allowed, Suve you cay 

Simplify the fraction to 


+ 2x - h 
Jer ex — 5) but (* (x) 


15.14 Evaluate (E}-n. 
& 
Substitute x =—1 into g(x) and h(x). 
g(x) =3x+2 h(x) = 2x? —13x +20 
g(-l) =3(-l) +2 ~— A(-1) = 2(-1) -13(-1) +20 xX Va 
g(-1)=-3+2 h(—1) = 2(1)+13+ 20 6 @ 
g(-1)=-1 h(-1) = 35 YK 


Calculate the quotient of h(-1) and g(-1). 


'S STILL undefnea 
at x = 4, 
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Note: Problems 15.15-15.17 refer to the following functions: p(x) = 3x and 
r(x)=V5x4+7. 


15.15 Evaluate (p+ 7) (4). 


Calculate the sum p(4) + r(4). 


(p+r)(4) = p(4)+r(4) 


You can't 


= [3(4) + (5(4) +7 AAdA these yet 
because they've 
= /12+/20+7 


not like vadicals— 
they Aout have 
the same numbers 
under the 
vadical symbol, 


= 12 + /27 


Simplify the radical expressions. 


V12 +. V27 = V4-34+ 9-3 
= 9/3 + 3V3 
= 5/3 


Therefore, (p+r)(4) = 5v3. 


Note: Problems 15.15-15.17 refer to the following functions: p(x) =~ 3x and 
r(x)=V5x4+7. 


15.16 Express (pr)(x) in terms of x and evaluate (pr) (—2). 


Multiply functions p(x) and r(x). 


(pr) (x) = p(x)-r(x) 


If youve multiplying 
two vadicals with the 
Same index, you can 


= (3x) (V5 +7) multiply the contents of 
the vadicals inside on 
= ,/(3x)(5x + 7) e 


big vadical Sign with a 
matching index, 


= (3x) (5x) + (3x)(7) 
= 15x? + 21x 


Evaluate (pr) (-2) by substituting x = —2 into (pr) (x). 


(pr)(—2) = J15(—2)* + 21(—2) 
= /15(4) + 21(—2) 
= /60 —42 
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Note: Problems 15.15-15.17 refer to the following functions: p(x) = J3x and 
r(x)=V5x+7. 


15.17 Evaluate A (1). 


Evaluate r(1) and p(1) and then calculate the quotient. 


Simplify the expression. 


Composition of Functions 
Plug one function inte another 


Note: Problems 15.18-15.19 refer to the functions f(x) = x’ — 1 and g(x) = 3x. 
15.18 Evaluate /(5). 


Substitute x = 5 into f(x). 


f(x)=x° —l 
f(6)=5*-1 
f (5) =25-1 
f ()=24 
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Note: Problems 15.18-15.19 refer to the functions f(x) =x? — 1 and g(x) = 3x. 


“Composing” 
functions 
means plugging 
functions into each 
othey. In Problem 15.19, 
you plug g(x) into P(x). 
That con be written 
£(9(x)), which is veaa 
“PE of 9 of x’, ov 

(f° 9)(x), which is 
veal “f civcle 
g of x.” 


15.19 Express /(g(x)) in terms of x. 


Problem 15.18 requires you to substitute x = 5 into f(x). Here, you substitute g(x) 


into f(x). 


f(x)= x? -1 
f(g())=[¢@)J -1 


Recall that g(x) = 3x. 


f(g(x)) = (3x)? —] 
=o tal 


= 9x" —] 


Note: Problems 15.20-15.21 refer to the functions h(x)=/x+7 and j(x)=7x? —3. 


Keep the 
letters in the 
some ovaev—}j 
comes ivst nm 
(Jeh)(x) ana iW). 
Composition of functions 
is not necessavily 
commutative, so theve’s 
no guavantee that 
js) ana hG (x) 


ave equal. 


15.20 Express (joh)(x) in terms of x. 


The expression Gj ° h)(x) is equivalent to j(h(x)). Replace the xin 7x? - 3 with 
h(x). 


j(x) = 7x" —3 
j(h(x)) =7[h(x)f 38 


Substitute A(x)=<Vx+7 into the function. 


j(h(x)) = 7(Vx+7) -3 


=7(x+7)-3 

= 7(x)+7(7)-3 

=7x+49-3 Squaving 
=7x+46 A squave voot 


cancels it out, leaving 
only the vadicana 


Note: Problems 15.20-15.21 refer to the functions h(x)=/x+7 and j(x)=7x? —3. x+ 7 behind 


15.21 Evaluate (ho j)(—2). 


Note that (h ° j)(-2) = A(j (-2)) . To evaluate the composite function, begin by 
evaluating 7(-2). 
j(x) = 7x? —3 
j(-2)=7(- 2)" -3 
f-2)=7(4)-3 
j(—2) = 28-3 
j(-2)=25 
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Substitute j(-2) = 25 into h(j(-2)). 
h(j(-2)) = h(25) 


Evaluate (25). 


h(x)=Vx+7 
h(25)=Vx+7 
h(25) = J25+7 
h(25) = /32 
Simplify the radical expression. 
h(25) = J16-2 
= 4/2 


Therefore, (ho j)(-2) =4y2. 


Note: Problems 15.22-15.24 refer to the following functions: f(x) = x — 4x + 3, g(x)= Vx, 
h(x) = 2x - 1. 


15.22 Express (f° g)(x) in terms of xand evaluate (fo g)(6). 


Note that (f° g)(x) = f(g(x)); to write the function in terms of x, substitute 
g(x) into f(x). 
f(x) =x? —4x +3 
f(g())=[e@)] -4e(x)+3 
(g(x) =[Vx]} -4ve +3 
f(g(x))=x-4vx +3 


Evaluate /(g(6)). 
f(g(6))=6-4V6 +3 
=(6+3)—4V6 
=9-4/6 


Note: Problems 15.22-15.24 refer to the following functions: f(x) = x° — 4x + 3, g(x)=~ x, 
hie oe 


; hi») is pluggea 
tuto 9(x), which is 
Pluggea tuto L(x), Start 
with the innermost 
Function (the function 
tusitae the mest 
Paventheses) and 
WoVk Your Way out, 


15.23 Evaluate /(g(h(5))). 


Begin by evaluating h(5). 
h(5) =2(5) -1=10-1=9 


Substitute h(5) = 9 into the expression: f(g(h(5))) = f(g(9)). Evaluate g(9). 
g(9)=V9 =3 
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Substitute g(9) = 3 into the expression: /(g(9)) = /(3). Evaluate /(3). 


f (3) =(3) —4(8)+3 
=9-12+3 


Therefore, f(g(h(5))) = 0. 


Note: Problems 15.22-15.24 refer to the following functions: f(x) = x’ — 4x + 3, g(x)= Vx, 
h(x) = 2x — 1. 


15.24 Express /(h(g(x))) in terms of x. Assume x> 0. 


Begin by substituting g(x) into h(x). a 


h(x) =2x-1 (eS); 
h(g(x))=2[¢(x)]-1 vA 
h(g(x)) = 2x —] 
Substitute h(g(x)) =2Vx -1 into /(h(g(x))). 


fig) |= s(2v% -1) 

=(2Vx—-1) —4(2Vx-1)+3 

= (2Vx -1)(2vx -1)—4(2Vx -1)+3 
= (2Vx)(2vx)+(2Vx)(-1)-1(2Vx)-1(-1) - 4(2Vx)-4(-1) 
= Vx? — 2Jx —2Vx +1-8Vx +443 
= 4x + (-2Vx — vx — BV) +(1+443) 
= 4x -12Vx +8 


You Aowt 
need to put 
this x in absolute 
values because the 
problem says to assume 
x is positive (x > 0). 
Oothevwise, 


Ad? = Alx| . 


15.25 If r(s(x)) = (x° -— 1)? and r(x) = x’, then express s(r(x)) in terms of x. 


In the 
function v(s(x)), 
s(x) is pluggea into 
v(x), You know that 
v5) = x*, so anything 
you plug into v(x) gets 
Squavea. To figure 
out s(x), ask yourself 
this question: “What 
expression, when 
Ssquaved, is equal 
to (x* - |)??" The 
answer is s(x) = 


x |, 


The function r(s(x)) is defined the expression x’ — 1 squared, and r(x) = x”, so 
s(x) = 8-1, 


s(x)=x’*? -1 
s(r(x)) = [r(x] —l 
s(r(x)) = (x?)° -1 
s(r(x))=x°-1 
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XY Va 15.26 If f(g(x))=Vx+2 and f(x) =V3x-1, evaluate g(g(7)). 


IKK, Substitute g(x) into f(x) to generate /(g(x)). 
f(x) =V3x-1 
S (g(x) = 3¢(*)-1 


If flg(x)) =Vx+2 and f(g(x))=/3g(x)-1, then /x+2 = /3g(x)-1. 


Solve the equation for g(x) by squaring both sides of the equation to 


(Se¥3)' =(8eG)=1) 


This is tvue 
because of the 
transitive property, 
which says that two 
things equal to the 
same thing ave equal 


eliminate the radicals. 


to each othey, 
x+2=3g(x)—-1 
x+2+1=3g(x) 
x+3=3g(x) 
ets. Bg (x) 
x 3 B 
3 ana x+3 
3 = g(x) 


4% mean the 


same thing: 


Rather than expressing g(x) as a fraction containing a sum, express it as a sum 


of fractions. 


g(x)=o+ 
g(x)= 541 


1 
=<x+1 
e(wo5e 


To evaluate g(g(7)), begin by substituting x = 7 into g(x). 
1 
e()=2()#1 


5 
1 


24 
3 
LAB 8 
33 
_ 10 

3 


Therefore, g(g(7))= (>) 
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Inverse Functions 
Functions that cancel each other out 


In other 
Wovas, inverse 
Functions cancel 
each other out 
Plugging 9(x) into £6) ov 
F(x) into 9(x) makes P(x) 
ANA 9(x) 90 Away, 
leaving only x 


15.27 What is the defining characteristic of inverse functions? 


If functions f(x) and g(x) are inverse functions, then composing one function 
with the other—and vice versa—results in x: f(g(x)) = g(/(x)) = x. 


15.28 Describe the relationship between the points on the graph of a function and 
the points on the graph of its inverse. 


If the graph of function f(x) contains the point (a,b), then the graph of its 
inverse function f~'(x) contains the point (d,a). Reversing the coordinates of 
one graph produces the coordinates for the graph of its inverse. 


“Pl 6<)” means 
“the inverse of 

£(x).” It Aoes NOT 
mean "P(x) vaised to 
the -| powev.” That 
would be wvitten 
Hor. 


15.29 Does an inverse function exist for the function f(x) graphed in Figure 15-1? 
Why or why not? 


Figure 15-1: No information about f(x) is provided other than this graph. 


Function /(x) does not have an inverse function because it fails the horizontal 
line test, which states that a function is one-to-one if and only if any horizontal 
line drawn on its graph will, at most, intersect the graph only once. Notice that 
any horizontal line drawn on Figure 15-1 between y= 1 and y= 3 will intersect 
the graph three times. 
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Every input value of a function corresponds to exactly one output value, but the 
output values of one-to-one functions correspond to exactly one input value as 
well. If a horizontal line intersects a graph multiple times, the x-values of those 
intersection points represent input values that are paired with an identical 
output (the shared y-value represented by the horizontal line). 


Consider the horizontal line y= hon the graph of f(x) in Figure 15-2. It 
intersects the graph at three points, with x-values a, b, and c. Therefore, f(a) = h, 
f(b) =h, and f(c) = h. 


If ANY hovizontall 
Vine intersects a 
gvaph in move than 
one place, the grarh 
Rails the hovizoutal 
Vine test. That 
means the graph is DC 
not one-to-one, AMA 
only one-to-one I 
functions have Ye 
wvevses. 


Figure 15-2: The horizontal line y = h intersects f(x) when x = a, x = b, and x =. 


vy 


As stated in Problem 15.28, the coordinate pairs of functions and their inverses 
are reversed; therefore, f-'(h) =a, f-'(h)=b, and f7'(h)=c. However, 
each input value of a function can correspond to only one output value, so the 
relation f~'(x) is not a function. 


\\ 
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15.30 Does an inverse function exist for the function g(x) graphed in Figure 15-3? 
Why or why not? 


“monotonic” 
meows “Aceswt 
change aivection.” 
As you tvace the 
function's graph from 
left to vight, it always 
tvavels upwawa. At no 
time does the graph 
turn and stoawvt to 
tvavel Aownwavas 


Figure 15-3: No information about g(x) is provided other than this graph. 


Function g(x) in Figure 15-3 passes the horizontal line test, as it is monoton- 
ically increasing. According to the logic presented in Problem 15.29, g(x) isa 
one-to-one function, and therefore the inverse function g"'(x) exists. 
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15.31 Given the graph of function h(x) in Figure 15-4, draw the graph of the inverse 
function, h7!(x). 


These Figure 15-4: The graph of h(x) passes through points (—4,3), (0,2), (3,0), (5,-2). 
ave the 
points that 
his) passes 
thvough, after 
you veverse the 
coovAinates. For 
example, h(x) passes 
through ($,-2) so 
W'() passes 
through 
(-2,S). 


According to Problem 15.28, the graphs of a function and its inverse contain 
reversed coordinate pair—if (a,b) belongs to the graph of h(x), then the graph 
of h-!(x) contains the point (d,a). In this case, the graph of f-!(x) passes through 
points (-2,5), (0,3), (2,0), and (3,—4). As a result the graphs are symmetric 
about the line y= x, as illustrated by Figure 15-5. 


h(x) 


Figure 15-5: The graphs of h-!(x) and h(x) are reflections of each other across the line 
yan, 
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1 : 
15.32 Verify that f(x)= ae —4 and g(x)=¥*/2x+8 are inverse functions. 
As stated in Problem 15.27, if f(x) and g(x) are inverse functions, then 


S(g(x)) = gY(*)) = x. Substitute g(x) into f(x) (and vice versa) to verify that 
both result in x. 


fa)=5e 4 g(x) = 2x48 
F(e))=5Le] -4 g(f(x)) =4/2[ f(x) ]+8 
1 3 
F(@())=5 (+8) -4 el(o))=42(5* -al+8 
f(e(s))=5(@s+8)—4 dreo)=|2[5e]}-20+8 


f(g(x))=x4+4-4 
f(g(x))=x 


Because /(g(x)) = g(/(x)) = x, f(x) and g(x) are inverse functions. 
Note: Problems 15.33-15.34 refer to the function] (x) = 3(x + 4) — 1. 
15.33 Identify the inverse function, j1(x). 


Begin by rewriting j(x) as y. 
y=3(x+4)-1 


As Problem 15.28 states, the points on the graph of a function and the points 
on the graph of its inverse contain reversed coordinate pairs. To reflect this 


property of inverses, reverse x and yin the equation. 


x= 3(y+4)-1 


Ik a fraction 
Contains a sum oy 
Aiffevence in the 
nlamrevatoy, you should 
veuvite it as the sum 
ov Aiffevence 6 two 


Solve the equation for y. 


x =3(y)+3(4)-1 


x=3y+12-1 is : 
n= By41t : os (that have 
x—11=3y < Same Aenowminatoy 
sae the big fraction 
x11 _ By Aid), just like in Problem 
3 B IS.2¢, 
1 
ie Se 
3 J 


Replace y with j-'(x) to identify the inverse function. 


af 11 
ij ee be ie 
i CO are 
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Note: Problems 15.33-15.34 refer to the function j(x) = 3 (x + 4) — 1. 


15.34 Verify that j(x) and the function j"(x) generated in Problem 15.33 are 
inverses. 
Verify that j(j7!(x)) = 7'(G(x)) = x. 
j(x)=3(e+4)-1 sd 1 ll 
jG") =3[7"@)+4]-1 


sige te Ml ea tl 
r'(o))=3]( 52-2) +4]-1 PUO)=sLO]-s 
1 ii 
’ 1 iW i U@)={8G+4-1]-— 
_ erate so (j(x)) if n 
_ ti jlx)) = =[3x +12-1}-— 
i7@)=3( 5 aot) : ‘ 
; 7G) = 3B«t+1-> 
i) =3[5x45)-1 . 1(% ) af) ul 
ae 8(1) 8d j (100) =4| Fs] a(q)-3 
The Aomain iG =F {Fs ]e 2) (y( ))= go 
is the collection jG) =xt1-1 nee See 
of numbers youve jG (a) =x i (G())=x 


allowed to plug into 
a function. You can 
Plug any veal number x 
into the function 

P(x) = («+ 2)2, so the 
Aomain of L(x) is all 
veal numbers, Look at 
Problems 16.9-16.20 to 
Practice iAentifying 
the Aomain of a 
function, 


Because j(j'(x)) =7'(j(x)) = x, j(x) and j-"'(x) are inverse functions. 


Note: Problems 15.35-15.36 refer to the function f(x) = (x + 2)’. 


15.35 Why does no inverse function exist for /(x)? Explain how to alter the domain 
of the function such that an inverse does exist. 


The graph of /(x), illustrated in Figure 15-6, fails the horizontal line test, so no 
inverse function exists. 


A(x) 


Figure 15-6: Any horizontal line above the x-axis intersects the graph of f(x) twice. 
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However, if you limit the domain of the function, an inverse does exist. For 
instance, if you consider only the portion of the function for which x 2-2, 
the corresponding graph (illustrated in Figure 15-7) does pass the horizontal 
line test, and therefore an inverse exists. 


The 
function also has an 
\uvevse fov x < -2, 


Figure 15-7: The portion of the graph of f(x) for which x > —2 increases monotonically 
and thus has an inverse. 
Note: Problems 15.35-15.36 refer to the function f(x) = (x + 2)’. 
15.36 Identify the inverse of the modified function identified in Problem 15.35. 


According to Problem 15.35, the function f(x) = (x+ 2)? has an inverse when 
x 2-2. Rewrite /(x) as y. 


y = (x + 2)? 


Follow the procedure outlined in Problem 15.33 to calculate the inverse: 


Reverse x and y, solve the resulting equation for y, and then replace y with f-'(x). when you 


take the voot 


2 < 
o 5 an equation and 
tJ/x = VO + 2) the index of the voot 
tx = y+2 is even, multiply the 
Beles side of the eapares : 
kk 2 that DOESN'T contain 
—24Vx = f(x) the vavialble youve 


isolating by “1.” 


Therefore, the inverse function is either fo (x) =-2- Vx or 4e (x) =—-2+ Vx. 
Notice that the graph of f(x) passes through point (0,4) in Figure 15-7. 
Therefore, the graph of f-'(x) must pass through the point (4,0). Substitute x = 
4 into both inverse function candidates and determine which results in /(4) = 0. 


Reverse 

KandAyma 
point on the graph of 
f(x) to get a point on 
the graph of £'(%). 


{7 (0) =-2-vx f(x) =-24vx 
f'(4)=-2-v4 ff (4) =-24+ V4 
f \(4)=-2-2 f (4)=-242 
fr Aar4 fi (A)=0 


Because f~'(4)=0 when f7'(x)=—2+-x, that is the inverse function. 
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15.37 Identify the inverse function of g(x) =x? +1—5. 


Rewrite g(x) as yto get y=/x? +1—5. Reverse x and yin the equation and 


solve for y. 
x= Jy +1-5 


x+t5= fy +1 
(x +5)" =(afy? #1) 
(x+5) = y? +1 
(x+5)-1=y° 
Either g'' (x)= (x+5) -1 or g'(x)=—\y(x+5)° —1 is the inverse function 


of g(x). To determine which is correct, evaluate g(x) for an x-value (such as 


x= 1) to produce a coordinate pair. 

g(x) =Vx? +1-5 
g(Q)=VP +1-5 
g()=¥2-5 


Novmally, 
x = Ois the best 
number to test the 
function and find its 
iwervse. That woulda 
make 9(0) = -4 in this 
problem. Unfortunately, 
BOTH possible inverse 
functions equal 0 when 
you plug —4 into thew, 
so that’s why you 
have to go with 
something else 
(like x = |). 


Because g(1) = 3/2 —5, it must follow that g' (2 - 5) = 1. Substitute x = 3/2-—5 


into both potential inverse functions to determine which produces the correct 


value. 


) 
g'(¥2-5)=,/(/2-5+5) -1 g'(¥2-5)=—(¥2-5+5) -1 
e(R-9)= |e £'(8-9)=-0F 
g'(¥2-5)= 2-1 g' (¥2—-5)=—y2-1 
g'(¥2-5)=v1 Cea 
g'(¥2-5)=1 g°(2-5)=—1 


Because g™! (2 - 5) =1 when g(x) =(x+5)° —1, that is the inverse 


function. 
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Piecewise-Defined Functions 
Function vules that change based on the x-input 


L(x) changes 
based on INPUT 
values. The litte 
Statements vight of 
the functions «<0 
*= 0, AWA x > 0) tell 
you which function 
to plug x inte, 


15.38 Given the piecewise-defined function /(x) below, evaluate /(-2), /(0), and /(6). 


g(x),x<0 
f= h(x), x=0 
j(x), x >0 


A piecewise-defined function consists of two or more individual functions (in 
this case g(x), h(x), and j(x)), each of which represents values of the function 
for specific values of x. Here, f(x) = g(x) when x < 0. For instance, when x= -2, 


J(-2) = g(-2). When x= 0, f(x) = h(x); therefore, f(0) = h(0). Finally, f(x) = 7(x) 
when x > 0, so f(6) = 7(6). 


Note: Problems 15.39-15.41 refer to the piecewise-defined function k(x) below. 
3x+4, x<-3 


“3 is less than or 
equal to -3; 3 is not 
less than itself but it ig 
equal toe itsel€ ana only 
one of those tw cases 
has to be true, 


15.39 Evaluate k(-3). 


Note the three domain intervals defined for k(x): x <-3,-3<x<l,and x21. 


The only domain interval that contains x = —3 is x <-3. Therefore, k(x) = 3x+ 4 
when x =-3. 


k(-3) =3(-3)+4 
=-9+4 
=-5 


Note: Problems 15.39-15.41 refer to the piecewise-defined function k(x) below. 
3x+4, x<—-3 


15.40 Evaluate k(1). 


When x2 1, k(x) = 5. Because 1 2 1, k(1) =5. 


No matter 
what x-value you 

plug in that’s gveater 
than ov equal to |, 
the output will 
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Remembey, < 
ANA > mean solid 
Aots on the graph, 
AnA < and Pine 
hollow Aots. 


Note: Problems 15.39-15.41 refer to the piecewise-defined function k(x) here. 
Sard WS 5) 


15.41 Graph k(x). 


Use the techniques outlined in Chapter 5, “Graphing Linear Equations in Two 
1 
Variables,” to construct the graphs of y= 3x+ 4, y= 9 , and y= 5. Figure 15-8 


illustrates the graphs as dotted lines. 


a a OS he ee 


Figure 15-8: The graphs of the individual functions that comprise k(x). They are 
drawn as dotted lines because only specific pieces of each graph (to be 
identified in later steps) contribute to the graph of k(x). 


Darken the portions of each graph that represent portions of k(x). In other 
words, darken the interval of y= 3x + 4 for which x S$ -3, the portion of the 
graph left of the vertical line x = —3. The inequality symbol in the statement 
x S$ 3 indicates that a closed point should be used at the endpoint x = -3, as 
illustrated in Figure 15-9. 


Similarly, darken the portion of y= 5 for which x2 | and indicate a closed 
1 
endpoint. Finally, darken the portion of y= 5" between x =-3 and x= 1. The 


corresponding inequality statement (—3 < x< 1) indicates that the interval has 
open endpoints. The graphs are illustrated in Figure 15-9. 
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The darkened interval of each graph represents a portion of the graph 


To graph k(x), draw the darkened portions of each linear graph in Figure 15-9 
on a single coordinate plane, as illustrated by Figure 15-10. 


Figure 15-10: The graph of k(x). 
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Note: Problems 15.42-15.43 refer to the relation f(x) defined below. 
3x? —6x+5, x52 


fs) a [Ee ta, x22 
15.42 Evaluate /(-1). 


When x ¥ 2, f(x) = 3x? -6x+5. 

f(-1) =3(-1)' -6(-1I) +5 
=3(1)=6(=1)45 
=3+6+5 
=14 


Note: Problems 15.42-15.43 refer to the relation f(x) defined below. 
3x? —6x+5, x<2 


f= Pe +a, x22 


15.43 For what value of ais j(x) is a function? 


Substituting any real number x into /(x) produces a single output except when 
x= 2. The domain restrictions in this function are x < 2 and x2 2; the value 
x = 2 satisfies both conditions, so x = 2 can either be substituted into 3x7 —6x+5 


or ¥6x" +a. Therefore, both expressions must be equal when x= 2 to ensure 


that f(x) is a function. 
3x” — 6x +5 = V6x" +4 


Substitute x = 2 into the equation and solve for a. 


3(2) —6(2)+5=/6(2) +a 
3(4)-6(2)+5=6(4)+a 
12-12+5=/24+4 
5= 2444 
(5) =(J24-4a) 


IP L(x) is 
a function, 
each input com 
only have one 
output. That means 
Plugging x = 2 into £(x) 
has to produce ONE 
veal number output, 
Vutovtunately, tise 
Aiffevent vules apply 


to x = 
er isa 25 = 44a 
AVE TO equal) -—94= 
the same thing oo 
l=a 


when you plug in 
x=2, 
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GRAPHING FUNCTIONS 


Drawing graphs that avent lines 


Graphing linear equations—and therefore graphing linear functions—is a 
straightforward task. There are numerous techniques by which the graphs 
can be constructed (described in Chapter 5), but the behavior of a linear 
graph is predictable. Other functions, however, present a challenge. Cubic, 
absolute value, and square root functions, to name a few, have distinctly dif- 
ferent graphs. 


Rather than design algorithms by which each classification of function 
should be graphed, it is more useful to use one of two techniques to plot 
function graphs: completing a table of values (that is, the brute force tech- 
nique) to plot an extremely accurate graph or applying function transfor- 
mations to create a relatively accurate sketch of the graph quickly. 


Graphing functions is tricky. It wouldnt be if all functions were lines 
J . / 
peeea ~ ies it, lineow graphs ave the easiest to create. All you need is 
pont and the slope of the line and you've in busi 
yyy youve M business! Howevey, most Ly im 
avent lineay, so you need a few move graphing Stvategies pes 


Lee basically me ways to Avaw a function gvaph. One is to plug in a lot 
mee in to a function f(x) to see what numbers you get as avesult. Plug i 
enough x's and you can connect the dots to make a graph. The A & ~ iM 
of calculations and a big time investment - The Aownside? A lot 


T , < 
ois is a faster yey to gvaph that involves memorizing a few basic Punction 
a AP : and then using transformations to Stvetch, squish, move, and lip them 
e i Fov example, aftey you memovize the simple graph of y = x? 
can gvapn things like f(x) = x2 +¢ = (x — 7)3 . eu 
of an eye, : = E+ 6, ab) =  - T), armed Mix) = -2x? in the dlink 


Chapter Sixteen — Graphing Functions 


Graphing with a Table of Values 
Plug in a bunch of things fov x 


Note: Problems 16.1-16.2 refer to the function f(x) = (x — 3)’. 


16.1 Complete the table of values. 


f(x) =(x-3) 
fO)= 
mS 
(es 
iS 
eds 
fO)= 
oS 


In other 
wovas, plug 0, |, 2, 
3,4, 5, and © into 
L(x) one at a time 
and simplify. 


a oF ® 0F NO — CO] R 


Evaluate f(x) for each x-value in the left column. 


f (x) =(x-3)° 
f(0)=(0-3) =(-3) =9 
fQ)=(1-3) =(-2)’ =4 
f(2)=(2-3) =(-1) =1 
f(3)=(8-3) =(0) =0 
f(4)=(4-3) =()y=1 
f(5)=(5-3) =(2) =4 
f(6)=(6-3) =(3) =9 


aD Oh BP CFO NO FF O]R 


Note: Problems 16.1-16.2 refer to the function f(x) = (x — 3)’. 


16.2 Graph /(x) using the table of values completed in Problem 16.1. 


According to the table of values in Problem 16.1, /(0) =9, f(1) = 4, f(2) = 1, 
J(3) = 9, f(4) = 1, f(5) = 4, and /(6) = 9. Therefore, the graph of /(x), presented 
in Figure 16-1, passes through the following points: (0,9), (1,4), (2,1), (3,0), 
(4,1), (5,4), and (6,9). 


The numbers 
in the left column 
of the table of val ues 
ave the x-values of 
each point, and the 
numbers in the vight 
column ave the 

matching y’s. 
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(6,9) 


ee 6 8 10 


(2,1) (3,0) 


Figure 16-1: The graph of f(x) = (x — 3)’. 


Note: Problems 16.3-16.4 refer to the function g(x) =—|x|+2. 


16.3 Complete the table of values. 


PES) gle 3 ae dine 
—2| g(-2)= 
-1| g(-D= 
0 g(O)= 
| gQ)= 
Z g(2)= 


Evaluate g(x) for x=-2, x=-l, x=0, x= 1, and x= 2. 

x g(x) =—|x|+2 
2| g(—2) =—|-2|+2=—(2)+2=—2+2=0 
-1| g(-1)=-[-1|+2=-()+2=-14+2=1 
0 g(0)=—|0|+2=—-(0)+ 2=0+2=2 
1 g()=-[|+2=-()+2=-14+2=1 
2 g(2)=-|2|+2=—-(2)+2=—-2+2=0 
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Note: Problems 16.3-16.4 refer to the function g(x) = —|x|+2. 
16.4 Graph g(x) using the table of values completed in Problem 16.3. 
According to the table of values in Problem 16.3, the graph of g(x), presented in 


Figure 16-2, passes through the following points: (—2,0), (-1,1), (0,2), (1,1), and 
(2,0). 


Figure 16-2: The graph of g(x)=—|x|+2. 


3 


y | 
Note: Problems 16.5-16.6 refer to the function f (x)= 5 (x+1). 


16.5 Complete the table of values. 


: fx=F(e+0! 
3} 7 d= 
=2 (E= 
Hays 
0 f(O)= 
1 fM= 
2 fQ= 
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Evaluate f(x) for the x-values in the left column of the table. 


4 f(x)= 5 (e+) 


-3 | f(-3)=5(-3+" =5(-2 =5(-8)=-4 
f(-2)= 5-240! =5 (CD = 3 D=-5 


nN 


0 s(0)= 50+) =50)" =5@=5 
1 | s@=Z0+0" =5(2) =4(8)=4 
1 27 


2 fQ)=5@2+0" =50) =50D=— 


1 
Note: Problems 16.5—16.6 refer to the function f (x)= 5 (x+1 ye : 
16.6 Graph /(x) using the table of values completed in Problem 16.5. 


According to the table of values in Problem 16.5, the graph of f(x), presented 


1 
in Figure 16-3, passes through the following points: (—3,-4), (-2-5). (-1,0), 


(0.5). (1,4), and (2.22). 
2 2 


Figure 16-3: The graph of f (x)= AG + iy : 
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Note: Problems 16.7-16.8 refer to the function g(x) = 


16.7 Complete the table of values. 


44 


x 


Evaluate g(x) for the x-values in the left column of the table. 


2 
x | g(x)== 
x 
2 2 
-3 -3)=—T=-=> 
et) = 3S 5 
2 
=2 —2)=—=-]1 
g(-2)=—) 
—1 
0 g(0)= = > g(0) is undefined 
it. || eayeees 
1 
2 
2 2)=-=1 
g()=5 
2 
3 3)== 
g3)=% 
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2 


Note: Problems 16.7-16.8 refer to the function g(x)=—. 
x 


16.8 Graph g(x) using the table of values completed in Problem 16.7. 


According to the table of values in Problem 16.7, the graph of g(x) passes 
through the following points: (-3-3]. (-2,-1), (-1,-2), (1,2), (2,1), and 35 ; 
Additional points may be used to determine the shape of the graph, illustrated 


in Figure 16-4, if necessary. 


a better way to 

: graph functions with 

x the Aenominator. 

Check out Problems 

16.30, 16:33, and 
1634, 


you alveady \ 
knew that functions 
with a Aenominatoy 
of x locked like Figure 
16-4, the six Points you 
got from the table 
of Values Probably 
avent enough to Avs 
the graph. When that 
happens, pick Move 
Values of x (like -4,-5 
“© 4,5, ana 6) ana sbe 
Move points, q 


Figure 16-4: The graph of g(x) = 2 


x 
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Domain and Range of a Function 
What can you plug in? What comes out? 


This time 
the book Aceswt 
give you x-values 
to plug into the 
function. You Aowt 
need them—just 
make suve you use 
enough points to 
visualize the 
shape of the 
gvarph. 


Note: Problems 16.9-16.11 refer to the function f (x)= Vx+4. 


16.9 Graph /(x) using a table of values. 


Construct a table of values. 


=4 Fe 
-3| f(-3)=J-3+4=V1=1 

-2| f(-2)=J—-2+4 = V2 =1.414 
-1| f(-l)=J-14+4 = V3 ~1.732 
0 f(0)=J0+4 = 4 =2 

i fA)=V1+4 = V5 = 2.236 


As illustrated by Figure 16-5, the graph of f(x) passes through the coordinate 
pairs generated by the table of values: (—4,0), (-3,1), (- 2} V2), (-1, v3), (0,2), 


and (1,v5). 


Figure 16-5: The graph of f(x)=Vx+4 
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Note: Problems 16.9-16.11 refer to the function f (x)= Vx+4. 


ln othev 
words, the 
Aomain is the 
collection of 
numbers youve 
allowed to plug 
into the 
function. 


16.10 Identify the domain of f(x). 


The domain of a function is the set of real numbers for which /(x) is defined. 
A square root, and in fact any root with an even index, is defined only when the 
radicand is nonnegative. Therefore, /(x) is defined only when x + 4 2 0. Solve 

the inequality. 


x+42=0 


x2—4 


Another method by which to identify the domain of a function is via its graph. 
Consider the graph of f(x) in Figure 16-5. Any vertical line drawn on the 
coordinate plane that intersects the graph represents a member of the domain. 
The vertical line x = —4 is the leftmost vertical line that intersects f(x), so 

x= —4 belongs to the domain of the function. All vertical lines to the right of 

x = —4 intersect /(x) as well, so the domain of f(x) is x 2-4. 


The vadicona 
is the expvession 
inside the vadical, 
in this case x + 4, 


Note: Problems 16.9-16.11 refer to the function f(x)=Vx+4. 


A function's 
vange is the 
collection of all its 
Possible outputs. For 
instance, if v(S) = -|2 
for some function v(x), 
then Sis a member of 
the Aomain ana -|2 
is a member of the 
vange. 


16.11 Identify the range of f(x). 


Problem 16.10 states that vertical lines intersecting the graph of a function 

represent members of that function’s domain. Similarly, horizontal lines that 
intersect a graph represent members of the range: Consider the graph of /(x) 
in Figure 16-5. The horizontal line y= 0 and all of the horizontal lines above it 
intersect /(x), so the range of the function is f(x) 2 0. 


lusteaa of 
writing y > 0 fov the vange, use 


L(x) = 0 instead. Technically, the function It might 
f(x) = $x+4 Acesnt contain y, so the not look like 


answer shouldn't contain y either. the horizontal 


lines y=4,y=5, 

ana y = & intevsect 
the gvaph, but they Ao. 
A squave voot graph 

incveases steadily (if 
slowly) fovever ana 
ever as the gvaph 
tvavels vight. 
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Note: Problems 16.12-16.14 refer to the function g(x) =|x—3|+2. 
16.12 Graph g(x) using a table of values. 


Construct a table of values. 


x | g(x) =|x—3/+2 

0 | g(0)=(0-3|+2=|-3|+2=3+2=5 
1} gQ)=[1-3|+2=|-2|42=2+2=4 
2 | g(2)=|2-3|+2=|-1|+2=14+2=3 
3 | ¢(3)=|3-3/+2=|0/+2=2 

4 | g(4)=|4-3/+2=]l|+2=14+2=3 
5 | ¢(5) =(5-3|+2=|2|42=24+2=4 
6 | g(6)=|6 —3|/+ 2=|3/+2=34+2=5 


As illustrated by Figure 16-6, the graph of g(x) passes through the coordinate 
pairs generated by the table of values: (0,5), (1,4), (2,3), (3,2), (4,3), (5,4), 
and (6,5). 


Figure 16-6: The graph of g(x)=|x—3|+2. 


Note: Problems 16.12-16.14 refer to the function g(x) =|x—3|+2. 
16.13 Identify the domain of g(x). 
Consider the graph of g(x) in Figure 16-6. Any vertical line drawn on the 


coordinate plane will intersect the graph. Therefore, all real numbers comprise 
the domain of g(x). 
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Note: Problems 16.12-16.14 refer to the function g(x) =|x—3|+2. 


16.14 


16.15 


16.16 


16.17 


Identify the range of g(x). 


Consider the graph of g(x) in Figure 16-6. The horizontal line y = 2 intersects 
the graph, as do all the horizontal lines above y = 2. Therefore, the range is 


g(x) 2 2. 


Identify the domain of j(x)= z 
—x 


Rational functions (that is, functions defined as fractions) are defined for all 
real numbers, except values that make their denominators equal zero. Set the 


denominator of j(x) equal to 0 and solve the equation. 


8-x=0 
8=x 


Function j(x) is undefined when x= 8. Therefore, the domain of j(x) is all real 


numbers except 8. 


Identify the domain of h(x) =2Vx-9 —5V4x+3. 


A square root is undefined when its radicand is negative. Therefore, the 
expressions x— 9 and 4x + 3 both must be greater than or equal to 0. 


4x+3 20 
x-920 
and 4x =-3 
x29 
3 
x2z-—— 


3 
Function h(x) is only defined when x29 and x2 ie so the domain of h(x) is 


x29. 


x 
Identify the domain of p(x)=>— : 
iw Hered 


The domain of a rational function consists of all real numbers except the values 
that cause the denominator to equal zero. Set the denominator equal to zero 
and solve the equation to identify the values that must be explicitly excluded 


from the domain. 
x—x-4=0 


Solve the equation using the quadratic formula. 


At the 
point (3,2) 


Problems 
16.10 ana 
16.13 use the 
graph of a function 
to Find its Aomain, 
and Problems |¢6,|s~— 
16.20 show you how te 
iAentify the Aomain 
without a graph. Range 
is a Aiffevent stovy— 
graphing is often the 
best way to iAentify 
the vange, especially 
when the functions 
ave complicated. 


If you 
plug x = 8 
into jis), you get 
é oe 6G 
0 


B-x  g-f 
Youve not allowed to 
Aaivide by 0, Sox = & 

is excluded from 
the Aomaiin. 


If a number 
is greater thay 
ov equal to 7, 

it’s Automatically 
greater than or 
equal toe 32 ss 
theve’s no need 
to include the 
fraction in the 
answer, 
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oes ~(-1)+¥(-1)’ -4(1)(-4) 
2(1) 
be 1+¥V14+16 
2 
1417 
9 


x 


1/17 1+17 
9 and 9 : 


The domain of p(x) is all real numbers except 


V2-x 


ve 7 


16.18 Identify the domain of k(x) = 
When you 


vevevse the si des 
of an inequality, you 
have to veverse the 
inequality sign as 
well, changing > 
to <. 


Function k(x) is undefined when the radicand in the numerator is negative, so 
identify the values of x for which 2 — x is nonnegative. 


2-—x=0 
2=>x 


x<2 


The function is also undefined when the denominator is equal to zero. Identify 
those values to explicitly exclude them from the domain. 


VT % 2.646, 


x°—-7=0 
anda accovaing to ee 
the numerator, only 
numbers less than ov she ae 
equal to 2 belong in the Pee 


Aomain. —4/7 is less 
than 2, so you have to 
exclude it, but 

V7 is excluded 
automatically, 


The denominator of k(x) equals zero when x = —J7 or x=V7.The domain of 
the function is x< 2, x# —J7. 


1 
16.19 Identify the domain of q(x) =——————— 
V 3x" + 8x —3 


Function g(x) is undefined when the denominator is equal to zero or when the 
radicand is negative. 


When youve 
Finding the 
Aomain, the two big 
things you look fov ave 
zevo in the Aenominator 
ana negatives inside 
vadicals (when the 
vadicals have an even 
index—negatives side 
a cube voot, fov 
example, ave Fine). 


To identify values of x for which the radicand is positive, solve the inequality 
3x" + 8x — 3 > 0 using the technique described in Problems 14.35-14.43. Begin 


by solving the equation 3x” + 8x—- 3 = 0 to identify the critical numbers of the 
radicand. 
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3x° +8x-3=0 

3x" +(9-1)x-3=0 

(3x” + 9x) +(—x — 3) =0 

3x (x +3)—-1(x+3)=0 

(3x —1)(x+3)=0 
3x-1=0 or x+3=0 
3x=1 or x+3=0 


Factor by 
Aecowmposition— 
Find two numbers 
that have a sum of & 
and a product of -49 (in 
othev wovas 7 and -|) 
ana go from there. Look 
at Problems |2.42-|2.44 
fov move infovmation 
about factoving by 
The expression 3x? + 8x — 3 is positive when x <—3 or x > a so those intervals Aecomposition. 


Ds 
comprise the domain of q(x). Note that the answer “x < -3 or x 2 3 ” is 


Pam me 1 : 
incorrect, as that domain includes the critical numbers —3 and —, which cause 
the denominator to equal zero. 


See Problems 
1335-|3.43 to 

veview quadvatic 
imequallities 


16.20 Identify the domain and range of r(x) given its graph in Figure 16-7. 


-2 


3 


Figure 16-7: The graph of a function identified only as r(x). 


Vertical lines drawn on the coordinate plane that intersect the graph indicate 
members of the function’s domain. Any vertical line drawn on Figure 16-7 
intersects r(x) except for the line x= 1, as the point (1,2) is specifically excluded 
from the graph. Therefore, the domain of r(x) is all real numbers except x= 1. 


Horizontal lines drawn on the coordinate plane that intersect the graph 
indicate members of the function’s range. The highest point reached by the 
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graph of r(x) is (—4,5), and any horizontal line below (and including) y= 5 
intersects the graph. This is even true for y = 2. Although the graph excludes 
point (1,2), the horizontal line y= 2 passes through the graph of r(x) at two 
other points. Therefore, the range is r(x) < 5. 


Symmetry 
Pieces of a gvaph ave vetlections of each other 


16.21 Complete the graph of f(x) in Figure 16-8 assuming it is y-symmetric. 


If you 
gvaphea f(x) on 
a sheet of paper 

and folAeA the paper 
along the y-axis, the 
left ana vight sides 
of f(x) woula 
ovevlap. 


Figure 16-8: A portion of the graph of f(x). 


A y-symmetric function is a reflection of itself across the y-axis, so if the graph 
passes through point (x,y), it passes through the corresponding point (—x,y) as 
well. For instance, the graph of /(x) in Figure 16-8 passes through point (4,-3), 
so it must pass through (—4,—3) as well. Figure 16-9 presents the completed 
graph of f(x). 
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OU 


“¢ 3 4 3 2 


Figure 16-9: The graph of f(x) is y-symmetric, so the segments of the graph left and right 


of the y-axis are reflections of one another. 


16.22 Complete the graph of g(x) in Figure 16-10 assuming that it is symmetric 
about the origin. 


Oe 


Figure 16-10: A portion of the graph of g(x). 
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Origin-symmetric functions have this property: If the graph passes through 
point (x,y), then it passes through the corresponding point (—x,—y) as well. For 
instance, the graph of g(x) passes through point (—3,5), so it must pass through 
the point (3,—5) as well. The completed graph is presented in Figure 16-11. 


Stoavt 
at the ovigin 
and trace your 
Finger left along 
the gvaph. Whatever 
the function Aces 

AS you travel left it 
does the opposite as 
you travel vight of the 
ovigin. In this case, as 
you travel left fvowm 
the ovigin, the func 
tion goes up to (3,5) 
and then Aown te 
Cé,0). The vight side 
does the opposite— 
it goes DOWN to 
(3S) and then 
UP te (6,0). 


Figure 16-11: The graph of g(x) is origin-symmetric. 
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16.23 Complete the graph of h(x) in Figure 16-12 assuming that it is symmetric 
about the x-axis. 


Figure 16-12: A portion of the graph of h(x). 


If a relation is symmetric about the x-axis, then the segments of its graph above 
and below the x-axis are reflections of one other. Therefore, an x-symmetric 
function passing through point (x,y) will pass through the corresponding point 
(x,-y) as well. For instance, h(x) passes through point (1,2), so it also must pass 
through point (1,-2). The completed graph is presented in Figure 16-13. 


ix) iswt a 
function because 
it fails the Vertical] 
line test (As Ao most 
Symmetric gvaphs), 
The vertical line test 
States that Vertical 
lines Avawn on graphs of 
functions can intersect 
these graphs only once 
at Most. Vertical lines 
vight OK 2S iil 
tntevsecp (x) twice So 
ix) is not a function, 
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Heve's 
how to 
Figure out 
if £(x) is oAda: 
veplace all of 
the x’s with -x. You 
shoula end up with 
the exact opposite of 
£(x). In this case you 
get -4x? + x, which is 
the opposite of 4x? - x 
becouse the paivs of 
Covvesponding terms 
(Ax? ana Ax? +x 
ana -x) ave 
opposites. 


If (xy) and 
Cxy) ave on the 
graph of 9(x), then 
9%) = y and 9-x) = y, 
If you substitute —x 
into 9(x), you shoula 
enA up with the 
SAME Expression 
yy. 


16.25 Verify that g(x) = 


Figure 16-13: The x-symmetric graph of h(x). 


16.24 Verify that f(x) = 4x° — x is an odd function. 


A function is odd if and only if its graph is origin-symmetric. According to 
Problem 16.22, an origin-symmetric graph that passes through point (x,y) also 
passes through point (—x,—-y). In other words, substituting —x into /(x) should 


result in —/(x). 

f(x) = 4x? —x 
f(-x) =4(-x)’ —(-x) 
f(-x) =—-4x° +x 


Because /(-x) =—/(x), function f(x) is odd. 


x +5 ; f 
—9 isan even function. 


xe 
A function is even if and only if its graph is y-symmetric. According to Problem 


16.21, a y-symmetric graph that passes through point (x,y) must pass through 
the corresponding point (—x,y) as well. In other words, substituting x and —x into 


g(x) produces the same result, so g(—x) = g(x). 
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x +5 
aXe) oR : Even func- 
: tious usuailly 
(-x) +5 
er Ta have even powers 
) in them like this, ana 
ana oAA functions usually 
gGxy)=—.— =o 
i: have oAA powers. 
However, the powers 
a alone ave not enough 


Because g(x) = g(-x) = -9, g(x) is an even function. pL ute: te clasaey 
the function as 


even ov 0AA. 


6 
x 


Fundamental Function Graphs 
The graphs you need to understand most 


You shoula 
meworize the 
graphs in Problems 
16.26-1630. If you 
have to use a table of 
values to Avaw these 
five gvaphs every 
time, the vest of the 
chapter will take a 
whole lot longev. 


16.26 Graph the function f(x) = x? using a table of values. Identify the domain 
and range of the function, as well as the type of symmetry (if any) the graph 
exhibits. 


Figure 16-14 illustrates the graph of f(x) = x* and the table of values used to 
generate the graph. 


x | f(x)=x? 

-3 | f(-3)=(-3) =9 
-2| f(-2)=(-2) =4 
-1} f-)=(-1l=1 
0 | f(0)=(0) =0 
1 | f@=dy =1 
2 | f(2)=(2) =4 
3 | f(3)=(3) =9 


Figure 16-14: The graph of a quadratic function is a parabola. 


The domain of /(x) is all real numbers; the range is /(x) 2 0, as squaring a real 
number always produces a nonnegative result. The graph is symmetric about 
the y-axis, as squaring a real number x and its opposite —x both produce the 
same result: f(—x) = f(x). 
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16.27 Graph the function g(x) = x* using a table of values. Identify the domain 
and range of the function, as well as the type of symmetry (if any) the graph 
exhibits. 


Figure 16-15 illustrates the graph of f(x) = x’ and the table of values used to 
generate the graph. 


x g(x) =x° 

—3 | g(-3) =(-3)° =-27 
—2| g(-2)=(-2)' =-8 
= 6eD= (1) Sa1 
0 | g(0)=(0)' =0 

1 g()=(1) =1 

2 | g(2)=(2)'=8 

3 | g(3)=(3) =27 


Figure 16-15: The graph of the cubic function, g(x) = x’. 


The domain and range of g(x) both consist of all real numbers—you may cube 
both positive and negative real numbers, and doing so produces both positive 
and negative results, respectively. The graph is origin-symmetric, as cubing a 
number x and its opposite —x produce opposite results: g(—x) = —g(x). 


16.28 Graph the function h(x) =|x| using a table of values. Identify the domain 
and range of the function, as well as the type of symmetry (if any) the graph 
exhibits. 


Figure 16-16 illustrates the graph of h(x) =|x| and the table of values used to 
generate the graph. 
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x h(x) = |x| 

—3 | h(—3)=|-3|=3 
—2 | h(-2)=|-2|=2 
-1] A(-)=|-l|/= 
0 h(0) =|0|=0 
1 hA(1) =|] = 

2 h(2)=|2|=2 
3 h(3) =|3| =3 


Figure 16-16: The graph of the absolute value function has a cusp—a sharp point or 
corner—at x = 0. 


The domain of f(x) is all real numbers, and the range is h(x) 2 0—every real 
number has an absolute value, and it is a nonnegative number. The graph of 
h(x) is symmetric about the y-axis, as the absolute value of a real number x and 
its opposite —x are equal: h(—x) = h(x). 


16.29 Graph the function j(x)= Vx using a table of values. Identify the domain 
and range of the function, as well as the type of symmetry (if any) the graph 
exhibits. 


Figure 16-17 illustrates the graph of j(x)= Vx and the table of values used to 
generate the graph. 
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jx) = Vx 
j(0) = 0 =0 
jQ)=V1=1 
j(2)=2 
j(3) = V3 
j(4)=V4 =2 


re OC NO FF O/R 


Figure 16-17: The graph of the square root function is located within the first quadrant 
of the coordinate plane. 


The domain of j(x) is x2 0, and the range is j(x) 2 0O—you can only take the 
square root of a nonnegative number, and the result is a nonnegative number. 
The graph exhibits no x-, y-, or origin-symmetry. 


1 
16.30 Graph the function k(x) =— using a table of values. Identify the domain 
x 


and range of the function, as well as the type of symmetry (if any) the graph 
exhibits. 


1 
Figure 16-18 illustrates the graph of k(x) =— and the table of values used to 
generate the graph. 7 


x K(x) == 
-3 K(-3)=-5 
-2| k(-2)=-5 


— 


k(-1)= = 1 


1 
0 k(0)=—~>k(0) is undefined 


0 
1 R)=5= 
2 K(2)=5 
3 | A@)=— 


Figure 16-18: The graph of k(x) intersects neither the x-axis nor the y-axis. 
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The domain and range of k(x) both consist of all real numbers except for 0. 
The graph is symmetric about the origin, as the reciprocal of a number x and its 
opposite —x are opposites: k(—x) = —k(x). 


You can't 
have 0 in the 
Aenominatoy, so the 
Aomain must exclude 
0. Theve’s no number 
You can Aivide into | to 
get a quotient of 0 so 
you have to exclude 


0 from the vange as 
well, 


Graphing Functions Using Transformations 
Move, stvetch, squish, and lip gvaphs 


16.31 Transform the graph of /(x) = x? to graph the function g(x) = x°-5. 


The only difference between functions /(x) and g(x) is a constant, —5. Adding 
or subtracting a constant c from a function affects its graph—all points on the 
graph are shifted c units up or down, respectfully, on the coordinate plane. 

In this problem, the graph of g(x) is exactly 5 units below the graph of f(x), as 
illustrated by Figure 16-19. 


f(x) = # 


If You subtract 3 
from the input ot x 

function, it Moves the 
graph 3 units to the 
RIGHT. Adding Z3te 
the Mput woula Move 
It 3 units to the LEFT 
That's the Opposite of 
what you might think — 
negative wumbevs move 
things vight and Positive 
numbers move things 
left, 


Figure 16-19: The graphs of f(x) = x° and g(x) = x° — 5 are equivalent, except that g(x) 
is five units below f(x). 


16.32 Transform the graph of /(x) = x* to graph the function h(x) = (x- 3)?. 


Whereas only x is squared in function /(x), the expression x — 3 is squared 

in h(x). When a constant cis added to, or subtracted from, the input x of a 
function, the corresponding graph is shifted —c units to the right or left, as 
illustrated by Figure 16-20. 
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Figure 16-20: Move the graph of f(x) = x° three units to the right to create the graph of 
h(x) = (x — 3). 


1 1 
16.33 Transform the graph of f(x) =— to graph the function g(x)=—+1. 
x x 
The function g(x) is generated by adding | to f(x). According to Problem 16.31, 
adding the constant 1 to a function moves its graph up one unit, as illustrated 
by Figure 16-21. 


\ 

\ 

it~ ~---> f(x) 
\ 


g(x) 


: 1 
Figure 16-21: Move the graph of f (x)=— up one unit to generate the graph of 
x 


1 
g(x)=—4+1. 
x 
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16.34 Transform the graph of f(x) =— to graph the function h(x) =—— 
% 


x+1° 
The reciprocal function f(x) divides 1 by the number substituted into the 
function, x; in h(x), a constant (1) is added to the input (x). Problem 16.32 
states that adding a constant c to the input of a function shifts the graph —c 
units horizontally, so the graph of h(x) is equivalent to the graph of /(x) 
shifted one unit to the left, as illustrated by Figure 16-22. 


Let's say 
you know 
the graph of 
a function (x). 
That meons you 
automatically 
know the graph of 
F(x) + 2 (move the graph 
of L(x) up 2 units), 

£(«) -3 (move it Aown3 
units), P(x + 6) (move 
it left © units), and 
£(« - 4) (move it 
vight 4 units). 


-! ~---* fix) 


h(x) 


Figure 16-22: The graphs of f (x)= : and h(x) = = : 


x 


The * symbol 
Used in 4x) is 
Meant to distinguish 
it Prom the given 
function 568). The 
Symbol itselL means 
nothing. It's Aescyi 
A AifPevent (out vy ery 
similay) function using 
a Aiffevent (out 
vevy Similay) 


16.35 Graph the function j(x) =3¥Vx. 


Transform the graph of (x) = Jx , presented in Figure 16-17. Multiplying a 
function by a constant—in this case multiplying Vx by 3—stretches its graph 
vertically. Each point on the graph of j(x) is three times as far from the x-axis 
as the corresponding point on j(x). 


bing 


Multiply the 

yvalues of the poi 
Points 

, is 3. The graph of 4c x) contai 

Pots (0,0), (1,1) ana (4,2), so the 


JO) Contains the poi 
Ponts (0,0 - 
NA (4,2 : 3), 0 3), (I, | bd 3) 


hs the 
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I(x) = 37(x) 


Figure 16-23: Each point on the graph of j(x) = 3x is three times as far from the 
x-axis as the corresponding point on the graph of (x) =x. 


The graph 
oAy 3 
of £(x) =x 
passes through the 
points Cll), (1,1), 
and (2,8). Multiply the 
y-values of each point 


1 
16.36 Graph the function f (x)= os ; 


According to Problem 16.35, multiplying a function by a constant affects how far 
each point on the graph is from the x-axis. In this case, each point on the graph 


of f(x)=—-=x’ is one-half the distance from the x-axis as the corresponding 


point on f(x)=x°. Furthermore, multiplying a function by a negative number 


by _ to get points on 
reflects the graph across the x-axis, as illustrated by Figure 16-24. 


L(x): 


~---> fax! 


1 3 
f(x)= ts 


Figure 16-24: The graph of f(x) = -ox : 
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16.37 Graph the function g(x) =-x. 


Consider the function (x)= Vx . Multiplying the input x of a function by -1 
to get g(x) =~ —x reflects the graph about the y-axis. For instance, ¢(x) = Vx 
contains points (1,1) and (4,2) so g(x)= V-x contains points (-1,1) and 
(-4,2), as illustrated by Figure 16-25. 


Figure 16-25: The graph of g(x) =~-x . 


16.38 Graph the function h(x) = (x— 4)? +2. 


To transform h(x) =x° into h(x), you subtract 4 from the input x and add 2 to 
the result. These operations shift the graph of h(x) four units right and two 
units up, as illustrated by Figure 16-26. 


h(x) =(x—4) +2 


Figure 16-26: The graphs of h(x) = (x — 4)? + 2. and h(x) =x?. 
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16.39 Graph the function f(x)=—-Vx+1-4. 


3 To transform the basic square root function i (x)= Vx into j(x), multiply the 
function by —-1, add | to the input, and subtract 4 from the result. Each of those 
transformations is accompanied by a change in the graph: multiplying by —1 
reflects graph across the x-axis, adding | shifts the graph one unit to the left, 
and subtracting 4 shifts the graph 4 units down. Figure 16-27 illustrates the 
graph of f(x) and the transformed graph of f(x). 


by a negative 
flips the graph acvoss 
the y-axis. Multiplying 
the function itself 

by a negative lips the 
gvaph acvoss the 
X-AXIS. 


f(x)=—-Vx+1-4 


Figure 16-27: The graphs of f(x)=Vx and f(x)=—Vx+1-4. 


Absolute Value Functions 
These graphs might have shave points 


VE 


f ERNo To transform the basic absolute value function ¢(x)=|x| into g(x), multiply it 
by 2 (which stretches the graph vertically, moving points twice as far from the 
x-axis), add 3 to the input (which shifts the graph 3 units left), and subtract 
5 from the result (which shifts the graph down 5 units). The graph of g(x) is 
illustrated in Figure 16-28. 


16.40 Graph the function g(x) =2|x+3|—5. 
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7 
/ 
7 


oe 
7 &(x) =| 
7 


g(x) =2|x+3|-5 


Figure 16-28: The graphs of &(x)=|x| and g(x) = 2|x+3|-5. 
16.41 Graph the function h(x)=—|2x+7|+3. \ (J 

@ 

To identify the x-value of the vertex (the sharp point) on a linear absolute value (| q® 

graph, set the absolute value expression equal to zero and solve. \ 

2x+7=0 
2x=—7 
7 Graph 
Ave not always 


the easiest way to 
graph an absolute 
value function, They 
workea fine th Problem 
16.40, but when the 
coefficient of x iswt | 
(ike in Problem 1¢.41) 
the qWickest way Ss Za 
graph is to fund the 


; 7, . 
Substitute x =—— into the function to calculate the y-value of the vertex. 


‘Lalo 
=-|-74+7|+3 
=3 


+3 


The vertex of the graph is (-Z.3]. Substitute an x-value less than x = = and 


7 
an x-value greater than x = “5 into h(x) to identify a point left of the vertex 


and a point right of the vertex (such as x=—5 and x= 0). 
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h(—5) = —|2(—5) + 7|+3 h(0) =—|2(0)+7|+3 
—|-10+7|+3 =—-|7|+3 
—|-3|+3 =—(7)+3 

=—(3)+3 =—4 

=0 


Accovaing 
to these 

calculations, the 
graph of l(x) also passes 
thvough points CS,0) 
and (0-4). 


Draw two rays, each starting at the vertex and extending through the points 
identified above to complete the graph, as illustrated by Figure 16-29. 


In other wovds, 


jG) = | 300]. Figure 16-29: The graph of h(x) =—|2x+7|+3. 


16.42 Graph the function j(x)= |(x = 3) = Q| : 


The absolute value expression in j(x) can be graphed using transformations: 
(x) =(x—3)° —2. Because j(x) is contained within absolute values, its output 


must be nonnegative. 
Consider the graphs of j(x) and j(x) in Figure 16-30; the graph of j(x) 
is generated by reflecting the portion of j(x) below the x-axis (that is, 
when (x) <0) across the axis so that the entirety of the graph of j(x) is 


When you 
graph a function 
that’s completely 
tuside absolute values, 
ignove the absolute 
values at fivst and 
Avaw the graph. Then 
evase any part of the 
graph that’s below the 
AXIS ANA veAvaw 
tts mivvoy image 
above the x-axis, 


nonnegative). 


Umongous Book of Algebva Pvolblems 


Chapter Sixteen — Graphing Functions 


2 j(x)=(x-3) -2 3 j(x) =|(x-3y° -Q| 
4 4 


Figure 16-30: No portion of the graph of j(x) lies below the x-axis. 


Note: Problems 16.43—16.44 refer to the graph of f(x) in Figure 16-31. 


Figure 16-31: The graph of a function f(x). 


16.43 Graph [f(x]. 


As Problem 16.42 explains, the graph of the absolute value of a function is 
generated by graphing the original function—in this case /(x)—and then 
reflecting any negative segments of the graph across the x-axis. The graph of 
j(*) is illustrated in Figure 16-32. 
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Figure 16-32: Reflect any portion of the graph of f(x) that is below the x-axis across the 
axis to plot the graph of | f (x)|. 


Note: Problems 16.43—-16.44 refer to the graph of f(x) in Figure 16-31. 
16.44 Graph f (|x|). 


As demonstrated by Problems 16.42 and 16.43, taking the absolute value of a 
function replaces the segments of its graph below the x-axis with reflections of 
those segments across the x-axis. Similarly, taking the absolute value of the 
input (x) of a function replaces the segment of its graph that is left of the y- 
axis with a reflection of the remaining graph across the y-axis, as illustrated by 
Figure 16-33. 


To gvaph P(Ixl) , 
fivst gvaph £(x). Then 
evase any part of the 
graph left of the y-axis. 
Replace the missing left 
side with a mivvor image 

of the vight side. Think 
of it like this: f(Ixl) isa 
function that gives you the 
same thing when you plug in 
a wumber and its opposite: 
|-2| = |2|, so #€2) = £2). 
That means the 
gvaph has to be y- 
symmetvic. 


Figure 16-33: Reflect the portion of f(x) for which x = 0 across the y-axis to generate the 
graph of f (|x). 


378 ree Humongous Book of Algebva Problems 


Chapter |7 


CALCULATING ROOTS OF FUNCTIONS 
Roots = solutions = xintevcepts 


Chapter 7 was dedicated primarily to the solution of linear equations (equa- 
tions with degree one) and Chapter 14 almost entirely focused on the solu- 
tion of quadratic equations (which have degree two), so it is moderately 
surprising that equations (and functions) of degree three and higher do 
not each require separate solution techniques. Instead, solutions can be 
determined analytically by means of a common set of theorems, including 
the Fundamental Theorem of Algebra, the remainder theorem, the leading 
coefficient test, Descartes’ rule of signs, and the rational root test. 


Theve wight be a qMBDadvatic formula, but ther. EN AGIS Csipcia ee. 
aes cubic equations using only their coef-ficients—the some . ° 
ees of ae ONee Fowv, Aegvee five, and so on. One thing you shoulda know: 
ustead of calculating the solutions of equations, most of the time yo ) ) 
the voots of functions, Essentially, it means the same thina—vou j oe 
Aiffevent wovas, Jou Just use 


Transforming an equation inte a function is simple—just solve the equation 2 
ma example, to solve the equation x*= 4, subtvact 7 from both sides (to a ies 
x 7 1 = 0), and instead of wviting 0, give the function a nam B oso : 
with £(«) = x - 9), The solutions of the equation x2 = doiaaie es up 
Function P(x) = x? - 9 ave equa: x = -3 ov x =3, rare e 


: 0 een ae voots of functions, use a combination of Aiffevent tests to 
eavn about the function and its ( Mt t 
graph. Do its ends point in the Ai i 
ov Ao they go Aiffevent Aivections. Ij i ene 
us, like one Jong Up and one goi 
ey gong Aown? How 
many Positive voots ave theve? How many ave negative? How in the wovla Ao 
factor a polynomial like x? + 3x? + 31x - 457 = 
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Identifying Rational Roots 
Factoving polynomials given a head stavt 


17.1 Given a polynomial of degree n that has real number coefficients, what is 
guaranteed by the Fundamental Theorem of Algebra? 


The Fundamental Theorem of Algebra states that the polynomial will have 
exactly n complex roots. It is an existence theorem, merely guaranteeing that 
those roots exist but providing no means by which to calculate them. Neither 
can the theorem be used to further classify the roots, such as to determine how 
many of the complex roots are real numbers or how many are rational. 


17.2 According to the remainder theorem, if the quotient (ax® + bx? + cx + d) + 
(x —m) has remainder 7, what conclusion can be drawn? Assume that a, B, c, d, 
and mare real numbers. 


A ‘polynomial 
written in tevms 
of x" is a polynomial 
Containing x's ANA no 
other voviables. 


The remainder theorem states that substituting x = minto a polynomial written 
in terms of x produces a value exactly equal to the remainder when that poly- 
nomial is divided by x— m. In this example, dividing ax* + bx? + cx + d by x-—m 
produces remainder », so the remainder theorem states that substituting x = m 
into the expression results in the same value. 


The iumber a(m)* + b(m)? + c(m) + d=r 
left over when 
you Awide a 
polynomial by 

(x - w) is equal to the 
number you get out 
when you plug 
x = wm into the 
polynomial. 


Note: Problems 17.3-174 refer to the polynomial x’ — 3x? + 7x — 4. 


17.3 Evaluate the expression for x = 5 using the remainder theorem. Verify your 
answer. 


According to the remainder theorem, the remainder of (x* — 3x° + 7x —4) + 
(x —5) is equal to the expression x’ —3x* + 7x — 4 evaluated for x = 5. Calculate 
the quotient using synthetic division. 


5) aes oe ee 
5 10 85 
1 217 81 


If you 
need synthetic 
AWvision practice, 

check out Problems 
1138-145. 


Therefore, x* —3x° + 7x —4 = 81 when x= 5. Verify this by actually substituting 
x= 5 into the expression and simplifying. 


5° —3(5) +7(5)—4 = 125 — 3(25) + 35-4 
= (125 —75)+ (35 —4) 
=504+31 
=81 
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Note: Problems 17.3-174 refer to the polynomial x’ — 3x? + 7x — 4. 


lusteaa 
of plugging 
x = -2 into the 
expression, plug 

it into a synthetic 
AWvision box—the 
signs match. Use the 
opposite of -2 to 
wvite the Aivisov: 
x+2. 


17.4 Evaluate the expression for x = —2 using the remainder theorem. 


Calculate the remainder of (x* —3x° + 7x —4) + (x +2) using synthetic division. 


-2) 1-3 7 -4 
—2 10 —34 
1-5 17 -38 


Therefore, (-2) —3(-2)? + 7(-2) —4=-38. 


Note: Problems 17.5-17.9 refer to the function f(x) =x’ + 13x’ + 31x — 45. 
17.5 Evaluate f(1) using the remainder theorem. 
Apply synthetic division. 


| 1 13 31 —45 
114 45 
114 4 #0 


The remainder is 0, so f(1) = 0. 


Note: Problems 17.5-17.9 refer to the function f(x) =x’ + 13x’ + 31x — 45. 


Roots ave alse 
callea “zevoes” 


17.6 Explain why x= 1 isa root of f(x). 
because plugging 
them inte the 
function makes the 
function equal 0. 


If f(c) = 0, then cis a root of function f(x). According to Problem 17.5, f(1) = 0, 
so x= 1 isa root of the function. 


Note: Problems 17.5-17.9 refer to the function f(x) =x’ + 13x’ + 31x — 45. 


17.7 Explain why x — 1 is factor of x° + 13x + 31x —45. 
Cisa 
factor of 
Dif C Aides 
evenly into D. 
In other wovds, 
D = Chas no 
vemaindey. 


According to Problem 17.5, f(x) + (x —1) has remainder 0. Because /(x) is evenly 
divisible by x —1, by definition, x — 1 is a factor of f(x). 
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Note: Problems 17.5-17.9 refer to the function f(x) = x’ + 13x’ + 31x — 45. 


To factor the 
function, take the 
voot you've given (in 
this case I), Aivide it 
out synthetically, make 
A WWAAvatic polynomial 
out of the number 
get (im this case 
+ lA fp 45), and then 
ty to factoy that 
BWadvatic, 


17.8 Factor /(x). 


According to Problem 17.5, (x* + 13x? + 31x —45) + («-—1) = 2° + 14x+ 45. 
Therefore, x’ + 13x° + 31x — 45 = (x —1)(x* + 14x + 45). Factor the quadratic 


expression. 


(x —1)(x2 + 14x + 45) = (x—1)(x+ 9) (x4 5) 


S you 


Therefore, the factored form of x° + 13x? + 31x —45 is (x—1)(x+ 9)(x+ 5). 


Note: Problems 17.5-17.9 refer to the function f(x) = x’ + 13x? + 31x — 45. 


17.9 Identify all three roots of f(x). 


According to Problem 17.8, f(x) = (x —1)(x+ 9)(x+ 5). Substitute f(x) = 0 into 
the equation, use the zero product property to set each factor equal to 0, and 


solve the individual equations. 
(x -1)(x+9)(x+5)=0 


x-1=0 x+9=0 x+5=0 
x=1 x=-9 x=—5 


The roots of /(x) are x= -9, x= —5, and x= 1. 


Problems 
17.28-1734 
explain how to 
Lactov a cubic (ov a 
function with a higher 
Aegvee) when you've 
not given a voot (like 
-3) to stavt 


Note: Problems 17.10-17.11 refer to the function g(x) = 12x? + 25x? — 38x — 15. 


17.10 Factor g(x) given that —3 is one of its roots. 


If-3 is a root of g(x), then (12x° + 25x’ — 38x —15) + (x+ 3) has remainder 0. 


Apply synthetic division. 


anes -—3| 12 25 -38 —15 
-36 33 15 
= =F. 20 


The number 
in the box 
matches the voot 
(-3), and the number 
in the COvvesponaing 
factor always has 
the opposite sign 
(x +3), 


Therefore, (12x° + 25x? — 38x —15) + (x+ 3) = 12x° - 11x —5. Factor the quadratic 


by decomposition. 


12x? —11lx—5 =12x? +(—15+4)x—-5 
= 12x" —15x+4x—-5 
= 3x (4x —5)+1(4x —5) 
= (4x —5)(3x +1) 


Therefore, g(x) = (x + 3)(4x —5)(3x+ 1). 
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Note: Problems 17.10-17.11 refer to the function g(x) = 12x’ + 25x? — 38x — 15. 


17.11 Identify all three roots of g(x). 


According to Problem 17.10, g(x) = (x + 3) (4x —5)(3x+ 1). Let g(x) = 0, set each 
factor equal to zero, and solve the resulting equations. 


the voots of 


x+3=0 4x—5=0  3x+1=0 g(%) ave the same 
x=—-3 4x =5 38x =-1 as the solutions to 
5 1 the equation 
n> mane I2x? + 25%? -3&« - 15 


= 0, which is the 
equation W(x) = 0. 


1 5 
The roots of g(x) are x= —-3, x= 2 ,and x=—. 
Note: Problems 17.12-17.13 refer to the function h(x) = 7x’ — 30x’ + 9x — 4. 
17.12 Factor h(x) given that 4 is one of its roots. 


Calculate (7x* — 30x? + 9x —4) + (x —4) using synthetic division. 


Al) F330» 19-4 
98 -8 4 


Prime = 


W 
unfactoras| e” 
50 You can't Pactoy 


eee ; : Tx? 24 | 
The quotient is 7x* —2x+1, so h(x) = (x —4) (7x? —2x+ 1). The quadratic : 


expression is prime. 
Note: Problems 17.12-17.13 refer to the function h(x) = 7x’ — 30x’ + 9x — 4. 


17.13 Identify all three roots of h(x). 


According to Problem 17.12, h(x) = (x —4) (7x? — 2x+ 1). Let h(x) = 0 and set 
both factors equal to zero. 


x-4=0 7x°-2x+1=0 


The solution to the left equation is x= 4. Solving the right equation requires the 
quadratic formula. 


(-2)+ J(-2)’ -4(7)Q) 


2(7) 

_ 24 4-98 
7. 

ee 9+/—24 

14 

_ 24-146 
ais | 

2+ 21/6 
oe. 
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Reduce the fraction to lowest terms. 
Z(1+iv6) 
x= zZ 7 
1+iVv6 
x = —— 


Write each 
complex voot 
as the sum ov 
Aaiffevence of two 
fvactions with the 
same Aenominator 
(instead of writing them 
as bigger fractions 
that contain a sum ov 
Aiffevence in the 
numerator). 


The roots of h(x) 4 eae eee 
e€ roots 0 Xx) are X=4, X= =. , an 
7 4 fo 


Leading Coefficient Test 
The ends of a function Aescvibe the ends of its gvaph 


17.14 Explain how the leading coefficient test classifies the end behavior of a 
function. 


Ena behawior 

is what the 
Lunction graph 
does at its fav 
left and vight sides. 
Polynomial functions 
will either increase ov 
decrease without bound 
(shoot upwava ov shoot 
Aownwawa) at the 
edges of the 
graph. 


The leading coefficient test classifies the end behavior of a function based on its 
degree and the sign of its leading coefficient (that is, the coefficient of the term 
containing the variable raised to the highest power). 


If the degree of the function is even, the left and right ends of the function 
behave the same way. Furthermore, a positive leading coefficient indicates 
that both ends of its graph “go up” (that is, increase without bound), whereas 
a negative leading coefficient indicates that both ends of the graph “go down” 
(that is, decrease without bound). 


The end behavior of a function with an odd degree differs—the ends behave 
oppositely. Specifically, the graph of a function with a positive leading 
coefficient has a left end that goes down and a right end that goes up. The 
converse is true for functions with a negative leading coefficient. 


Look for the 
term containing x 
Vaisea to the highest 
Power. That power is 
the Aegvee, and the 
coefficient of that 

tevwm is the leading 
coefficient. 


\ vight Side goes up. 
vight SiAe goes Aown, 
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17.15 Describe the end behavior of f(x) = x* — 2 using the leading coefficient test. 


17.16 


theve’s 
no coefficient 
written in front 
of x’, so its 
coefficient 


Verify your answer by plotting the graph of /(x). 


Function /(x) consists of two terms: x’ and —2. The term containing x raised to 
the highest degree is x°, so the degree of /(x) is 3, and the leading coefficient 
is 1. According to the leading coefficient test, the graph of a function with an 
odd degree and a positive leading coefficient has a left end that goes down 
and a right end that goes up. Plot the graph of /(x) to verify this conclusion, as 
illustrated by Figure 17-1. 


Figure 17-1: The graph of f(x) = x° — 2 is the graph of y = x° shifted down two units. 
The negative side of the graph decreases without bound, and the positive 
side of the graph increases without bound. Put simply, the left end “goes 
down” and the right end “goes up.” 


Describe the end behavior of g(x) = x° + 2x + 1 using the leading coefficient 
test. Verify your answer by plotting the graph of g(x). 


You can 
gvaph 9(x) using 
a table of values, 
but if you factor you 
get a(x) = (x + |)*. You 
can graph that using 
a tvansformation—it’s 
the gvaph of x? 
shifted left one 
unit. 


The highest power of xin g(x) appears in the term x*. Thus the degree of g(x) is 
2, and the leading coefficient is 1. According to the leading coefficient test, the 
graph of a function with an even degree and a positive leading coefficient goes 
up at both ends. This conclusion is verified by the graph of g(x) in Figure 17-2. 
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Figure 17-2: The graph of g(x) =x° + 2x + 1 has right and left ends that “go up” (that 
is, increase without bound). 


17.17 Describe the end behavior of h(x) = —3x! + 5x® - 2 using the leading coefficient 


test. 


Function h(x) has degree 4 and leading coefficient —3. According to the leading 
coefficient test, the graph of a function with an even degree and a negative 
leading coefficient goes down at both its right and left ends. 


The terms 
of j(x) avew't 
written th ovaAev 
of theiv exponents, 
from highest to 

lowest. Even though -x° 
is written in the middle 
of the function instead 
of in the fvont, it still has 
the highest exponent. 
It’s okay to vewvite 
the function as 
iw“ + 9x’ — 6 
if you want. 


17.18 Describe the end behavior of j(x) = 9x* — x° — 6 using the leading coefficient 


test. 


Function j(x) has degree 3 and its leading coefficient is —1. According to the 
leading coefficient test, the graph of a function with an odd degree anda 
negative leading coefficient has a left end that goes up and a right end that goes 


down. 


17.19 Describe the end behavior of k(x) = x(2x' + 11x° — 1) using the leading 
coefficient test. 


Write k(x) as a polynomial, rather than a product of polynomials, by 
distributing x. 


k(x) = 2x°+ llx’?-x 


The function has degree 5 and leading coefficient 2. According to the leading 
coefficient test, the graph of a function with an odd degree and a positive 
leading coefficient has a left end that goes down and a right end that goes up. 
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17.20 Consider the function p(x) = a(x + b)* + c, defined such that a, b, and care XY Va 
nonzero real numbers. Describe the end behavior of p(x) if the vertex of its @ 
graph is (2,—3) and abc < 0. A 


To plot the graph of p(x), transform the graph of y = x°, which has 
vertex (0,0). The graph of p(x) has points a units farther away from the 
x-axis and is shifted —b units horizontally and c units vertically. 


Quadvatics 
like P(x) have 
Vshapea graphs 
calllea Pavabolas, 

lf the ends of the 
parabola go up, the 
vevtex is the lowest 
Pont of the UV the 
bottom of the valley, 


Stretching the graph of y = x° by a multiple of a does not affect its vertex: 

(0,0 - a) = (0,0). However, the vertex is affected by the vertical and horizontal 
shifts; the vertex of p(x) is (0 — 6,0 +c). The problem states that p(x) has vertex 
(2,-3). Therefore, (0 —b, 0 + c) = (2,-3). Set the corresponding x- and y-values 
equal to calculate band c. 


0-b=2 0O+c=—-3 


—b=2 c=-3 
If the ends of th 
Sean e 
(-1)( | =( ? (2) Pavabola go Aown, the 


Vvevtex is the highest 
Point of the 
UPsiAe-Aowy VU. 


Substitute b= —2 and c= —3 into p(x) and expand the expression. 


p(x) =a(x+b) +¢ 
=a(x—2)° —3 
= a(x —2)(x-—2)-3 
=a(x* —4x+4)-3 


= ax" —4ax+4a—3 


To veview how 
graph transformations 
wovk, check out 

Problems 163|-|¢.40, 


The degree of p(x) is 2, and the leading coefficient is a. The problem states that 
abc < 0. Substitute band c into that expression. 


abc <0 
a(—2)(—3) <0 
a‘6<0 
fo 0 


le b weve equal 
to 7, fov example, you 
Would shift the graph 


of y = x? seven units to 
the left 


B 6 


a<0Q 


The leading coefficient of p(x) is negative. According to the leading coefficient 
test, the graph of a function with an even degree and a negative leading 
coefficient has left and right ends that go down. 


The leading 
coefficient of 

p(x) is a, and you 
just proved that it’s 
negative (a < 0). 
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Descartes’ Rule of Signs 
Sign changes help enumerate veal voots 


Go fvom 

left to vight: 
3x* ana Sx* ave 
both positive, so ne 
Sign change; Sx? ona 
Tans have different 
SI9nS, so | Sign chan ge 
ee fav; —Cx2 ANA x ewes 
Aiffevent signs, so 2 
total Sign changes; 
MA K and -4 howe 
Aiffevent Signs, 
S03 total sign 
a hanges. 


21.21 Describe how to apply Descartes’ rule of signs to determine the number of 
positive and negative roots of a function. 


To predict the number of positive roots of a function /(x), count the number 
of times its consecutive terms change sign and then subtract multiples of 2. 


For instance, the terms of the function g(x) = 3x* + 5x*° —6x° + x-9 
change sign three times, so it either has three positive roots or 1 positiye root. 


To predict how many negative roots a function has, substitute —x into the 
function and count the number of sign changes in /(—x). That number (or an 
even integer fewer than that number) represents the total number of negative 


roots of /(x). 


Note: Problems 17.22-17.23 refer to the function f(x) =x’ — 7x + 13. 


17.22 Apply Descartes’ rule of signs to predict the total number of positive roots 
of f(x). 
Compare the signs of consecutive terms, working from left to right. Note that 


x and —7x have different signs, as do —7x and 13, for a total of two sign changes. 


According to Descartes’ rule of signs, /(x) may have two positive roots. However, 
j(x) may also have two fewer than that: 2 —2 = 0. Therefore, /(x) has either two 


This is the 
tricky pavt of 
Descavtes’ vule of 
signs. The number 
of sign changes is not 
always the number of 
voots—it coula have 2 
fewer thon the total, ov 
2 fewer than that, ov 2 
fewer thaw that, and so 
on, Fov example, if some 
function j(x) has ¢ 
sign chawges, it 
coula have é, 4, 
2, ov 0 voots. 


or zero positive roots. 


Note: Problems 17.22-17.23 refer to the function f(x) = x’ — 7x + 13. 


17.23 Apply Descartes’ rule of signs to predict the total number of negative roots of 
S(x). 
Substitute —x into the function and simplify. 
f (x) =x? —7x +13 
fx) =x) 7x) +13 
f(—x) =x? +'7x +13 


Compare the signs of consecutive terms, working from left to right. The first 
pair of terms (x? and 7x) have the same sign, as do the final pair of terms (7x 
and 13). Because the terms of /(—x) do not change sign, /(x) has no negative 


You Aowt 
have to wovvy 
aout saying “ov 
two fewer than 
that, ov two fewer 
thom that, ana so on.” 
in this case, because 
you cant have 
fewer than no 
vootrs! 


roots. 
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Note: Problems 17.24-17.25 refer to the function g(x) = x’ + 9x’ — 6x — 5. 


Again, 
you Aowt 
have to worvy 
about saying “ov 
two fewer than that” 
You ouly have to throw 

in the “2 fewer than 

that” possibilities when 
theve ave two ov 
wove total sign 
changes. 


17.24 Apply Descartes’ rule of signs to predict the total number of positive roots of 
g(x). 


The consecutive terms of g(x) change sign only once as you work from left to 

right: x° and 9x° have the same sign, as do the terms —6x and —5. The only sign 
change occurs between the terms 9x? and —6x. According to Descartes’ rule of 
signs, g(x) has exactly one positive root. 


Note: Problems 17.24-17.25 refer to the function g(x) = x’ + 9x’ — 6x — 5. 


17.25 Apply Descartes’ rule of signs to predict the total number of negative roots of 
g(x). 


Identify the function g(—x) and simplify it. 


g(x) =x° +9x* —6x—5 


g(-x) =x) + 9Gx)y =6(-x)-5 
g(-x) = —x? + 9x? + 6x —5 


The terms of g(—x) change sign twice (once between —x°’ and 9x? and once 
between 6x and —5). According to Descartes’ rule of signs, g(x) has either two or 
zero negative roots. 


Note: Problems 17.26—-17.27 refer to the function h(x) =—9x? + 7x? + 2x° + 4—4x* — 10x. 


17.26 Apply Descartes’ rule of signs to predict the total number of positive roots of 
h(x). The ovAer 
of the terms 
affects how many 
sign changes there 
will be, so make suve 
the powers of x ave 
listed in ovdAev, from 
the lavgest to the 


smallest 


Before applying Descartes’ rule of signs, rewrite the polynomial so that the 
powers of x appear in order, from greatest to least. 


h(x) = 2x° — 4x'— 9x° + 7x? — 10x 4+ 4 


The function contains four sign changes, so A(x) has either four, two, or zero 
roots. 


Note: Problems 17.26—-17.27 refer to the function h(x) =—9x? + 7x? + 2x’ + 4—4x* — 10x. 


17.27 Apply Descartes’ rule of signs to predict the total number of negative roots of 
h(x). 


As stated in Problem 17.26, the terms must be rewritten so that the powers of x 
are in descending order. 


h(x) = 2x° —4x' — 9x? + 7x? — 10x 4+ 4 
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Substitute —x into A(x). 
h(—x) =2(—x)’ —4(—x)* —9(—x)’ +.7(—x)* —10(—x) +4 


= 2(-x*) -—4(x«*) -9(-x*)+7(x?)-10(—x) +4 
= —2x° —4x4 +9x° +7x? +10x +4 


The signs of consecutive terms change only once, between —4x* and 9x’, so h(x) 


Th i : 
€ vational has exactly one negative root. 


voot test gives you 
a list of Possible voots. 
One ov move numbers 
from the list COUulA be 
voots of the function, 
Maybe none of them 
ave, but if the function 
has ANY voots that 
can be expressea AS A 
fraction, they'll be in 
this list, 


Rational Root Test 
Find possible voots given nothing but a function 


Note: Problems 17.28-17.30 refer to the function f(x) = x’ — x° — 4x — 2. 


17.28 Apply the rational root test to identify possible rational roots of f(x). 


To apply the rational root test, first list all the factors of the leading coefficient 
and factors of the constant. In this example, f(x) has a leading coefficient of 1 
(whose only factor is 1) and a constant of —2 (whose factors are 1 and 2). 


c 
All rational numbers =7, where cis a factor of the constant and /is a factor of 


Factors 
the leading coefficient, are possible roots of f(x). 


Ave wumbevs 
that Aivide 

in evenly; ¢ is 

a factor of |2 
because 12 +¢6=2 
with no vemaindey, 
The Signs of the 
numbers Aow't 
mattey, 


1 
Possible roots: + 1 + 


According to the rational root test, -2, -1, 1, and 2 are possible roots of f(x). 


Note: Problems 17.28—-17.30 refer to the function f(x) = x’ — x° — 4x — 2. 


17.29 Demonstrate that x =-2 is nota root of f(x). 


Problem 17.28 identifies -2 as a possible root of the function. If -2 is a root of 
j(x), then f(-2) = 0. Evaluate /(-2). 


Write 
each factor 

of the constant 
(1 and 2) ever 

the only factor 
of the leading 
coefficient 
(1). 


f (-2) =(—2)° —(-2)" -4(-2)-2 
=-8-4+8-2 
=-6 


Because /(-2) # 0, x = -2 is not a root of f(x). 
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Note: Problems 17.28—17.30 refer to the function f(x) = x’? — x° — 4x — 2. 


17.30 Demonstrate that x=—1 is a root of j(x) and use the root to factor the 
function. 


Problem 17.28 states that —1 is a possible root of f(x). Evaluate f(-1) to verify 
that it is. 


f(-1)=(-1)’ -(-1)’ -4(-1)-2 


=0 


Because -] is a root of f(x), x + 1 is a factor of f(x). Calculate the quotient 


J(x) + (x4 1). 


_ Synthetically 
AVviding £65) wy -| is 
the equivalent of loy 
AiviAding P(x) by (ce + |), 


Therefore, f(x) = (x+ 1) (x? - 2x- 2). The quadratic factor x? - 2x— 2 is prime, so 
j(x) cannot be factored any further. 


Note: Problems 17.31-17.32 refer to the function g(x) = 6x? — 35x? + 47x — 12. 
17.31 Apply the rational root test to identify possible rational roots of g(x). 


Function g(x) has constant -12 (with factors 1, 2, 3, 4,6, and 12) and leading 
coefficient 6 (with factors 1, 2, 3, and 6). All possible combinations of constant 
factors divided by leading coefficient factors (and their opposites) represent 
possible rational roots of g(x). 


actor of the 
divide it by all the peo A 
leading co 


¥ all the factors of the 
eP ficient (|, 2,3, ana 6): 


Keep going until you v 


u 
of the Constant, "uk of factors 
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1 1 1 2 2 2 2 3 3 3 3 4 4 4 4 6.6 6 6 12 12 12 = =12 
aot — 4 ttt te ttt tt tt tt ttt ‘ 
2° 3) 6 23 eB LD 8 6 1 2 8 1 2 6 1 2 3 6 
Reduce the fractions. 
gh BP oe Facto cat ce aos 322 +1 ree oa ae +6,+3,+2,+1,+12,+6,44,+2 
2 3 6 3 3 2 2 3 3 


Note that numerous roots are repeated. Eliminate the repeated roots from the 


list. 


1 1 
+1+—,+—,+ 
3. 6 
=+] es 9+ ee ee ,+6,+12 
2 3 6 3 2 


: : : 42 +1 Perce ee ie ep 
2 


Ce. 17.32 Identify one root of g(x) and use it to factor the function. 
Y ER 
Only three of the 24 possible rational roots identified by Problem 17.31 are roots 
of the function—only those three values make /(x) equal zero when substituted 


into the function. Substitute the possible roots into g(x) until you identify one 


Working 
frou vight to 
left is a JO0d iAea 
because you can 
WVOIA dealing with 
fractions fov as 
long AS possible, 


of the roots. 
If you work from right to left on the list, (12) 4 0, g(-12) #0, g(6) #0, and 
g(-6) #0. However, g(4) = 0, so 4 is a root of the function. Because 4 is a root of 


g(x), g(x) must be divisible by x — 4. Perform synthetic division. 


4| 6 -35 47 —12 
294 -44 12 
6=l1. 3 0 


Therefore, g(x) = (x— 4)(6x° — 11x + 3). Factor the quadratic expression by 


decomposition. 


If you set each 
of the factors equal 
to 0 ana solve, you get the 
thvee vational voots of the 
function: 


x=4, x= 


6x” —1llx+3= 6x? +(-2-9)x+3 
= (6x? — 2x) + (—9x + 3) 
= 2x (3x —1)—3(3x-1) 
= (2x — 3)(3x —-1) 


Express g(x) in factored form. 
g(x) = (x —4)(6x” - 11x +3) 
= (x — 4)(2x — 3)(3x —1) 
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Note: Problems 17.33-17.34 refer to the function h(x) = 3x’ — 28x? + 4x + 45. 
17.33 Apply the rational root test to identify possible rational roots of h(x). 
The function has constant 45, the factors of which are 1, 3, 5, 9, 15, and 45; 


the leading coefficient of h(x) is 3, which has factors 1 and 3. List all possible 
fractions such that a factor of 45 is the numerator and a factor of 3 is the 


denominator. 
1 3 5 9 15 45 1 3 5 15 45 
+ i= os ? + ? + ? + ? + > + ? + ? + ? + i 
1 1 1 1 1 1 3 3 3 3 3 


In othev 
wovas, ignove 
the + sign when 
you veavrange 
the possible 

voots, 


List the numbers in order, from least to greatest, according to the absolute value 
of each. The result is the list of possible rational roots. 


Theve ave |é, 
hot 8, possible voots 
because the positive 

AnA negative versions 
of each number ave 
included. 


Note: Problems 17.33-17.34 refer to the function h(x) = 3x’ — 28x? + 4x + 45. 


17.34 Factor h(x). 


To factor the function, you need to identify one of its roots. Of the possible 
roots identified by Problem 17.33, only 9 is a root of h(x), as h(9) = 0. 


h(9) = 3(9) —28(9) +.4(9) +45 
= (2,187 — 2,268) + (36 + 45) 
=-81+81 
=0 


That Aceswt 
mean (x) only 
has the single voot 
9. If you use the 
quadvatic formula 
to solve 3x? - x -S= 0, 
you get the other two 
voots. Both of them will 
contain a squave voot 
ana will be iwrartionell, 
which means two things: 
(\) the vational voot 
test cant predict 
thew; ana (2) you 
cant factory the 
quadvatic. 


Apply synthetic division to divide h(x) by x- 9. 
9) 3 -28 4 45 

27 -9 —45 

3 -1 -5 0 


Therefore, h(x) = (x- 9) (3x? - x- 5). The quadratic 3x? — x— 5 is prime, so h(x) 
cannot be factored any further. 
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Synthesizing Root Identification Strategies 
Factoving big polynomials from the ground up 


In othey 
Wovas, every 
tevm has the 
Opposite Sign of the 
terms beside it. Th 
Maxivanny humber of 
Sign changes you ea 
have is one Lewey 
than the number 
of terms in the 
Polynomial, 


Note: Problems 17.35-17.37 refer to the function f(x) = 2x’ — 12x’ + 15x — 25. 


17.35 Apply Descartes’ rule of signs to predict the total number of positive and 


negative roots of f(x). 


Adjacent terms of f(x) are opposites, so there are three sign changes in /(x). 
According to Descartes’ rule of signs, /(x) has either three roots or one root. To 
determine the possible number of negative roots, substitute —x into /(x). 


f (x) = 2x —12x? +15x — 25 
f (-x) =2(—x)’ —12(—x)’ +15(—x)— 25 
f (-x) =—2x* —12x* — 15x — 25 


Every term in f(—x) is negative, so there are no sign changes. Therefore, /(x) has 


no negative roots. 


Note: Problems 17.35-17.37 refer to the function f(x) = 2x’ — 12x’ + 15x — 25. 


17.36 Apply the rational root test to list the possible roots of f(x). Modify the list in 
light of the information provided by Problem 17.35. 


The constant of h(x) is -25, which has factors 1, 5, and 25; the leading 
coefficient is 2, which has factors 1 and 2. Apply the rational root test. 


If youve 
wondering why 
theve ave no + signs 
im this list, it’s not 
a typo—keep 
vending. 


115 5 25 eee Py oe 20. oF 


Pt 2 i 2 2 


There are only six possible rational roots. Note that the list does not consider 
negative roots, because Problem 17.35 concluded that h(x) had no negative 
roots. Of the numbers in the list of possible rational roots, only 5 is a root of 


J(x), as f(5) = 0. 


f (5) =2(5)? -12(5)° +15 (5) — 25 
= 2(125) —12(25) +15(5) — 25 
= (250 — 300) + (75 — 25) 
=—50+50 
=0 
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Note: Problems 17.35-17.37 refer to the function f(x) = 2x’ — 12x’ + 15x — 25. 
Complex 


voots include 
veal numbers 
and imaginary 
wumbers. 


17.37 According to the Fundamental Theorem of Algebra, a polynomial of degree n 
has exactly n complex roots. The degree of /(x) is 3, indicating that it should 
have exactly three complex roots. Problem 17.36 identified only one root; 
identify the two remaining roots. 


According to Problem 17.36, 5 is a root of f(x). Therefore, f(x) is evenly divisible 
by (x— 5). Calculate the quotient using synthetic division. 


5] 2-12 15 —25 


10 -10 25 
2) m2 5 0 


Thus f(x) = (x—5)(2x° - 2x + 5). Identify the remaining roots by solving the 
equation 2x’ — 2x+ 5 = 0 via the quadratic formula. 


Bas —(—2)+ /(-2)° - 4(2)(5) 
2(1) 
= 2+ /4-40 


The roots of f(x) are 5, 1 — 32, and 1 + 32. 


Note: Problems 17.38-17.39 refer to the function g(x) = x* — 2x? — 7x? + 8x + 12. 


17.38 Apply Descartes’ rule of signs to predict the total number of positive and 


negative roots of g(x). 4 
RAG 


Consecutive terms of g(x) change sign twice, so g(x) has either 2 or 0 positive 
roots. The terms of g(—x) = x! + 2x° — 7x? — 8x + 12 change signs twice as well, so 
g(x) has either 2 or 0 negative roots. 


gels 


a Nie 


Cx)* - 2Cx)’ 
=TER? # Se) 12 
= x* - 2Cx*) - 7x’ - 8x 
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Note: Problems 17.38-17.39 refer to the function g(x) = x* — 2x’ — 7x’ + 8x + 12. 


Iustena 
of Picking 
vandAom numbers 
from this list, you w, ay 
want to use a graphing 
calculator to sketch 
the gvaph of 9(x). Pay 
attention to its 5. 
\utevcepts, because the 
voots of a function ave 
also the xintercepts 
of its graph. The graph 
of 9(x) APPEARS to ee 
through a ae 
X=2,andAx=3, — 


17.39 Identify all four roots of g(x). 


According to the rational root test, the possible roots of g(x) are 1, +2, +3, +4, 
+6, and £12. Notice that -1 is a root of g(x). 
-l} 1 -2 -7 8 12 
-] 3 4 -12 
1 -3 -4 12 0 


Therefore, g(x) = (x+ 1)(x* - 3x° - 4x + 12). Factor the cubic by identifying 
another root of g(x), such as 3. 


Thus g(x) = (x + 1)(x - 3x° -— 4x + 12) = (x+ 1)(x- 3) (x? - 4). Factor the 
remaining quadratic, a difference of perfect squares: x°- 4 = (x + 2)(x- 2). 


Sosisa 
voot of 9(x) 
because 3* - 2(3)' 
— 103)? + &(3) + 12 
= 0. When you just 
synthetically Aividead, 
YOU got x? — 3x? — Ax — 
12, anA3 has to be a 
voot of that polynomial 
as well. This time, 
synthetically divide 
the cubic by the 
voot instead of 
the oviginal 
function 9(x). 


Therefore, g(x) = (x+ 1)(x- 3)(x+ 2)(x— 2). Set all four factors equal to zero 
and solve to identify the roots of g(x): -2, -1, 2, and 3. 


Note: Problems 17.40-17.43 refer to the function h(x) = c(x — 4)’ + 1. Assume c is a rational 
number and c < 0. 


17.40 Use the leading coefficient test to explain why h(x) has exactly two real roots. 


As explained in Problem 17.20, the graph of h(x) is the graph of y = x? after 
three transformations are performed. Each point on the graph of h(x) is c times 
further away from the x-axis than the graph of y= x’. Furthermore, the graph of 
h(x) is shifted four units to the right and one unit up on the coordinate plane. 
Whereas the graph of y = x* has vertex (0,0), the vertex of h(x) is (4,1). 


The problem states that c< 0, so the graph of y = x’ must also be reflected across 
the x-axis. According to the leading coefficient test, both ends of the graph 

of h(x) go down, because h(x) has an even degree (2) and a negative leading 
coefficient (c). 

The graph of h(x) is a downward-pointing parabola whose maximum value 

(1) occurs at its vertex (4,1). The domain of the function is all real numbers, 
because no value of x causes h(x) to be undefined. Its ends point down, so 

the graph must intersect the x-axis twice. Those two x-intercepts are the roots 


Theve’s no 
x tevm because 

the quotient has an 

x-coefficient of Q. 


: Heve’s the 
th a nutshell, 7 ideal 
eee U-shaped). The ae : ene 


it’s ay Upside-Aow 

U-sh 

ae ‘“ n APEA vaph, 

Sulas y= |. The function iy sede 
vough that u twice (as will all hov 


Lf the Pavabola point Raivis 


he vertex is (4 | which means 
7 ) So the 

ow : graph vea 

DOWN from theve, so the ae Bee 


iZontal lines below y = 1) 
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Note: Problems 17.40-17.43 refer to the function h(x) = c(x — 4)’ + 1. Assume c is a rational 
number and c < 0. 


17.41 For what values of ¢ might h(x) have two or zero positive roots, according to 
Descartes’ rule of signs? 


Expand h(x) by squaring (x—- 4) and distributing c. 


h(x) =c(x-4)(x-4) +1 
=c(x* —8x+16)+1 
=cx* —8ex+16c+1 


The function will have either two or zero positive roots when there are exactly 
two sign changes in h(x). Consider the coefficients of h(x) one at a time. The 
first term has a negative coefficient (c<0,) and the coefficient of —8cx is positive, 
so there is a sign change between the first two terms. The constant term is 
represented by 16c + 1. 


For two sign changes to occur, 16¢ + 1 must be a negative number, as the 
preceding term —8cx is positive. Solve the equation 16c +1 <0 for ¢. 


16c+1<0 
l6c<-1 
1 
c<-— 
16 


1 
When ¢< “463 the consecutive terms of h(x) exhibit two sign changes, which 


indicates that h(x) has either two or zero positive roots according to Descartes’ 
rule of signs. 


Note: Problems 17.40-17.43 refer to the function h(x) = c(x — 4)’ + 1. Assume c is a rational 
number and c < 0. 


17.42 For what values of ¢ does h(x) have exactly one negative root, according to 
Descartes’ rule of signs? 


Substitute —x into A(x) and expand the function. 
h(—x) = ¢(—x —4)(—x —4)+1 
=c(x* +8x+16)+1 
= cx” +8cx+16c+1 
Because c< 0, the first term of h(—x) is negative, as is the second term. If h(x) 


has one negative root, then h(—x) should exhibit one sign change—the constant 
term 16c+ 1 must be positive. According to Problem 17.41, the constant term 


. Therefore, the constant is positive when c>-—. 


1 
, ti h Pee 
is negative when c i6 16 


~€ is negative 
aNd so is c, Multiplying 
two negatives gives 
YOu A positive, 


l6c oma 
| look Vike 
aiffevent tevms 
ut they shoula 
we cousiAaeveA a 
single, constant term, 
pecause neither 
contains x. It’s sovt of 
like the polynomial 

x + 6x +7 + |, whichis 
the sum of four things, 
put theve’s actually 
only thvee terms 
attey you AAA 
the constants 
Tawa |. 


The constant 
léc+ | equals 


zevo when Cm re 
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Note: Problems 17.40-17.43 refer to the function h(x) = c(x — 4)’ + 1. Assume c is a rational 
number and c < 0. 


17.43 Apply the rational root test to identify all possible rational roots of h(x). 


As explained in Problems 17.40-17.41, the constant of h(x) is 16c+ 1, and the 
leading coefficient is c. According to the rational root test, all rational roots of 


m 
h(x) have the form Pe such that mis a factor of 16c+ 1 and nis a factor of c. 


A more specific answer cannot be given, because the value of cis unknown. 
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LOGARITHMIC FUNCTIONS 


Contains enough logs re uila yourself a cabin 


In preceding chapters, the vast majority of the expressions that contained 
exponential powers consisted of a variable raised to a real number expo- 
nent, such as x° or y*. Solving equations containing such powers required a 
radical with an index equal to the exponent to isolate x. 

Functions containing variables in the exponent, such as 5* and 2’, are very 
different than polynomials. Chapter 19 explores equations containing such 
expressions, but to solve those equations, you must first understand the log- 
arithmic function, which allows you to isolate the variable exponent. 


To solve an equation like x2 
get x = £3. Radicals allow y 
exponent, 


= 1, take the squave voot of both Sides to 
ou to isolate x by eliminating the attachea 


7 = eee Aeals with exponents that contain vaviadles. If you want to 
Solve £" = 4, you need a way to isolate x and get via of the 2. You caw 


Just Aivide by 2—it’s not a coefficient, it’ 
ut, tb = 
ee Iv'S A base—so you need to use 


Chapter Eighteen — Logarithmic Functions 


Evaluating Logarithmic Expressions 
Given log, b = c, finda a,b, ov c 


This 18.1 Express the logarithmic equation log, ) = cas an exponential equation. 
expression is vead 

A 

log base a of b 


equals c” 


The logarithmic equation log, b = cis equivalent to the exponential equation 


Identify the value of n that completes the equation: log, n= 3. 


18.2 
According to Problem 18.1, log, n = 3 is equivalent to the exponential equation 
=n. 
2=n 
2°2:2=n 
8=n 
18.3 Identify the value of n that completes the equation: log, n = —2. 


Rewrite the logarithmic equation as an exponential equation. 


6° =n 


A negative 
Eliminate the negative exponent and simplify. 


power meous “the 
veciprocal of.” The 1 
vecipvocal e” 
Ae 
36 


of Cis +. 


Identify the value of n that completes the equation: log,,n=—. 


18.4 
Rewrite the logarithmic equation as an exponential equation. 


27/9 =n 


If you 


Rewrite 27° as a radical expression and simplify. 


need to veview 
how fractional ; 
exponents work, slip (a 27 ) =n 
back to Problems 197 =n 
3=n 


\3.13=13.17. 


The cube 
voot of 27 is3 


because 3 cubed 
equals 27, 
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18.5 Identify the value of n that completes the equation: log, 16 = n. 


If two 
Rewrite the logarithmic equation as an exponential equation. equal bases 
4"= 16 ave vaisea 


to exponents 
and the vesults 
ave equal, the 
exponents must be 
equal as well. In 
other wovds, you 
can Avop the 
bases and set 
the powers 
equa. 


Write both sides of the equation as powers of 4. 
4” = 4? 
n=2 


18.6 Identify the value of n that completes the equation: log,;5 = n. 


Rewrite the logarithmic equation as an exponential equation. 
25"=5 

Write both sides of the equation as powers of 5 and solve for n. 

(st) = 

52" = 5} 

2n=1 


S* is vaisea 
to the nu power, 
When something to 
A power is vaised to 
A powev, multiply the 
exponents: 

(S?)" = Stn se 


18.7 Identify the value of n that completes the equation: log,, 10 = n. 


Rewrite the logarithmic equation as an exponential equation. 


10” = 10 


Write both sides of the equation as powers of 10 and solve for n. The expvession 
log.c always equals 
|, c can be any 


pos-itive number 


10” =10' 
n=1 
18.8 Identify the value of n that completes the equation: log, 1,000 = 3. 


Rewrite the logarithmic equation as an exponential equation. 
n® = 1,000 


Solve for n by taking the cube root of both sides of the equation. 
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18.9 Identify the value of n that completes the equation: log, 1 = 0. 


Rewrite the logarithmic equation as an exponential equation. 
n=] 


A logarithmic base n may be any positive number except 1; all positive numbers 
raised to the zero power equal 1. 


18.10 Explain why a logarithmic function cannot have a base of 1. 


Consider the function /(x) = log, x. Evaluate /(1). 


SQ) = log, 1 
Rewrite the logarithmic equation as an exponential equation. 
VO = 


Numerous values substituted into /(1) satisfy this equation. Setting f(1) = 2, 
fQ) =5, and f(1) = -3 all produce true statements. 

: pict 

P=1 jbo | i= =] 
1 

In fact, f(1) could equal any real number and the equation 1” = 1 would be 
true. However, a function might only produce one output value for each input. 
In this case, the input x= 1 does not have a single corresponding value of /(1), 
so f(x) is not a function. 


Graphs of Logarithmic Functions 
All log functions have the same basic shape 


Note: Problems 18.11—18.14 refer to the function f(x) = log x. 
18.11 Complete this table of values. 


3 f (x) = log, x 
1/4 
M72 
0 


ye 
4 
8 


Rewrite log, x = f(x) as an exponential function: 2/” = x. To complete the table 
of values, answer this question for each value of x: “2 raised to what power is 
equal to x?” The answer is the corresponding value of f(x). 


. 1 : . : : 
For instance, to evaluate f F , answer the question, “2 raised to what power is 


equal to 7 2?” The correct answer is —2, so id =—2. 
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x 9S) = x 
LfAs| 2° Sia 
172 | 22 S172 
1 rae al 

2 2 = 

4 2 = 

8 = 


Note: Problems 18.11-18.14 refer to the function f(x) = log, x. 
18.12 Use the table of values generated by Problem 18.11 to graph /(x). 


According to Problem 18.11, the graph of f(x) passes through the following 


points: (5.-2]. (5.-1} (1,0), (2,1), (4,2), and (8,3). The graph of /(x) is 
presented in Figure 18-1. 


Figure 18-1: The graph of f(x) = log, x. 


Note: Problems 18.11-18.14 refer to the function f(x) = log,x. 
18.13 Identify the domain, range, and intercept(s) of f(x). 


Consider the graph of f(x) in Figure 18-1. Any vertical line drawn on that 

coordinate plane that intersects /(x) isa member of the domain of /(x). Notice 
that the vertical line y= 0 does not intersect f(x), and neither does any vertical 
line left of the y-axis. Therefore, the domain of /( 


If you 
yaise 2 to the 
y-coovAimate of 
each point, you get 
the x-coovdinate. For 
example, the point 

(873) is on the graph 
yecause 2° = 8. 


The gvarph 
gets infinitely 
close to the vertical 
line y= 0 though. It 
gets as close as you 
cam possibly get without 
actually touching it 
Lines like that ave 
callea asymptotes— 
they've covered in 
Chapter 20, 
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Any horizontal line drawn on the coordinate plane that intersects the graph 
represents a member of the range. All horizontal lines drawn on f(x) will 
intersect the graph because /(x) increases without bound (its right end goes 
“up”), even if it does so slowly. Therefore, the range of f(x) is all real numbers. 


Any log 
function 
F(x) = log, x will 
intersect the 
x-axis at (1,0) 
because 
ao°=|no 
matter what 
ais. 


The graph of /(x) does not intersect the y-axis (as previously stated), but it does 
intersect the x-axis; the x-intercept of f(x) is 1. 


Note: Problems 18.11-18.14 refer to the function f(x) = log, x. 


18.14 Graph the function f(x) =—log, (x +3). 


To transform f(x) =logyxinto f(x) =—log, (x +3), multiply f(x) by-1 (which 
reflects the graph across the x-axis) and add 3 to the input (which shifts the 
graph 3 units to the left). The graph of f(x) is presented in Figure 18-2. 


Reflecting 
acvoss the 
XAXKIS ANA 
shifting the graph 
hovizontally ave types 
of tvansfovmartions. 
they've explained in 
Problems 163|- 
16.40, 


Figure 18-2: The graph of f (x) =—log, (x + 3) is the graph of f(x) = log, x reflected 
across the x-axis and shifted three units to the left. Note that f (x) has 
vertical asymptote x = —3. 


+ he Humongous Book of Algebva Problems 


404 


Chapter Eighteen — Logarithmic Functions 


Note: Problems 18.15—18.16 refer to the function g(x) = log; x. 


18.15 Complete the table of values below and use it to graph g(x). 


x 


g(x) = log, x 


1/9 
1/3 
1 
3 
9 


Express g(x) = log, x as an exponential function: 3% = x. Complete the table of 
values by reporting the power to which 3 must be raised in order to generate the 
values in the left column. For instance, g(9) = 2 because 3? = 9. 


x 38) — x 
1/9| 3°%=1/9 
1/3| 3'=1/3 
1 3° =] 
3 31 =3 
9 37 =9 


As illustrated in Figure 18-3, the graph of g(x) passes through the following 


points: (5.-2]. (;.-1} (1,0), (3,1), and (9,2). 


Figure 18-3: The graph of g(x) = log; x. 
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Note: Problems 18.15—18.16 refer to the function g(x) = log; x. 
18.16 Graph ¢(x)=log, (—x)+1. 
To transform g(x) =log,xinto ¢(x) = log, (—x)+1, insert —x into the function 


(which reflects the graph about the y-axis) and add | to the function (which 
shifts its graph up one unit). The graph of (x) is presented in Figure 18-4. 


Figure 18-4: The graph of &(x) = log; (—x)+1 is the graph of g(x) = log; x reflected 
about the y-axis and shifted up one unit. 


Common and Natural Logarithms 
What the bases equal when no bases ave written 


Note: Problems 18.17-18.20 refer to the function f(x) = log x. 
18.17 Express the logarithmic equation as an exponential equation. 
The function log x with no explicitly defined base is classified as a common 


logarithm and has an implied base of 10. Therefore, f(x) = log,) x. Express the 
logarithmic equation as an exponential equation. 


f (x) =log,, x 
10!) =x 


The function 
L(x) = log x answers 
this question: “Raising 
10 to what power vesults 
im the value x?” 
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Note: Problems 18.17-18.20 refer to the function f(x) = log x. 


In other wovas, 
vound the answer 
to thvee Aecimal 

Places. 


18.18 Evaluate f(12) using a calculator, and round the answer to the thousandths 
place. 


Different calculators provide different default degrees of decimal accuracy, but 


all scientific and graphic calculators should report at least three or four 
behind the decimal. 


places 


The actual Aecivas) + 
ecimay) : 
|.07918124¢0a7¢24g099 's move like 


72.0. + 
Means | 0!-07918124¢04 72489779 _ ies 


log 12 = 1.079 


Note: Problems 18.17-18.20 refer to the function f(x) = log x. 


18.19 Solve the equation for x: log x=-1. 


The equation contains the common logarithm log x (with no explicitly stated 
base). Therefore, the implied base of the logarithm is 10. 


logy) x=-l 


Express the logarithmic equation as an exponential equation and solve it for x. 


10°'=x 


Note: Problems 18.17-18.20 refer to the function f(x) = log x. 


18.20 Identify consecutive integers aand bsuch that a< log 781 < b. ZS 
ee 
The expression log 781 is a common logarithm, with implied base 10: or tt 4 
log 781 = log,)'781. The expression log,, 781 has the same value as the exponent \y 
to which 10 must be raised to produce a result of 781. Consider the following 


powers of 10: 10? = 100 and 10° = 1,000. Therefore, log 100 = 2 and log 1,000 = 3. 


The domain of f(x) is all positive real numbers, and the graph of /(x) increases 


monotonically over its entire domain; hence log 100 < log 781 < log 1,000 and 
2 < log 781 < 3. Therefore, a= 2 and b= 3: 


If you trace 
the gvaph of f(x) 
fvom left to vight, 
you notice that the 
graph always goes up. 
That means the bigger 
the xvalue, the bigger 
the value of log x. 
Thevefove, log 78 is 
bigger than log 100 
(which equals 2) but 
smaller than log 
1,000 (which 
equals %). 
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Natural Note: Problems 18.21-18.23 refer to the function g(x) = In x. 


4 1°98 Ave written 
nN, ana ave the 
only logavithwic 
Function hot written 
Ke ond x” oy “log, 


18.21 Express the logarithmic function as an exponential function. 


The common logarithm function, as described in Problems 18.17-18.20, is 
written without an explicit base: log x. The natural logarithm function, written 
In x, also has an implied base but is easily distinguishable from the common log 
because of its naming convention. 


W 


The implied base of a natural logarithm is e, Euler’s number. Therefore, 
In x= log,x. Rewrite the equation as an exponential equation. 


e ts one 
of those 
“predefined” 
math decimals 
that stvetches on 
fovever anda Aoeswt 
vepeat, like tr. You 
Aont have to mewmovize 
its value 

(e = 2.71828 182846...) 
because exact answers 
ave written in terms 

of @ aNd approximate 
Aecimal answevs 
ave hawndlea by a 
calculator (which 
has the value of 
e progvrammedA 
into tb. 


g(x) =log, x 


eo =» 


Note: Problems 18.21-18.23 refer to the function g(x) = In x. 


18.22 Evaluate s(5) using a calculator and round the answer to the thousandths 
place. 


Common and natural logarithms are usually represented by different buttons 
on scientific and graphing calculators. 


¢)-ol im 


Note: Problems 18.21—-18.23 refer to the function g(x) = In x. 


18.23 Evaluate g(e) without using a calculator. 


Substitute ¢ into g(x). QX Va 


g(e) =Ine 
The actual 6,@ 
value is move like Rewrite the natural logarithm, explicitly stating base e. Y CA 
-|.0986|2288668 10967]... . g(e) =log,e 


Rewrite the logarithmic equation as an exponential equation and write both 
sides of the equation as powers of e. 


288) =o! 


g(3)=1 
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18.24 Simplify the expression: In e*— In e~. 


Rewrite the expression as a— b, such that a= In e! and b= In ¢”. Explicitly state 
the bases of the natural logarithms and express the logarithmic equations as 
exponential equations. 


a=Ine* b=Ine 


Notice that 
yet =4 ava <a 
\Wwel=-l. if you 
plug e to some powev 
into the natuvail log, 
the log ana the e 


a=log,e* b=log,e 


Evaluate the expression a— b given the above values. 


ab=4=(-7) cancel out leaving 
a ae pehina only the powev. 
ah Sound familiar? 
=11 


Because In x and e* 
ave inverse Functions, 
plugging one into the 
other causes the 
Punctions to cancel 
ouk. Move on that in 
Problems 19.19- 


Change of Base Formula 
Calculate log values that have weiva bases 


18.25 Explain how to use the change of base formula to calculate log, a. Assume that 
bis a positive real number not equal to 1. 


; : ; loga_ Ina 
According to the logarithmic change of base formula, log, a= ae = is 
og n T 
The quotient of common logarithms is equivalent to the quotient of natural ° calculate 


any logavithwic 
value, divide the lo 
of the argument (a) 
by the log of the base 
(0). You cay also divide 
the natural) log oL aly 
the natural log of vis 
youll get the same 
answey, 


logarithms. 


Note: Problems 18.26-18.27 refer to the real number c = log, 5. 


18.26 Calculate c using the common logarithm version of the change of base 
formula and round the answer to the thousandths place. 


lo 
According to the change of base formula, log, a= i Therefore, 
o 


log5 
c=log,5= A . Evaluate both logs using a calculator and then calculate the 
0g 


quotient. 
log5 
c= log? Dont voundA 
Ane neusede anything until you 
_ v: ae get the final answer. 
ean Every time you vOounA 


a decimal Auving a 

problem, it makes the 
final answer less 
accuvate, 


The Humongous Book of Algebva Problems 409 


Chapter Eighteen — Logarithmic Functions 


Note: Problems 18.26-18.27 refer to the real number c = log, 5. 


18.27 Calculate c using the natural logarithm version of the change of base formula 
and round the answer to the thousandths place. Demonstrate that the solution 


matches the solution to Problem 18.26. 


If you 
com use any 
base, why stick 
with common ana 
natuval logs? Most 
calculators have 
a LOG button 
ana an LN _ Ind 
button. OS 1g 

= 1.60943791243... 
~ 1,94591014906... 
= 0.827 


The change of base formula may be applied using common logarithms (as 
5 
Problem 18.26 demonstrates) or natural logarithms: ¢ = log, 5= In?’ In fact, 
n 


you can use any logarithmic base in the formula, as long as you use the same 


base in the numerator and denominator. 


The quotient of natural logs generates the same value of cas the quotient of 
common logs calculated in Problem 18.26. 


Note: Problems 18.28-18.29 refer to the function f(x) = log;x. 


18.28 Evaluate /(81) using the change of base formula. 


You Aow't need 
to use the change 
of base formula 
heve, You can use 
the technique Prom 
Problems 18.5-18.7, 


Substitute x = 81 into the function. 
f(81) = log;81 


Apply the change of base formula. As demonstrated in Problems 18.26-18.27, 
the common logarithm and natural logarithm versions of the formula produce 


the same value. The common logarithm quotient is presented here. 
log 81 

log 3 

_ 1.90848501888... 

~ 047712125472... 

=4 


log, 81= 
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Note: Problems 18.28—18.29 refer to the function f(x) = log; x. 


18.29 Evaluate /(14) using the change of base formula and round the answer to the 
thousandths place. 


The natural logarithm version of the change of base formula is presented here. 


f(14) =log, 14 
_Inl4 
~ Ind 
_ 263905732962... 
~ 1.09861228867... 


= 2.402 


18.30 Evaluate log,2 using the change of base formula and round the answer to the 
thousandths place. 


The common and natural logarithm versions of the change of base formula 
produce the same result; the common logarithm solution is presented here. 


log2 


log, 2= 
Oe log6 


_ 0.301029995664... 
~~ 0.778151250384... 
= 0.387 


18.31 Solve the equation 3* = 8 using the change of base formula and round the 
answer to the thousandths place. 


Express the exponential equation as a logarithmic equation. 


To transform 
3° = 8 into a leg, 
make the base of 

the exponent (3) the 


log, 8 = x 


Calculate x using the change of base formula. 


x = log, 8 base of the log, take 
_In8 the log of the vight 
In3 side of the equation 


_ 2.07944154168... 
1.09861228867... 
= 1.893 


(8), ana set tt equal 
to the power (x). 
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18.32 Solve the equation 9* = 13 using the change of base formula and round the 


answer to the thousandths place. 
Express the exponential equation as a logarithmic equation and solve. 


x =log,13 
= log 13 
7 log9 
_ 1,11394335231... 
~ 0.954242509439... 
= 1.167 


N 18.33 Solve the equation 7?*+ 1 = 6 using the change of base formula and round the 


6,@ answer to the thousandths place. 
VANE 
Isolate 7?* on the left side of the equation. 
7* =6-1 
yee 


Rewrite the exponential equation as a logarithmic equation. 


log, 5 = 2x 


Calculate log, 5 using the change of base formula. 


Ind _ 
In7 
1.60943791243... _ 


1.94591014906... _ 
0.827087475347... = 2x 


2x 


Ov Aivide 
both sides by 2 


1 
Multiply both sides of the equation by 9 to solve for x. 
1 1 
—(0.827087475347...) = z. 
2 ral 


0.414=x 


Logarithmic Properties 
Expanding, contvacting, and simplifying log expressions 


18.34 Expand the expression: In (2x). 


Which ave 
Presented one ata 

time in Problems 18.34, 
1836, ana 18.38 


Logarithmic expressions can be rewritten according to three fundamental 
properties. Specifically, a single logarithm can be expressed as multiple 
logarithms and vice versa. The first property states that the logarithm of a 
product can be expressed as the sum of the logarithms of its factors: 


log, (xy) = log, x + log, y. 
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In this example, the logarithm of the product 2x may be expressed as the sum of 
the logarithms of its factors, 2 and x. 


Theve ave 
no properties fov 
the log of a sum. For 
example, In (2 + x) # 
(wn 2)(An x). You also caw’t 
‘Aistvibute” the letters 
“In.” Fov exawele, 


Wwc&«+2A2Amx+ln2. 


In (2x) =In2+I1n x 


18.35 Demonstrate the logarithmic property presented in Problem 18.34 by verifying 
that In 10=In 2+In 5. 


Because 2(5) = 10, the natural logarithm of the product (10) should equal the 
sum of the natural logarithms of the factors (2 and 5). Verify using a calculator. 


Inl0 =In2+I1n5 


2.30258509299... = 0.69314718056... + 1.60943791243... 
2.30258509299... = 2.30258509299... 


This is not 
only true for 
natuval logs but 
it also wovks fov any 
vase, as long as all the 
pases in the expression 
match. In other wovds, 
log 10 = log 2+ logs 
and lo9,2 10 = 192 
2 + log, S. 


z 
18.36 Expand the expression: log 3° 


A property of logarithms states that the logarithm of a quotient is equal to the 
difference of the logarithms of the dividend and divisor: log, ae log, x —log, y 


log 5 = log: —log 8 


18.37 Demonstrate the logarithmic property presented in Problem 18.36 by 
verifying that log 4 = log 12 — log 3. 


Because zy = 4, the logarithm of the quotient (4) is equal to the difference of In other 
the logarithms of the dividend (12) and the divisor (3). words, the log of a 
fraction equals the 

log of the numerator 
minus the log of the 
Aenominator, 


log 4 = log12—log3 
0.602059991 328... = 1.07918124605... — 0.47712125472... 
0.602059991 328... = 0.602059991328... 


Note: Problems 18.38—18.39 refer to the expression log y’. 


18.38 Expand the logarithmic expression. 


A property of logarithms states that the logarithm of a quantity raised to an 


exponent nis equal to the product of n and the logarithm of the base: 
log, x" = n(log, x). 


log y* = 3(log y) 
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Note: Problems 18.38—18.39 refer to the expression log y’. 


18.39 Prove that the expansion generated by Problem 18.38 is valid by applying one 
of the two other logarithmic properties. 


According to Problem 18.34, log, (xy) = log,x + log, y; the logarithm of a product 
is equal to the sum of the logarithms of its factors. The property is equally valid 


for a product of three factors. 


log, (xyz) = log, x + log,y + log,z 


W 
The avgument” Rewrite the expression log y* by expanding the argument y’ of the logarithm. 


oh a log is whatever 
youve taking the log 

of, In other woy, Ag eke 
avgument of log, Sis s. 


log y* = log (y+ y+ y) 


Apply the logarithmic property just described to express log (y+ y+ y) as a sum. 


= log y+ log y+ log y 


Add like terms. 
= 3log y 


: The three 

log y” expressions 
ave the most alike of 
any like tevms—th, eye 
exactly the some. The 
equation log y + logy + 
log Y = (log y) is true 
a the same reason 
Aog + Aog + Aog = 
3 dogs” is true, 


Therefore, log y? = 3log 4. 


18.40 Expand and simplify the logarithmic expression: log, (2y‘). 


Apply the property described in Problem 18.34 to express the logarithm of a 
product as the sum of the logarithms of its factors. 


log, (2y*) = logs 2 + logs y* 


Apply the property presented in Problem 18.38 to express the logarithm of 
an argument that is raised to a power as the product of that power and the 


logarithm of the argument: log, y* = 4log, y. 


= logs2 + 4logyy. 


Set leg, 2= 
Cc ANA vewvite 
the equation using 
exponents, 

2< 


Simplify the expression, noting that log, 2 = 1. 


=1+ 4log,y 


Therefore, log, (2y*) = 1 + 4logsy. 


4 2 
18.41 Expand the logarithmic expression: ee : 
J 


Express the quotient as a difference of logarithms. 


Distvibute 
the - sign to WS 
and In y*, 


Express each of the products (4x? and 5y*) as a sum of logarithms. 


= (In 4+ In x’) - (In 5+1n y°) 
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The logarithmic arguments x? and y® contain exponents. Rewrite those 
expressions as a product of the power and the logarithm of the base: 
In x? = 2Inxand In y°= 6Iny. 


Do the 
exact opposite 
of what you AiA 
in Problems 18.40 

ana 18.4]. “Contvact” 
the expvession into 
one log instead of 
expanding tt into 
many logs. 


=In4+2Inx-In5-6lny 
2 


4 
Therefore, Ines =2Inx—-6Iny+In4—In5. 
2 


18.42 Rewrite the logarithmic expression as a single logarithm: log x + 9 logy. 


According to Problem 18.38, n(log,x) = log, x", Therefore, 9 log y = log 4°. 


log x + 9log y= log x + log y° 

Express the sum of the logarithms as the logarithm of a product. 

= 9 

= Se! Instead 
of pulling the 
exponent OUT 
of the log asa 
coefficient, stick the 
coefficient INTO the 
expression as an 
exponent. 


Therefore, log x + 9log y= log (xy’). 


18.43 Rewrite the logarithmic expression as a single logarithm: 
3log x- 2logy—log z. 


Transform coefficients 3 and 2 into exponents of the respective logarithmic 
arguments. 


3log x- 2 log y— log z= log x* — log y* - log z 


Express the difference (log x° — log y*) as a logarithmic quotient, according to 


This is the 
log property from 
Problem 18.34—it’s 
just vevevsea, Youve 
changing a sum into 
A product instead 
of a proAuct inte 
A SUM, 


x 
the property log, 9 = log, x — log, y. 


3 
= log — log 
y 


Again, express the difference as the logarithm of a quotient. 


3 


=] a i 
08 Pz 


From 
Problem |%3¢ 


3 


Therefore, 3logx —2log y—logz= log : 
yz 


To Alvide a 
3 
fraction like ~ yy, 
7 


Just write 7 ih the 
Aenowminatoy. 
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XY Va 18.44 Rewrite the logarithmic expression as a single logarithm: 


pinx=In(3y)+4In(2=6), 


NaN 
b etd are 
Transform coefficients 9 and 4 into exponents of the respective logarithmic 


arguments. 

1 

=Inx —In(3y)+4In(z—6) = Inx'” — In(3y)+In(z—6)" 
= In Vx —In(3y) + In(z—6)' 


Raising some- 
thing to the 
one-half power is 

the same as taking 

the squave voot of tt 
See Problems 13.|3- 
13.20 Lov move 
info. 


vx 


=In—. 
3y 


Express the difference as the logarithm of a quotient: Invx - In(3 y) 


= inv” +In(2—6)" 
3y 


Express the sum as the logarithm of a product. 
Vx (z-6)* 
=In|—~- 
By 1 
x (z—-6)' 
3y 
1 —6)' 
Therefore, Pe = In(3y)+ 41n(z-6)= neG=8" ; 
J 
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EXPONENTIAL FUNCTIONS 


Functions with a vaviatsle in the exponent 


This chapter explores exponential functions, inverses of logarithmic func- 
tions. Specifically, f(x) = a and g(x) = log,x are inverse functions (assuming 
a>0O and a# 1). Therefore, you can use logarithms to solve exponential 
equations (and vice versa). The chapter concludes with an investigation of 
exponential functions used to model growth and decay. 


In Chapter 18, you learn that log,.36 = 2 because you have to vaise th 
base of the log (6) to the second powev to get 36. It’s easier to aoe — 
how logs work when you think of them in tevms of exponents, and hae 
no MOAN, Logavithwmic and exponential functions ave Been i 
when theiv bases match, For example, the inverse of P(x) = leg, ne Bae _ 


This chapter begins a lot like Chapter 18, by exploving the gvaphs of 
exponential functions. Then it moves nto Composing the . Punch 
taking the log of an exponential Punction and vice Versa—ana He = 
that to solving exponential ana logavithmic equations eras les 

exponential growth anda Aecay, which uses the ne fp = es 
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Graphing Exponential Functions 
Graphs that stavt close to y = 0 and climb fast 


Note: Problems 19.1-19.5 refer to the function j (x) = 2*. 
19.1 Complete the table of values below. 


x | i(x)=2" 
=2 
=| 
0 


1 
Z 
3 
Evaluate j(x) for each of the x-values in the left column. 


x j(x) = 2* 


-2] j(-2)=27 = 


o np Fe So 
—~ —=~ 
NO 
~ 
Il 
NO 
To 
Il 


Note: Problems 19.1-19.5 refer to the function j(x) = 2*. 
19.2 Graph j(x) using the table of values generated in Problem 19.1. 


According to Problem 19.1, the graph of j(x) passes through the following 


i} (-1.3], (0,1), (1,2), (2,4), and (3,8). The graph of j(x) is 


presented in Figure 19-1. 


points: (-2, 
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Figure 19-1: The graph of j(x) = 2*. 


Note: Problems 19.1-19.5 refer to the function j (x) = 2*. 


19.3 


Note: Problems 19.1-19.5 refer to the function j(x) = 2*. 


19.4 


Identify the domain, range, and intercept(s) of j(x). 


Consider the graph of j(x) in Figure 19-1. Every vertical line drawn on the 
coordinate plane that intersects the graph represents a member of the domain 
of 7(x). Any vertical line drawn on the graph will intersect (x), so the domain of 
j(x) is all real numbers. 


Every horizontal line that intersects the graph of j(x) represents a member 
of the range of the function. The line y = 0, the x-axis, does not intersect the 


graph, and neither does any horizontal line below it. Only horizontal lines : The x-axis 

above y= 0 intersect the graph, so the range of j(x) is 7(x) > 0. hs MN aASYMptote 
of th : 

The graph of j(x) intersects the y-axis at point (0,1), because 7(0) = 2°= 1. < gvarh, So J(x) 


ets infini 
Therefore, the y-intercept of j(x) is 1. J infinitely close to 


Demonstrate that /(x) = log, x (from Problems 18.11—18.12) and j(x) are 
inverses based on their graphs. 


According to Problem 18.11, the graph of f(x) = log, x passes through points 
G-2) (5.-1}, (1,0), (2,1), (4,2), and (8,3). According to Problem 19.1, the 
graph of j(x) = 2* passes through points [-2.2}. (1.5), (0,1), (1,2), (2,4), and 


(3,8). Reversing the coordinate pairs of one graph produces the coordinate 
pairs of the other, a characteristic of inverse functions. Furthermore, consider 
the graphs of f(x) and j(x), plotted on the same coordinate plane in Figure 19-2. 
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The table 
of values fov 
F(x) and j(x) 
prove that six 
coordinate paivs 
ave vevevsed copies 
of each othev. 
When functions ave 
veflections of each 
other (ana the 
Aotted line 

y = x in Figure 19-2 
is the wmivvov), alll 
of the points on 
the gvaphs ave 
vevevsea copies 
of each 
othey. 


Figure 19-2: The graphs of f(x) = log, x and j(x) = 2" are reflections of each other across 
the dotted line y = x. 


The graph of j(x) is the graph of f(x) reflected across the line y= x (and vice 
versa), indicating that reversing all the points on one graph will generate the 
points on the other. 


Note: Problems 19.1-19.5 refer to the function j(x) = 2*. 


19.5 Graph j(x)=2*-3. 


To transform the function j(x) =2*into 7(x)=2™ —3, multiply the input by 
—1 to get —x (which reflects the graph of j(x) across the y-axis) and subtract 3 
(which shifts the graph down three units). The graph of (x) is presented in 
Figure 19-3. 
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Figure 19-3: The graph of j(x) = 2 —3 is the graph of j(x) = 2* reflected across the 
y-axis and shifted down three units. 
Note: Problems 19.6-19.9 refer to the function g(x) = e’. 


19.6 Use a calculator to complete the table of values below, rounding all values of 
g(x) to the thousandths place. 


x | g(x)=e 
= 
=)! 
p Eulev’s 
number (e) is 
1 the base for the 
2 natuval exponential 
3 function e”, just like 


it’s the base for the 
natuval logavithuic 
function log.x = In 
x. 


Evaluate the natural exponential function e* for each value of x in the left 
column. 
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x g(x) =e 

—2| g(-2)=e° =0.135 
-1} g(-1) =e" ~ 0.368 
0 g(0)=e =1 

1 g(1)=e' ~2.718 
2 g(2) =e =7.389 
3 g(3) =e = 20.086 


Note: Problems 19.6-19.9 refer to the function g(x) = e’. 


19.7. Graph g(x). 


According to Problem 19.6, the graph of g(x) passes through the following 
points: (-2,0.135), (-1,0.368), (0,1), (1,2.718), (2, 7.389), and (3, 20.086). The 
graph of g(x) is presented in Figure 19-4. 


: A positive number vaisea 
. ' 
A Negative exponent makes a 


fraction tha 
t 
move negative: Jes smaller as x gets 


(-1, 0.368) 
(-2, 0.135) 


Figure 19-4: The graph of the natural exponential function, g(x) = &. 


Note: Problems 19.6-19.9 refer to the function g(x) = e’. 


19.8 Identify similarities between the graphs of j(x) = 2* (in Figure 19-1) and 
g(x) = & (in Figure 19-4). 


Both functions have the same domain (all real numbers), and both graphs are 
entirely contained in the first and second quadrants—neither passes below nor 
intersects the x-axis. This behavior is not unexpected, as a positive number 
raised to any real number exponent produces a positive number. 


Both graphs have values close to zero when x is negative and both increase 
steeply when x is positive. Both graphs have a y-intercept of 1, as do all 


Vat ; . i 
ANY ipestinie exponential functions of the form f(x) = a (if a@>0 and a# 1). 


number vaisea 
to the zevo power 
equals |. 
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Note: Problems 19.6—-19.9 refer to the function g(x) = e’. 
19.9 Graph ¢(x)=—e**. 


To transform the function g(x) = e into ¢(x)=—e*™*, multiply g(x) by -1 (which 
reflects the graph across the x-axis) and subtract 4 from the input (which shifts 
the graph four units to the right). The graph of g(x) is presented in Figure 

19-5. 


Figure 19-5: The graph of &(x)=—e*" is the graph of g(x) = & reflected across the 
x-axis and shifted four units to the right. 


Composing Exponential and Logarithmic Functions 
They cancel each other out 


Note: Problems 19.10-19.11 prove that h(x) = log,x and k(x) = 3* are inverse functions. 


If £(9(x) = 
9(P (x) = x, then 
L(x) and g(x) ave 
iwerse functions. 
Problem 19.10 proves 
that &(g(x)) = x, anda 
Problem 14.1 | proves 
that 9(P(x)) = x. 


19.10 Demonstrate that h(k(x)) = x. 


Substitute k(x) = 3* into h(x) = log, x. 


h(x) = log, x 
h(k(x)) = log, [A(x)] 
h(k(x)) = log, (3°) 
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Express the logarithmic equation as an exponential equation. 


Bh(k(x)) = 3% 


If equivalent exponential expressions have equal bases, then the exponents 
must be equal as well. 
h(R(x)) = x 


Note: Problems 19.10-19.11 prove that h(x) = log,x and k(x) = 3* are inverse functions. 


19.11 Demonstrate that k(h(x)) = x. 


Substitute h(x) = log, x into k(x) = 3%. 
k(x) =3" 
k(h(x)) =3" 
k(h(x)) = 3°%* 


Express the exponential equation as a logarithmic equation. 
log, | k(h(x)) ]=log, x 


If two equivalent logarithms have the same base, then the arguments of those 
logarithms must also be equal. 


k(h(x)) =x 


19.12 Simplify the expression: log,6™. 


If you plug 
an exponential 
function into a log 
with the same base, 
everything Aisappeaws 
except for the 
exponent. 


Substituting 6°* (an exponential function with base 6) into its inverse (a 
logarithmic function with base 6) produces an expression equal to the 


exponent: log, b/ = f(x). 


log,6°* = 5x 


logs (x+1) 


19.13 Simplify the expression: 2 


Substituting a logarithmic function with base 2 into an exponential function 
with base 2 produces an expression equal to the argument of the logarithm: 


pew fe) — f(x) . 


If the power 
of an exponential 
function is a leg 
with the same base 
everything disappears 
except Pov whatever's 
side the logavithwy in 
this case x. 4 ke , 


g'oss (x+1) =x+] 


Note: Problems 19.14-19.15 refer to the expression In (9e*). 


19.14 Apply a logarithmic property to expand the logarithmic expression. 


According to Problem 18.34, the logarithm of a product is equal to the sum of 
the logarithms of its factors: log, (xy) = log, x + log, y. 


In (9e) =In9 + Ine 
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Note: Problems 19.14-19.15 refer to the expression In (9e*). 


19.15 


19.16 


19.17 


19.18 


Simplify the expanded logarithm expression generated by Problem 19.14. 


The natural exponential function e* and the natural logarithm function In x 
have the same base, e. Therefore, substituting e into In x results in an expression 
equal to the exponent: In ée* = x. 


/(x) =In9 + Ine*=1In9+ x 


Therefore, In (Qe) = x+ 1n9. 


10*** 
3 6 


Apply a logarithmic property to simplify the expression: log 


According to Problem 18.36, the logarithm of a quotient is equal to the 


x 
difference of the logarithms of the dividend and divisor: log, e = log, x— log, y. 


x—4 


10 
log =log10** —log3 


3 


Simplify the expression log 10*~*. 
=x—-4-log3 


eG 


Apply a logarithmic property to simplify the expression: log, 58 


Express the quotient as the difference of the logarithm of the numerator 
and the logarithm of the denominator. 


x 


4 
log, ot log, 4* — log, 2 


Substituting 4* into its inverse function, a logarithm with base 4, eliminates 
both functions: log, 4* = x. 


Apply a logarithmic property to simplify the expression: Bae 


According to Problem 18.38, the logarithm of a quantity raised to an exponent 
nis equal to the product of n and the logarithm of the base: n - log, x= log, x". 
Rewrite the natural logarithm by transforming its coefficient (4) into the 


exponent of the argument (Jy) : 41n,/y = In( Jy) . Express the square root 


as rational exponent and simplify: In( Jy) = In(y'? y’ =Iny’. 


the fourth Powey, 
multiply the Powers: 


Common 
logs (like 
log 10*~*) have 
an implied base of 
10. In other wovds, 
log 10*"* = log, 10" ~*. 
You hawe an expo- 
nential function with 
vase 10 plugged into a 
log of base 10. They 
cancel each other out, 
leaving behina the 
exponent 
x - 4, 


Wonder 
wheve this 
number came 
fvow? Set 
log,2 = c and 
create the 
exponential equation 
AS = 2. Write 

woth sides of the 
equation AS powevs 
of 2 ana solve for c: 


4° =2 
(27 ye = 2! 
2° = 2! 


The Humongous Book of Algebva Problems 


425 


Chapter Nineteen — Exponential Functions 
f 


4in Jy Iny" 
e ny = pny 


The natural exponential function and the natural logarithmic function are 
inverses, so composing them eliminates them from the equation. 
2 


ae) 
Therefore, e'"? = y’. 


Exponential and Logarithmic Equations 
Cancel logs with exponentials and vice versa 


19.19 Solve the equation for x: 25*= 125. 


Express both sides of the equation as a power of five: 25 = 5* and 125 = 5°. 


(st) =5 
5° = 53 


Two equivalent exponential expressions with equal bases must also have 
exponents that are equal. 


2x=3 
Solve for x. 
2x _3 
zg 2 
3 
x= 
2 


19.20 Solve the equation for x: 8* = 128. 


Express both sides of the equation as a power of two: 8 = 2° and 128 = 2’. 


(ey 2 
93* = 97 
3x =7 

7 
x= 
3 
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19.21 Solve the equation for x: 3*= 19. 


To eliminate the exponential function 3*—thereby isolating x and solving the 
equation—apply its inverse function (log, x) to both sides of the equation. 


log, 3° = log, 19 
x =log, 19 


19.22 Solve the equation for x: 2 — 5e=-17. 


Isolate e* on the left side of the equation. 


—5e*=—-17-2 
—5e* =-19 
—5e* _—19 
—5 —5 
19 
= — 
5 


Take the natural logarithm of both sides of the equation to eliminate the 
natural exponential function and solve for x. 


1 
Ine* = if 
5 
aie 

5 


19.23 Solve the equation for x: e*— 6¢ = 0. 


Express ¢* as (¢)?. 


(e*)? - 6e =0 
: ; Ce 
Factor e* out of the expression left of the equal sign. ona r4] 
e(e*—6) = 0 


Apply the zero product property, setting both factors equal to zero. 


€&=0 or &-6=0 


Solve the equations for x. 


e —6=0 
e =0 
e =6 
Ine* =1n0 or . 
igh Ine* =1n6 
x= 1n6 


Note that the natural logarithm function is not defined for x= 0, so x= In 0 is 


not a valid solution. The only solution to the equation is x = In 6. 


intersect the Y-axis (x = 0) 
ov any Vevticall line left 
of the y-axis, 


You cant Ao this 
problem the way 
you aid Problems 19.19 
ona |9.20 because you 
cant write 3 and |4 
Using a common base. 
That means you have 
to vemove x from the 
exponent (using log,) 
and solve fov it. 


Even though 
it looks ugly, the 
exact solution is 
log, 19. Don't use a 
calculator and/or the 
change of base Lovmula 
to give an approximate 
Aecimal answev unless a 
problem specifically 
tells you to. 


I you wulti- 
ply the Powers 
of (e”)?, you get en 
Why wvite e2 as (e*)2? 
When you do, it’s a little 
easier toe Lacter e* out 
of the expression in the 
next step—you factor 
one e* out of 
(e)* = (eer) leaving 
one behind, 


Look at the 
graphs of the log 
functions in Problems 18.12 
and 18.15. They Aow't 
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X 


19.24 Solve the equation for x: ¢*— 9e*=-14 
62 
WA eERo Like Problem 19.23, this equation can be solved by factoring. Therefore, like the 
preceding problem, one side of the equation must equal zero in order to apply 
the zero product property. 


e*— 9e + 14=0 


Aad |4 to 
both sides of the 
equation, 


Express e* as (e*)? and solve the equation by factoring. 


(ec) —9e" +14=0 
(e —7)(e —2)=0 


e -7=0 e —2=0 
e =7 e =12 
ce or en 
“Exponentiate Ine* =1n7 Ine* =In2 
x=1n7 x=In?2? 


with base e” 
means turn 
Something into an 
exponent with base e. 
When you exponentiate 
to solve a log equation, 
isolate the leg 
Containing x on one side 
of the equal Sign ana 
then make both sides 
exponents that 
have the same 
base as the log. 


The solution to the equation is x= 1n2 or x= 1n7. 


19.25 Solve the equation for x: In x= 4. 


In this equation, xis the argument of a natural logarithm—a logarithm with 
base e. To eliminate the logarithmic expression, exponentiate both sides of the 
equation with base e. 


en ie e 


Because e* and In x are inverses, composing the functions eliminates both of 
them from the equation. 


19.26 Solve the equation for x: log, x = 2. 


The exact 
answer is e*. Dowt 
use a calculator 
to appvoximate the 
value of an answer 
containing e unless 
youve specifically 
structed to 


To eliminate the logarithmic expression, and thereby isolate x on the left side 
of the equation, exponentiate both sides of the equation with the base of the 
logarithm, 3. 


goss * = 3? 
x=9 


19.27 Solve the equation for x: In (3x+ 7) = 13. 


To eliminate the natural logarithm, exponentiate both sides of the equation 
with base e. 
ginGet7) =n ee 


38x+7=e" 
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Solve for x. 


19.28 Solve the equation for x: log, (2x) + 1=0. Because 
logavithuss have 
vestvicteA Aomains 
(you can't take the log 
of a negative number 
ov Zev0), it’s a good iAen 
to plug your final answers 
into the oviginal equation to 
check them: 


Isolate the logarithmic expression left of the equal sign. 


log, (2x) =-l 


Eliminate the logarithmic expression with base 5 by exponentiating both sides 
of the equation with base 5. 


508s (2x) _ 57 


ert 


Note: Problems 19.29-19.30 refer to the equation log x + log (x — 2) = log 15. 


19.29 Solve the equation for x. 


A property of logarithms states that the sum of two logarithms is equal to the 
logarithm of the product of the arguments: log x + log (x- 2) = log [x(x- 2)]. 


log[x(x — 2)]=1log15 
? base as the 
log(x* — 2x) = logl5 common logs in 


the equation. 
Eliminate the logarithmic expressions by exponentiating both sides of the , 


equation with base 10. 


10 28(""-2") = 108 bevore it 
can solve by factoving, 
YOU NECA to set the equation 
equal to zeve, Thats why you 
subtract 15 from both Sides 


x? —9x =15 


Solve the equation by factoring. 


go OOK TR =H of the equation. 
(x—5)(x+3)=0 
x—-5=0 x+3=0 You caw’t 
woe OF hes take the log of a 


negative numbey. 


Substituting x = —3 into the original equation produces an invalid statement: 
log (—3) + log (-5) = log 15. Therefore, x = —3 is not a solution to the equation. 
The only valid solution is x= 5. 
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Note: Problems 19.29-19.30 refer to the equation log x + log (x — 2) = log 15. 
19.30 Verify the solution(s) generated by Problem 19.29. 


Substitute x = 5 into the equation. 


log5 + log(5—2)=log15 
log5 + log3 =log15 
According to a logarithmic property, the sum of two logarithms is equal to the 
logarithm of the product of the arguments: log5 + log3 = log (5 - 3). 
log (5-3) =log15 
log15=log15 


Because substituting x = 5 into the equation generates a true statement 
(log 15 = log 15), x= 5 is a solution to the equation. 


19.31 Solve the equation for x: In (x + 4) + In (x-9) =1n30. 


Use the leg : ; ‘ , 
Property Pvom Problems Express the sum of the logarithms left of the equal sign as a single logarithm. 
19.29 and 19:30. In[(x + 4)(x — 9)] = 1n30 


In(x* — 5x —36) = 1n30 


Eliminate the natural logarithms by exponentiating both sides of the equation 
with base e. 


gins? 51-86) = pinso 
x* — 5x — 36 = 30 
Solve the equation by factoring. 


x? — 5x — 36 —-30=0 


x” —5x —66=0 
(x—-11)(x+6)=0 
x—11=0 x+6=0 
or 
x=11 x=-6 


The only valid solution to the equation is x= 11, as substituting x = —6 into the 
equation produces in an invalid statement. 
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19.32 Solve the equation for x: log, (x + 3) —log,9 = 4. 


Express the difference of the logarithms left of the equal sign as the logarithm 


of the quotient of the arguments. 


+3 
log, (=) =4 


Eliminate the logarithm from the equation by exponentiating 


both sides of the equation with base 2. 
glosel(x+3)/9] = 94 


x+3 _ 


94 
9 
+ 
x Se 
9 
+3 
EAE: = 9(16) 
1)\\ g 
x+3=144 
x=144-3 
x=141 


Note: Problems 19.33—-19.34 refer to the equation (Inx)? — 2Inx’ = 


19.33 Solve the equation for x. 


Apply a logarithmic property to express —21n x* as —61n x. 


(In x)?-6Inx=—-5 
Solve the equation by factoring. 


(Inx)* —6Inx+5=0 
(Inx —5)(Inx -1)=0 


Inx-5=0 Inx-1=0 
Inx=5 Inx=1 

Inx 5 or Inx 
é =e é =e 
x=e x=e 


The solution to the equation is x= e or x= e’. 


—5. 


If youve 
taking the leg 
oF something to 

A PoWeY, YOu can 
pull that power out 
in front of the log as 
a coefficient This 
log alveady has a 
coefficient of -2, so when 
you pull the exponent 3 
out front, multiply it by 
the coefficient that’s 
alveady theve: 
-2\Inx* = -2-3 -Inx 
= -élux, 


Factoving 
this wovks 
just like factoving 

a vegulay quadvatic 
polynomial: w’ - Cw + 5= 
(w - S)w - |). The only 
aiffevence is that 
w= lux. 
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Note: Problems 19.33-19.34 refer to the equation (Inx)? — 2Inx’ = —5. 


\ux and e” 
cancel each 
other out, leaving 
behind only the 
exponent of e. When 
something has no 
exponent written, the 
implicA exponent is 
|, so Ine)? = 
(ne!)? = (1). 


19.34 Verify the solution(s) generated in Problem 19.33. 


Substitute x = eand x= e° into the equation, one at a time, and verify that both 


of the resulting statements are true. 


(Ine®) —2In(e°)’ =—5 

(Ine®) -2Ine? =—5 

5° —2(15)=—5 
25-—30=-5 True 


(Ine)’ —2Ine* =—5 
TP —2(3)=—5 
1—6=—5 True 


19.35 Solve the equation for x: log (x2 + 1) = 1. 


Eliminate the logarithm property to rewrite the left side of the equation as a 


single logarithm. 
log (x? + 1) =] 


Eliminate the logarithm by exponentiating both sides of the equation with 


base 10. 
10%") = 10! 
x*+1=10 
Solve for x. 
x =10-1 
x =9 
Vx? =4J9 
x=+3 


Both x=-3 and x= 3 are valid solutions. 
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Exponential Growth and Decay 
Use £) = Ne™ to measure things like population 


Exponential 
growth is 
obsevvea only for 
the fivst S houvs, 

so t can't be higher 
than S; + can't be 
below 0 because the 
experiment begins 
at time + = 0. 


Note: Problems 19.36-19.39 refer to the laboratory experiment described here. 


19.36 A group of scientists conduct an experiment to determine the effectiveness 
of an agent designed to accelerate the growth of a specific bacterium. They 
introduce 40 bacterial colonies into a growth medium, and exactly two hours 
later the number of colonies has grown to 200. In fact, the number of colonies 
grows exponentially for the first 5 hours of the experiment. 


Design a function /(¢) that models the number of bacterial colonies ¢ hours 
after the experiment has begun (assuming 0 < ¢< 5) that includes constant of 
proportionality k. 


A population exhibiting exponential growth, or exponential decay, is modeled 
using the function /(‘) = Ne“. The variables in the formula are defined as 
follows: N= original population (in this case N= 40 colonies), = number of 
hours elapsed, and k= the constant of proportionality. 


fit) = 400 


Don't try 
to guess what k 


from the ovigin al 


Problem in Loy k. You 
almost always have to 
calculate k based on 
the given information 
which is exactly ‘ 
what you Ao in 
Problem 19.37, 


Note: Problems 19.36-19.39 refer to the laboratory experiment described in Problem 19.36. 


19.37 Calculate k. 


Exactly ¢= 2 hours after the start of the experiment, the number of bacterial 
colonies was f(2) = 200. Substitute ¢= 2 and /(2) = 200 into the population 
model f(t) = 40e" from Problem 19.36. 
fQ)= 40e*) 
200 = 40¢”* 


Isolate the exponential expression on the right side of the equal sign. 
200 _ A6e" 
40 AO 


5=e" 


Solve for k by taking the natural logarithm of both sides of the equation. 


In5 = Ine* 
In5 =2k 
In5 
In _, 

2 
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Note: Problems 19.36-19.39 refer to a laboratory experiment described in Problem 19.36. 


19.38 Calculate the number of colonies that were present 5 hours after the 
experiment began, rounding the answer to the nearest whole number. 


Te calculate 

the population + 
hows aftey the 
expeviment Stavts, 
Substitute ¢ => into 
the population model, 


In5 
According to Problem 19.37, k= a . Substitute & into the population model 


defined in Problem 19.36. 


f (t) = 40e" 
f(t) 2 40 elr5)/21r 


Evaluate /(5). 
i (5) = 40 el5)/218) 


%K (5) a 40eOPD/2 


5In5 
Use a calculator to calculate the exponent of e: 5 = 4.02359478109 . 


f (5) a 40) 0402359478109 
= 40(55.9016994375) 
= 2,936.0679775 
= 2,236 


After 5 hours, the 40 original colonies have grown to 2,236 colonies. 


Note: Problems 19.36-19.39 refer to a laboratory experiment described in Problem 19.36. 


19.39 Approximately how many minutes does it take the bacterial colonies to grow in 
number from 40 to 120? Round the answer to the nearest whole minute. 


to Problem 19.38, the population is modeled by the function 


cons ) 
f(t) =40e (m5)/2" Calculate ¢when f(t) = 120. 
120 = 40¢l9)7I 
120 = eliins)/2]¢ 
40 
3 = pllins)/2]: 


Eliminate the natural exponential function by taking the natural logarithm of 


each side of the equation. 


In3 = Indl™)2h 


1 
igo 
2 


Multiply 
: hss sides of 2 \(In3\_( 2% \(Jad 
e equation by the In5/\ 1) Ind Zz 
veciprocal of this 
number to solve see re 
In5 


fov t 
1.365212389 = ¢ 
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Convert t ~ 1.365212389 hours into minutes. 


60 (1.365212389) = 81.91274334 


Theve ave 
60 minutes in an 
houy, so multiply + by 
60 to calculate how 
many minutes ave in 
| 369212389 houvs. 


There were a total of 120 bacterial colonies approximately 82 minutes after the 
experiment began. 


Note: Problems 19.40-19.43 refer to the radioactive decay of carbon-14. 


19.40 Upon the death of an organism, the amount of carbon-14 present in that 
organism decays exponentially, with a half-life of approximately 5,730 years. 
Construct a function g(t) that models the amount of carbon-14 present in an 
organism ft years after its demise, including the constant of proportionality 
accurate to eight decimal places. 


Apply the exponential growth and decay formula g(t) = Ne“, such that N= the 
original amount of carbon-]4 in the living organism. According to the problem, 


N 
carbon-14 has a half-lifezof 5,730 years. Therefore, when t= 5,730, g(t) = 5 


Half-life 
is the amount 
of time it takes 


Substitute ¢and g(¢) into the function and solve for k. 


kt 
& 2 Ne Something to Aecay 
a Ne*@:730) to half of its oviginal 
2 amount. Cavbon-|4 
>" Nee has a half-life of 


3,730 yeaws, soa |00 
kg sample of cavbou- 
14 will Aecay to 

$3,730 yeews, 


1 
Multiply both sides of the equation by W to isolate the exponential expression. 


Cela} belt h™ 


ee 5,730k 
=e 
2 
Take the natural logarithm of both sides of the equation to isolate k. 
1 5 
In= = Ine?” 
2 
1 
In= = 5,730k 
2 
In0.5 _ 
5,730 


—0.69314718056 _ 
5,730 
—0.00012097 =k 


The oviginal Version of 
9H: 9) = Nek. 
Substitute k into g(t). 


g(t) = Ne~9.00012097 
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Note: Problems 19.40-19.43 refer to the radioactive decay of carbon-14, as modeled by the 
function g(t) generated in Problem 19.40. 


19.41 Approximately how long does it take N grams of carbon-I4 to decay by two- 
thirds? Report the answer rounded to the nearest whole year. 


N 
After some time ¢ has elapsed, g(t) = rar Substitute this value into 


g(t) = Ne%9012097 (the half-life model from Problem 19.40) and solve for ¢. 


N 
—0.000120971 
= Ne 


If the mass . 

Aaecveasea by F: \(€)- (- (4 7 0.000120971 | 
two-thivas, that M)\ 8 1 
means one-thiva of te. = 7 9.000120974 
the oviginal mass 3 

N is left. noe = |ne70.000120971 
3 
1 
In nS =—0.00012097¢ 
InQ1/3) 
—0.00012097 — 


9,081.6920614 =1 


It takes approximately 9,082 years for a mass of carbon-14 to decay by two-thirds. 


Note: Problems 19.40-19.43 refer to the radioactive decay of carbon-14, as modeled by the 
function g(t) generated in Problem 19.40. 


19.42 Approximately how long does it take N grams of carbon-14 to decay by three- 
fourths? 
The half-life of carbon-14 is approximately 5,730 years. Therefore, in 5,730 
years, a mass Nof carbon-14 will decay to a mass of a In an additional 5,730 


; ‘ 1{/N\_N 
years, the mass will again decrease by half: (3) mee Thus, one-fourth of the 


mass is left after 2(5,730) = 11,460 years. 
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Note: Problems 19.40-19.43 refer to the radioactive decay of carbon-14, as modeled by the 
function g(t) generated in Problem 19.40. 


19.43 If an organism contains 15 grams of carbon-I4 at the time of its death, how 
much carbon-14 will the organism contain 100 years later? Round the answer 
to the thousandths place. 


Substitute N= 15 and ¢= 100 into the half-life model g(t) defined in Problem 
19.40 and evaluate ¢(100). 


g(t) = New 0.00012097¢ 
g (100) = 15 e70.00012097(100) 
g (100) = 156-0027 


g (100) = 15(0.987975875) 
g (100) = 14.819638118 


The organism will contain approximately 14.820 grams of carbon-14 one 
hundred years after its death. 
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RATIONAL EXPRESSIONS 
Evactions with lots of vawviewbles in them 


The foundational methods by which a rational number is reduced to low- 
est terms are used to reduce rational expressions as well. By extension, the 
methods by which rational expressions are combined (that is, added, sub- 
tracted, multiplied, and divided) are based on the same principles that gov- 
ern the combination of rational numbers. The similarities between rational 
numbers and rational expressions, however, do not preclude the need to 


thoroughly investigate the latter. 


Rational numbers (Practions) and vational expressions (Practions with 
x th thew) ave a lot alike. For example, you simplify a vational express 
by factoving the numerator and Aenominatoy and then eeeeyee - 
mavanng factors acvoss the fraction bow—the same way siell ie 
fvactions Containing only numbers. Even though the processes ave - : 
theve ave tiny Aiffevences you learn about in this chapter. ie 


Most of this chapter is familiay. Waut to add ov subtvact vational 
expressions? You need a common Aenominator. Want to multipl e 4 
No problem; go ahead. Want to divide vational expressions? a the 
Fivst eral Git the same, change Aivision to multiplication, ~~ tp om 
— Fraction, pastcally youve extending the things you learned about 
vactions in Chapter 2, to include fractions with vavialles inside, 


hiss Gnetrer ends with graphing rational expressions, which is a little bit 
a y, especially the bit about oblique asymptotes, so make suve yo 
Pavticulay attention to that. : YOU pay 
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Simplifying Rational Expressions 
Reducing fractions by factoring 


2 


Note: Problems 20.1—20.2 refer to the expression 2 
x 
20.1 Simplify the rational expression and identify the restriction on the answer. 


The quotient of exponential expressions with the same base is equal to the base 
a 
x ra 
raised to the difference of the exponents: = =x *; 
x 


The numevatoy = mec 
Contains x? and the . 
Aenominatoy Contains 
* (which equals x') 

SO subtvact the , 


2 
Therefore, oe 5x when x#0. 
x 


2 
x 


Note: Problems 20.1—20.2 refer to the expression — . 
x 


This is the 
vestviction the problem 
mentioned. The fraction 
is equal to Sx only 

when x # 0. Why? See 
Problem 20.2. 


20.2 Explain why the restriction stated in Problem 20.1 is necessary. 


: 5x ee : 
The expression —— is not defined for x = 0; substituting x= 0 into the 
x 


0 
expression results in Fi , which is indeterminate. However, 5x is defined when 


5 
x= 0. The expressions 2" and 5xare truly not equivalent if their values differ 
x 


Avoid 
Aividing by 
0 at alll costs. 

0+ O0is calleA on 
indeterminate value, 
ana any other number 
Aided by 0 is said 
to be undefined. In 
either case, 0 in the 
Aenominator is 
Daa. 


when x= 0, so stating they are equal must include the disclaimer that the 
equality is not guaranteed at x= 0. 


AP 


4 
20.3 Simplify the expression «2 and indicate restrictions, if any, on the result. 


22xy 


Write the rational expression as a product of three fractions, the quotient of the 
coefficients, the quotient of the x-terms, and the quotient of the y-terms. 


6 


Restvictions 


fraction. 
ave the xvalues 


that make the ce i ae 

Aenominator zeve, Z-11 x' 9° 
eee eek 
“1 x y° 


See Problems 
i 230-232 for Move 

information About prime 
factovizations. 
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20.4 


20.5 


a 


x 2 
Apply the exponential property = =x“ ’ referenced in Problem 20.1. 
x 


Bs Ape yrs After you 

11 place the y*im 
ee the Aenominator 
i 


wheve it belongs, 

change the negative 
exponent to a 
positive, 


Place variable expressions with positive exponents in the numerator and 
expressions with negative exponents in the denominator. 


2 


xy _ 9x4 
Q2xy° Ly? 


You Aowt 
need to include 
y #0 because both 
of the expressions 
would be undefined in 
that case. You need 

to include vestvictions 
only on vaviables that 
would make one 

of the fraction 
Aenominatovs 
equal 0 but not 
the othev. 


Therefore, when x# 0. 


2 


Simplify the expression: 


and indicate restrictions, if any, on the result. 


Factor the numerator, a difference of perfect squares. 
x? —49  (x+7)(x—7) 
x+7 x+7 


The numerator and denominator contain the common factor (x + 7). 
To reduce the fraction, eliminate the shared factor. 


_ Gr (x=7) 


the aifference 
of perfect squaves 
fovmular (vow Problem 
12.26) is WV’ -b’) = 
(a + via - ). 


—49 


2 
x 
Therefore, 


=x—7 when x#-7. 


=ll 
Simplify the expression hae 


amie =o and indicate restrictions, if any, 
on the result. Boa Ola 


Factor the numerator and denominator; each contains a greatest common 
factor. 


The fraction 
is undefined when 
x= -7T because 
substituting -7 into the 
Aenominator gives you 
C)+7=0, and you 
can't divide by 0. 


5x —15 - 5(x-3) 
10x" + 60x—270 10(x* + 6x —27) 


Whereas 5 is a prime number, 10 is not. Express 10 as a prime factorization: 
10=2.-5. 


5(x - 3) 
2-5 (x? + 6x —27) 
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Factor the quadratic expression in the denominator: x? + 6x - 27 = (x + 9)(x- 3) 


_ 5(x—-3) 
~ 9-5(x+9)(x—3) 


The numerator and denominator contain common factors 5 and (x— 3). 
Eliminate the common factors to reduce the rational expression. 


___ Ges) 
2: B(x+9) (x3) 
1 


~ 2(x+9) 


Either 
of these 
fvactions is an 

acceptable final 


You eliminate 
the factor (x — 3) 
from the Aenominator. 
Set ib equal es 0 yey 
Solve to get the 

2 


1 1 
when x# 3. 


Cee 5x —15 
refore, —>——————— = = 
ee TOx? + 60x—270  2(x+9) 2x+18 


3 
= 4! eae aie ; 
y and indicate restrictions, if any, on the result. 


vestvicton: 
meron: 20.6 Simplify the expression = 
y- 
) The terms of the numerator have the greatest common factor y. Factoring it out 
of the expression results in a difference of perfect squares: y’ — 4y = y(y’ - 4). 


@ 
=e y-4y_ yo" -4) 
y-8 ys 


Factor the difference of perfect squares in the numerator and the difference of 


perfect cubes in the denominator. 
__ (y+ 2)(y-2) 
(y—2)(y* +29 +4) 


the formula 
is CW - b= 

(a - (a? + alo +’). 
Check out Problems 
123\ ana 12:33 For 
move information 
about factoving 


Reduce the fraction to lowest terms. 


_ y(y+2) (y2) 
(y~9) (9? +29 +4) 


ailferences of 
perfect cubes. 
__y(y+2) 
y? +2y4+4 


°— 4 +2 pap 
PE OTE) Es ee ho 


yt 2Qyt4 y+ 2y44 


Therefore, 
y —8 
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12x? + 5x —2 


20.7 Simplify th Cn ———— 
1M p. 1 ny, e expression 19x? + Te fi 9 


and indicate restrictions, if any, on the 


result. ae 
i i Problem 12.42 
Factor the numerator and denominator by decomposition. Poy an eames 
; of factoving b 
12x? +5x —2 _ 12x? +(8-3)x-2 actoving by 


Aecowmposition. You 
Aout have to use this 
technique to factor 


12x? +11x+2 12x? +(84+3)x+2 
(12x° + 8x) +(—3x — 2) 


(122 + 8x) + (3x +2) if youd vather “play 
Ax (3x + 2) —1(3x +2) around’ and figure 
= dx(3x+2)41(3x +2) £2)41(3x 42) out the factors 
through tvial 
= (3x + 2)(4x — 1) OMA evvov. 
(3x + 2)(4x +1) 


The numerator and denominator share common factor (3x + 2). Simplify the 
expression by eliminating the common factor. 


(3x+2) (4x —1) : When you 
Fea a a eliminate factors 
3 (4e-+1) Mike 3x + 2) Prom 
_4x-1 the Aenominatoy, 

4x+1 


account fov them using 
vestvictions. Iy this 

case, set3x+2= 9 
and solve Lov x. 


12x? + 5x —2 _ 4x—1 


Therefore, = 
12x°+11x+2 4x+1 


2 
h x#A——, 
when 3 


Aalulahs 
20.8 Simplify the expression ZA = ; = and indicate restrictions, if any, on XY Va 
2x” +9x° +4x—15 


the result. 

@@ 
Factoring the denominator is significantly easier if you first factor the w 4 ERNo 
numerator: 2x? + llx+ 15 = (2x+5)(x+ 3). 


2x? +1Ixt15 (2x +5)(x +3) 


9x? +9x° +4x-15 2x? +9x? +4x—-15 


a factoy, they 
X= -3 is a voot of 
the Polynomial, Put 


“3 in the synthetic 
Avision box, 


The fraction can only be reduced if the numerator and denominator share 
one or more common factors. To determine whether (x + 3) is a factor of 
2x° + 9x? + 4x— 15, apply synthetic division. 


—3| 2 9 4 
-—6 -9 15 
2 3 -5 0 


Thus (2x° + 9x° + 4x- 15) + (x+ 3) =2x°+ 3x -5. 


(Qx+5)(x+3) (2%+5)(x+3) 


Qx° + 9x? +4x —15 (x +3)(2x° +3x—5) 
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Factor the remaining quadratic: 2x? + 3x—5 = (2x+ 5)(x- 1). 


_ (2x +5)(x+3) 
7 (x + 3)(2x +5)(x—-1) 


Eliminate common factors (x + 3) and (2x +5) to simplify the rational 


__ OxrV (ers) 
(45) (+5) (x1) 
1 


expression. 


x—] 


411x415 1 5 
Therefore, eset Ea 5 x = when x#—-3 and x#-—. 
2x? +9x° +4x-15 x-l 2 


Adding and Subtracting Rational Expressions 


Use common Aenominartovs 
4 


I 
Note: Problems 20.9-20.10 refer to the expression a eg 
yD 


: ; 4 
20.9 Identify the least common denominator of es Aa! 
ey) J 


the fivst 
Aenominatov 
contains four 
factors (2,%, x, 
ana y), the second 
Aenominatov contains 
one factor (y). That's 


Consider the denominators: y? and 6xy = 2 - 3 - xy. The least common 
denominator must include every factor of either denominator raised to 

the highest power of that factor. (See Problem 2.30 for a more thorough 
explanation of the algorithm used to calculate the least common denominator.) 


four unique factors. 
(The y is vepeated.) LCD =2-3-x-y° 
Each shoulA be = 6xy" 
vaised to tts 
4 


highest poweyv. 


Note: Problems 20.9-20.10 refer to the expression = streres 
yy 


20.10 Simplify the expression. 


Dividing 
Divide the least common denominator, as calculated in Problem 20.9, by the 


each 


denominators of each fraction. 


fractions 
Aenominator into ; ; 
the LCD tells you Oxy" _ 6 x, a Gaxy" =6-x- 92? 
what to multiply 6xy 6x y y? 
each fraction by =1-1- yt = 6xy° 
=y = 6x 


to get the LCD. 


1 
Multiply the numerator and denominator of eu by y to express the fraction 
x 


using the least common denominator. Similarly, multiply the numerator and 


4 
denominator of — by 6x. 
J 
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1 4 y\f 1 6x \{ 4 

+= + : 

6xy y )\ Oxy 6x /\ y 
=~ zt ats 
Oxy” Oxy 


The fractions now have a common denominator. Simplify the expression by 
adding the numerators and dividing by the common denominator. 


_ yt 24x 
6xy" 
_ 24xt+y 


6xy" 


wl 3 
Note: Problems 20.11—20.12 refer to the expression ——, + ——, . 
12x" 28x 
20.11 Identify the least common denominator. 


Express the coefficients of 12x*° and 28x’ as a product of prime numbers: 
12x) = 2?- 3- x' and 28x* = 2?- 7- x*. Together, the denominators consist of four 


unique factors: 2, 3, 7, and x. The least common denominator is the product of 
those factors, each raised to its highest power. 


Look at Problem 

2.32 if youve not sure 

how to factor 12 

ana 2%, 

least common denominator = 2” -3-7-x° 
=4:3-7+%° 
= 84x° 


a ee 
Note: Problems 20.11—20.12 refer to the expression a + 5a? 
20.12 Simplify the expression. 


Divide the least common denominator by the denominators of the fractions in 
the expression. 


You Aowt 
have to show this 
step tf you com Ao it 
in your head. 


Multiply the numerator and denominator of each fraction in the expression by 
the above values. 


Multiply the 
top ana bottom of 
the left fraction by 
7; multiply the top ana 
bottom of the vight 


fraction by 3x, 
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x-1 3 (55) (= }( 3 
y+ —S + F 
12x? 28x? 7)\12x° 3x )\ 28x? 


-T(¢=1) 9x 
84x° 84x° 
7x-7 9x 
ee ame, 
84x 84x 


The fractions share the same denominator, so combine the numerators. 


ee 
84x? 
Tee Ox) =7 
a 84x" 

_ 16x-7 
84x 


x+2 ~ 3x 
x — 25) x? +15x+ 50° 


Note: Problems 20.13—20.14 refer to the expression 
20.13 Identify the least common denominator. 


Factor the denominators. 


x+2 _ 3x = x+2 _ 3x 
x -25 x? +15x+50 (xt+5)(x—-5) (x+5)(x+10) 


Dowt multiply 
the thvee binomials 
together yet—leaving 
thew like this makes 
Problew 20.14 
easiev. 


The denominators of the expression consist of three unique factors: (x + 5), 
(x-— 5), and (x+ 10). The least common denominator is the product of all three: 
(x+ 5)(x—5)(x+ 10). 


x+2 7 3x 
x? — 25) x? +15x+50° 


Note: Problems 20.13-20.14 refer to the expression 


20.14 Simplify the expression. 


Divide the least common denominator, as identified in Problem 20.13, by each 
of the denominators in the expression. 


(xe +5)(x—5)(w +10) (5) (<5) (x $10) 

x? —25 (st (eB) 

(x+5)(x—5)(x +10) _ GS) (x5) GATT) 
x +15x+50 (aS) (ut) 


To express the fractions using the least common denominator, multiply the 


x+10 


é +2 ‘ 
numerator and denominator of ae by x + 10; multiply the numerator and 
a 


3x 
i f= oe —5. 
denominator o 4 15e 450 by x-5 
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x+2 _ 3x _ x+2 . 3x 
x -25 x +15x+50 (xt+5)(x—5) (x+5)(x4+10) 


(hts lElastan 


=, (x +10)(x +2) _ 3x (x — 5) 
~ (x+5)(x—5)(x +10) (x+5)(x—5)(x +10) 
x” +12x +20 3x” —15x 


“(G45 (e= 8) Get 10) KOs 5 be= Bae 10) 


Combine the numerators to simplify the expression. 


This minus sign 
gets Aistviputed to 
the numevator of 
the vight fraction, 


x” +12x +20 — (3x? —15x) 
= (eB) Ce=8) (e410) 
x” +12x +20 — 3x? +15x 
~ (x+5)(x—5)(x +10) 
(x — 3x7) + (12x + 15x) + 20 
(x +5)(x—5)(x +10) 
—2x* + 27x +20 
> (ot B\ eB ae 10) 


You Aowt 
have to multiply 
(K+ SK - S) 

(x + 10) to get this 
polynomial—you can 
leave it in factovea 


_ 9x2 
Therefore, aaa 3x - 2x" + 27x + 20 


2-25 x? +15 +50 x°+10x? —25x—250- 


1 1 
20.15 Simplify th oe —$—— ; 
implify the expression: 7 — 


Express each fraction using the least common denominator (x—- 4)(x + 8). 


1 7 1 -(=3)( 1 \-(S] 1 
x-4 x+8 \x4+8)\x-4 x—-4)\x4+8 


- x+8 _ x—-4 
(x+8)(x-4) (x—4)(x+8) 


Simplify the expression by combining the numerators. 


_ x+8—(x—4) 
- (x +8)(x —4) 
_— xt+8—x+4 
~ (x+8)(x—4) 
_ (x—x)+(8+4) 
z (x+8)(x —4) 
= 0+12 

(x + 8)(x—4) 
= 12 
~ (x+8)(x—4) 


1 12 


Therefore, - = : 
eas —-4 x+8 x?+4x-32 
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3x? Dee = || 
20.16 Simplify th ion: : 
implify the expression ae a eae 


Factor the denominators. 


3x” " 2x —1 = 3x" 2 2x—-1 
x —4x x? -10x+24 x(x-4) (x-4)(x—-6) 


Theve’s no 
need to Aide 
the LCD by each 

Aenominator. You 

know the LCD is 

x(x — 4)(x - €), The 

left fraction has a 
Aenominartov of 
x(x - 4)—alll it needs is 
(x - 6). The vight 

fraction alveady has 
(x - 4) ana (x - 6) in 

the Aenominatov— 

tt needs an x, 


The denominators of the expression consist of three unique factors, the product 
of which is the least common denominator: x(x — 4)(x—- 6). Rewrite the fractions 


using the least common denominator. 


x—6 3x” 2x—-1 x 
“(Saal leona 
_ 3x" (x —6) x (2x -1) 
~ x(x —4)(x—6) x(x —4)(x —6) 
= 3x” (x) + 3x” (—6) i x(2x)+x(-1) 

x(x—-4)(x-6) x(x —4)(x-6) 
= 3x° — 18x" ap 2x? — x 

x(x—4)(x-6) x(x-—4)(x—-6) 


Simplify the expression by combining the numerators. 
_ 3x° — 18x? + 2x? —« 
x(x — 4)(x« -6) 
_ 8x° — 16x" — x 


~ x(x—4)(x —6) 


Reduce the fraction to lowest terms. 
_ & (3x? — 16x —1) 
& (x—4)(x—6) 
= 3x? —16x -1 
(x —4)(x —6) 


3x" 2x-1 3x7 —16x—1 3x7 —16x—1 
Therefore, AS = = ; 
x’ —4x x? -10x+24 (x—-4)(x-6) x? -10x4+24 
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20.17 Simplify the expression: 


5x’ 6x 3x—5 XY f° 


2 Fa ae : 
x +12x+36 x —36 x —12x+36 


Factor the denominators. A mA 


5x” 6x 3x—5 5x 6x 3x —5 
2 +3 8 _ gt = 2 
x +12x+36 x°-36 x? -12x+36 (x+6) (x+6)(x-6) (x—6) 


Both factors 
ave vaisea to 
the fivst power and 
the second power 
somewhere in the 
Aenominators of the 
expression. Choose 
the higher powev 
fov the LCD. 


The denominators consist of two unique factors: (x + 6) and (x- 6). The least 
common denominator is (x + 6)? (x—6)?. 


Write each fraction using the least common denominator. 


-|e-2| 5x? pleseecl 6x Hee dl 
(x —6)° || (x +6) (x +6)(x—6) |] (x +6)(x—6) (x +6) || (x—6) 
_ Bx (x—-6) — 6x(x+6)(x—-6) (x +6)’ (3x—5) 
(x +6)? (x—6) (x +6)'(x-6)? (x +6)? (x6) 


Expand the numerator of each fraction. 


= 5x? (x? ~12x +36) 6x (x° — 36) Z (3x —5)(x? +12x +36) 
(x+6)'(x-6)  (x+6)' (x—6)° (x+6) (x —6)° 

_ 5x* — 60x° +180x" 6x°—216x 3x + 31x” + 48x —180 

~ (x+6) (x6) (xt 6) (x-6) (x + 6)° (x6) 


Combine the numerators to simplify the expression. 


_ (5x' —60x* + 180x* ) + (6x? — 216x) — (3x° + 31x” + 48x —180) 

7 (x +6) (x—6)" 

5x* — 60x" + 180x” + 6x* — 216x — 3x° — 31x” — 48x +180 

7 (x+6) (x —6)° 

_ 5xt +(—60x° + 6x? — 3x°) + (180x? — 31x”) + (—216x — 48x) + 180 
7 (x +6)" (x —6) 

_ Bx? — 57x +149x*? — 264x + 180 

7 (x +6) (x—6)" 


OK + 6) ~ 6)2 
= + 12x + 3¢) 


2 — 
Therefore (x fa + 36) 
: ISS = Tg 
Bat, Gx x5 Bx 5 7a* +149e" — 2644 +180 yee 
x +12x+36 x°—-36 x? —12x+36 x* — 72x? +1, 296 
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Note: Problems 20.18—20.19 refer to the function f(x) defined below. 


ax’? +5 bx — 4 c 
A = 
xtx—-72 x’? —2x—-8 x? +10x+9 


f (x)= 


20.18 Identify the least common denominator d(x) of the function /(x) and express 
j(x) using the least common denominator. 


Factor the denominators in each of the fractions. 


ax? +5 bx —4 C 
f(x)= 2 2 ~ "2 
x +x—-72 x°-—7Tx-8 x°+10x+9 
ax? +5 bx -4 Cc 


— + _ 
(x+9)(x-8) (x-8)(x+1) (x+9)(x4+1) 
The denominators consist of three unique factors, and the least common 


denominator is the product of all three: (x + 9)(x-—8)(x+ 1). Express f(x) using 
the least common denominator. 


pe aleral (eroreni ees (canes ener 


__(«t1)(a* +5) (x+9)(6x-4) (x= 8) 
(x+1)(x+9)(x-8) (x+1)(x+9)(x-8) (x +1)(x+9)(x -8) 
ax? tax? +5x+5 bx? — 4x + 9bx — 36 cx — 8c 


ne (x+1)(x+9)(x-8) (x4+1)(x+9)(x-8) i. (x +1)(x+9)(x —8) 


Combine the numerators to simplify /(x). 


ax? + ax? +5x+5+(bx° — 4x + 9bx — 36) — (cx — 8c) 
7 (x+1)(x + 9)(x—8) 
_ ax? tax" +5x+54+ bx” — 4x + 9bx — 36 — cx + 8c 
7 (x+1)(x+9)(x-8) 


f(*) 


Group the terms of the numerator according to the power to which x is raised 
in each. 


ax® + (ax? + bx”) + (5x — 4x + 9bx — cx) + (5 — 36 + 8c) 
(x +1)(x + 9)(x —8) 

S ax? + (ax? + bx”) + (x + 9bx — cx) + (—314 8c) 

. (x +1)(x+9)(x —8) 


f(«)= 


Factor x? and x out of the corresponding quantities. 


ax® +(a+b)x® +(1+ 9b —c)x +(—31+4 8c) 
(x+1)(x+9)(x—-8) 


f (x)= 
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Note: Problems 20.18—20.19 refer to the function f(x) defined below. 


ax? +5 bx — 4 c 
a = 
x t+x—-72 x? -Ie—-8 x? +10x49 


f(x)= 


Ax? +°7x? + 37x —103 
d(x) 


calculate the values of a, b, and c. 


20.19 If f(x)= 


, given function d(x) defined in Problem 20.18, 


Because L(x) 
equals both of the 
fractions (the one 
that starts with ax? in 
the numerator ond the 
one that stavts with 
4x) those Pract ons owe 
equal te each othey. 


ax’ +(at+b)x* +(1+ 9b —c)x+(—31+ 8c) 
(x +1)(x+9)(x -8) 

4x° + 7x" +37x—103 _ 4x° +7x° +37x — 103 

d(x) (x +1)(x+9)(x-8) © 


According to Problem 20.18, f(x) = 


The problem states that f (x)= 


Set the rational functions equal. 


4x° +7x° +37x—103 _ ax®> +(atb)x* +(1+ 9b —c)x+(—314 8c) 
(x +1)(x+9)(x-8) (x+1)(x+9)(x-8) 


Two equivalent fractions with equivalent denominators must have equivalent 
numerators. 


You can Avop the 
Aenominators Ona 
set the numevators 
equal, 


4x° + 7x? + 37x— 103 = ax’ + (at b)x? + (14+ 9b- 0)x+ (-31 + 80) 


For the cubic polynomials to be equal, each of the corresponding terms must be 
equal. 


Set the x*-terms equal and solve for a. 


tf at 


ne i 


4=a 


In other 
wovas, the x’- 
terms ave equal 
(Ax? = ax’), the x’- 
terms ave equal 
(1x? = [a + ]x?), the 
x-terms ave equal, 
ana the constants 
ave equal. 


Set the x*-terms equal, substitute a = 4 into the equation, and solve for 0. 
7x” =(atb)x? 
7x? =(4+b)x? 
7x (44b) 


7=4+5 
7-4=b 
3=b 


Set the x-terms equal, substitute b= 3 into the equation, and solve for c. 


The Humongous Book of Algebva Problems 45 


Chapter Twenty — Rational Expressions 


37x =(1+9b-c)x 
37x =(1+9(3)-c)x 
37x =(1+27-c)x 


87X _(28-c) x 
| ay: 
37 =28-—¢ 

37-28 =—-c 
9=-¢ 
-9=c¢ 


Therefore, a= 4, b= 3, and c=-9. 


Multiplying and Dividing Rational Expressions 
Common Aenominatovs not necessary 


20.20 Simplify the expression: (2|(5}. 
x 
To multiply two rational expressions, divide the product of the numerators by 
the product of the denominators. 


Reduce the fraction to lowest terms by eliminating the common factor x from 
the numerator and denominator. 


20.21 Simplify the expression: & = “|= a8 | ‘ 
llx ]/\ x+4 


The product of rational expressions is equal to the product of the numerators 
divided by the product of the denominators. 


2x—1)\(3x+7)\_ (2x—-1)(3x+7) 
( 11x \ 11x (x +4) 
Oe tle 7 
[1x2 + 44x 


You know 

it’s not Possible 

to veaAuce the final 

Auswev because 

the wuMevator and 

Aenominatoy AiAn’t have 

any factors in Common 
tm the previous step, 


xt4 
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x 
x? 2x} 
Multiply the rational expressions. 


2 | x? (x? 4) 


x — 2x} (x +2)(x? — 2x) 


x —4 


ar 2 


20.22 Simplify the expression: | 


You might be 
wondering what 
happened to the 
vestvictions (like 

x # 2) from the 
beginning of the 
chapter. Theve’s no 
need to include them 
unless the pvoblew tells 
you to. Keep th mind, 
however, that this 
equation ts not true 
when x = -2, x = 0, 

ov x = 2—when 

2 factors you 

re =| oie eliminatea 
equal 0. 


x? —4 


x+2 


Factor the numerator and denominator and simplify the expression. 
= x” +(x +2)(x— 2) 
(x+2)-x(x—-2) 
_e kAD oT 
K (std) (xB) 


x —4 
x+2 


Therefore, ( 


This is 

intvoAuceA 

xy a ae xy Zz iw Problems 
238-2.40. To 


a,c 
calculate — = re, 


take the vecipvocal 


xyes of the fvaction 
~ xyz youve aividing by 
2-6 3-8, 12-4 ana change the 
=x z 


Aivision symbol to 
multiplication: 


marl 1 
(x —3)° So. = 3 


Express the quotient as a product. 


20.24 Simplify the expression: 


x+1l | 1 x+1  x°—-2x-3 

(23) S03 Gay COT 
_ (+ 1)(x* — 2x3) 
(x= 8)" 
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Factor the quadratic expression: x’ — 2x— 3 = (x- 3)(x+ 1). 


(x +1)(x —3)(x+1) 
(e=8): 


Eithey of 
these answers is 
Fine—whether you 
expand (x + |)* inte 
x + 2x + l ov leave 
it Lactovea 
Aoesu't matter, 


Reduce the fraction to lowest terms. 


a (x +1) (x3) (x +1) 
(x3) (x3 

7 (x +1)" 

a, 

5H 2e tI 

~  y- 8 


> —5x—36 3x7 —25x—-18 
20.25 Simplify the expression: = ae aa = ao : 


Express the product as a quotient and factor the expressions. 


x* —5x—36 | 3x*—-25x—-18 x? —5x—36 x? —x—-6 
i ~ 8x2 —7x—6 3x? —25x—18 
(x? —5x — 36)(x* —x—6) 
(3x° — 7x —6)(3x” — 25x —18) 
_ (x —9)(x +4)(x —3)(x+2) 
~ (8x +2)(x—3)(3x + 2)(x — 9) 


Eliminate factors shared by the numerator and denominator. 


(eS) (x +4) (v3) (x + 2) 
~ (3x+2) (x3) (3x +2) (x) 
_ (x +4)(x+ 2) 

7 (3x +2) 


e Oe 30 3x — Qe 18 (eta at 2) a FORTS 
(3x +2)" 9x? +12x+4° 


Therefore, 5 : ; 
3x° —7x —6 x —x—6 


oe hes +6 
20.26 Simplify the expression: 5 z 5 = , 
Bee 1) A sp Ore te 


Express the product as a quotient and factor the expressions. 


8x° +27 - x+6 8x° +27 2x? +9x-18 
4x°-9 Ox°+9x-18 4x°-9 x +6 
(8x* + 27)(2x* + 9x - 18) 
(4x? —9)(x+6) 
(2x + 3)(4x* — 6x + 9) (x + 6) (2x — 3) 
7 (2x + 3)(2x — 3)(x +6) 


8x" + 27 is a sum of 
Pevfect cubes ana 
AX’ - Fis a Aiffevence 
of perfect Squaves, 
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Eliminate factors shared by the numerator and denominator. 


_ Qe) (4x? - 6x +9) (26) (2x3) 
(QF) (x5) (46) 


= 4x? —6x+9 

8x° +27 +6 
Therefore, fe 5 z caer = = 4x? —6x49. 

4x*°-9 = 2x*°+9x—-18 QR f 

; ; ; x* — 956 x? —4x" +16x — 64 
20.27 Simplify the expression: aeons: = mar ae Q 6,@ 
Express the quotient as a product. A S 
x! — 256 oe San te 04: x’ — 256 4x? —4x —3 


4x? —8x+3— 4x" — 4x —3 de Oe 4 3 eae oe 


Factor the quadratic expressions as well as the difference of perfect squares: 
x* — 256 = (x° + 16)(x° — 16). Note that the factor x° - 16 is a difference of perfect 


squares as well. Therefore, x‘ — 256 = (x° + 16)(x+ 4)(x- 4). The goal of 


the problem is 
to simplify the 
fraction, so one of 
the factors in the 
numerator is probably 
going to match one 
of the factors of 

x? - Ax? + [6x - C4, In 
othev wovas, the fivst 
two factors you shoula 
try to divide in 
syuthetically ave 
(x + 4) owd (x - 4). 


(x? +16)(x+4)(x—4)(2x —3)(2x +1) 
(2x —1)(2x — 3)(x° —4x* +16x — 64) 


Notice that (x—- 4) is a factor of x° — 4x’ + 16x —- 64. 


4| 1 -4 16 -64 
4 0 64 
1 016 0 


Therefore, x° — 4x° + 16x-— 64 = (x- 4) (x? + 16). Write the preceding rational 
expression using the factored form of the cubic. 


_ (E16) («+ 4) (5-4) (x8) (2x +1) 
(2x —1) (2x3) (xd) (x?+16) 


_ (x+4)(2x +1) 
~  O¢—1 


x* — 256 x — 4x7 +16x—64 (x+4)(2x4+1) 2x? +9x4+4 
Therefore, —; : 5 = = ’ 
4x° —8x+3 4x° —4x -3 2x—-1 2x—-1 
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sy en re) 
x+6 9 5x? +29x-6 x+7° 


20.28 Simplify the expression: 


Divide 
the fivst two 
fvactions (by 
vewviting them as a 
multiplication problem 
ana then simplifying) 
ana multiply the 
answer by the 
faction on 


According to the order of operations, multiplication and division should 
be performed in the same step, from left to right. Express the quotient as a 
product. 


Ag 5 Ae! Ole 20 ed Ae 5 5x” + 29x —6 x74 
x+6 9 5x? +29x-6 x+7 xt6 4x?-21x+20 x+7 


Factor the quadratic expressions and simplify. 


24e=5 Ge D+ 6) 94 

~ x+6 (4x-5)(x-4) x+7 

_ G5) (x -1) (+6) (xT) 
(x+6) (4%=5) (x4) (x +7) 


_ 5x-1 
x+7 
2 —_— 
20.29 Simplify the expression: s * +( = (=). 
ie x 


According to the order of operations, multiplication must be completed before 
addition. Express the product as a single fraction reduced to lowest terms. 


x +9 ( x—-l |) oe 
x” —25 4 x x! (x? — 25) 
L849 3x3) 
x x! (x5) (x —5) 
x +9 3(x-1) 
= + ri 
x x" (x —5) 


3x and IS ave x x 


both Aivisible by 3, so 
actov it out: 
3x + IS = 3G 4 S). 


The least common denominator of the expression is x‘(x— 5). Rewrite the 
expression using the least common denominator and simplify. 


-|5 3 = ‘I 3(x—-1) 


x’ (x—5) x x*(x—5) 
2 x (x —5)(x” +9), 3(x—-1) 
x* (x —5) x*(x—5) 
_ (xt =5x?)(x? +9) | 3(x-1) 
x* (x—5) x*(x—5) 
_ be + 9e" Abe Se 8 
x* (x —5) x* (x—5) 


Combine the numerators of the fractions. 


_ x° — 5x? + 9x4 —45x° + 3x —3 


5 4 
x —5x 
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Simplifying Complex Fractions 
Reduce fractions that contains fractions 


A fraction 
is veally a 
Avision prolblem— 
the numerator 
Aividead by the 
Aenominartov. 


4 
20.30 Simplify the complex fraction: . : 
3 


Just like im 
Problems 20.23- 


Write the rational quotient as a product and simplify. 20:24. 


20.31 Simplify the complex fraction: 


| 
=| 
Il 
R 
or 
R 
es 


x, 


Go | v2 &..| v2 
le 


ale 
R 
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20.32 Simplify the complex fraction: 5 


7 
xz 


Express the complex fraction as a quotient and simplify the expression. 


20.33 Simplify the complex fraction: 


og) 


xy -yhasa 
greatest common 


ye ee oN HO 


Lactov of Y na x -9 a y? 7 xy y 
x - Tis a Aiffevence xy-y 
of perfect x43 yy 
sSquaves. a ¥ : og 


a #T3) 9 RAD 
yy (x +3)(x—3) 
- y(x+3)(x—-1) 

~ y? (x + 3)(x — 3) 


Umongous Book of Algebva Pvolblems 


Chapter Twenty — Rational Expressions 


Reduce the fraction to lowest terms. 
fre 
fy Ger) (x3) 
_ xl 
~-y(%—3) 


x—-l 


xy By 


Ix" + Ox +4 


20.34 Simplify the complex fraction: ee ; 


3x 


Express the complex fraction as a quotient. 


2x" + Ox +4 
ree 2x? +9x4+4 | 2x? -138K—7 
2x? —13x—7 x+4 e 3x 
3x 


_ 2x? +9x+4 3x 


x+4 2x? —13x—7 


You cow't 
cowcel out the 
x's heve to get 


Factor the quadratic expressions and simplify the product. 


3 
_ (Qx+))(x+4) | 3x -——, because x and 


x+4 (2x +1)(x —7) 


7 3x (2Qx-T) (x4) 
rh GH G-7) 


3x 


-7 avewt multiplied in 
the Aenominatov. 


Graphing Rational Functions 
Rational functions have asymptotes 


20.35 Given a function f(x) = — , describe how to identify the vertical and 
2 


Set the 
Aenominator 
equal to zeve 
and solve. The 

solutions vepvesent 
vertical asymptotes as 
long as they Aout also 
make the numerator 
equal 0 when you 
plug them into 
n(x). 


horizontal asymptotes of its graph. 


If x= cis a vertical asymptote of the graph, then d(c) = 0 but n(c) #0. To 
determine the horizontal asymptotes of f(x), if any exist, consider the degrees 
of the numerator and denominator. Let a be the degree of n(x) and b represent 


the degree of d(x). 
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® Ifa> 5d, then f(x) has no horizontal asymptotes. 


® Ifa<), then the y-axis is the horizontal asymptote of /(x). 


® If a= 5, then the horizontal asymptote of f(x) is 
(x) leading coefficient of n(x) 
x)= . 
f leading coefficient of d(x) 


If the 
highest 
powers of x in 
the numerator 
Anda Aenominator 
ave equal, then the 
coefficient attachea 
to the highest power in 
the numerator Aividea 
by the coefficient 
attached to the 
highest power of the 
Aenominator ts 
the hovizontal 
asymptote. 


Note: Problems 20.36-20.38 refer to the function g(x) = 5 
x 


20.36 Identify the vertical asymptote to the graph of g(x). 


Set the denominator of g(x) equal to 0 and solve for x. 
x+2=0 


x=—-2 


The line x = —2 is a vertical asymptote to the graph of g(x) because g(-2) is 


undefined. 


Note: Problems 20.36-20.38 refer to the function g(x) = ape 
x 


20.37 Identify the horizontal asymptote to the graph of g(x). 


A function is 
undetnea when 
its Aenominator 
equals zevo Md its 
numevator Aoesw't, In 
this case, 


| 
C2) = — 
902) O° 


The degree of the numerator of g(x) is 0, and the degree of the denominator is 
1. According to Problem 20.35, when the degree of the numerator is less than 
the degree of the denominator, the y-axis, g(x) = 0, is the horizontal asymptote 


to the graph. 


1 
Note: Problems 20.36-20.38 refer to the function g(x) = ae 
x 


20.38 Graph g(x). 


1 
To transform the function £(x)=— into g(x), you add two to the input of the 
x 
function, which shifts the graph of (x) two units to the left. The graph of g(x) 


is presented in Figure 20-1. 


The highest 
power of x in the 
Aenominarter is x', so 

its Aegvee is |. Theve 
ave no vaviables in the 
numerartoy, so it has 
Aegvee 0. 


See Problem 
1634 Lov move 
information. 


It’s Move Cowect 
to say the equation 
of the Y-axis is 90x) =0 
tustead Y=Ob ecause 
technically there arene 
auy, y's th the equation. 
Write 9(x) where youtA 
normally write y, 
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: 1 
Figure 20-1: The graph of g (x) = yap as vertical asymptote x = —2 and horizontal 
asymptote g(x) = 0. 


; 3x? + 14x — 24 
Note: Problems 20.39-20.41 refer to the function h(x) =—.————_ . 
2x° + 11x —6 
20.39 Identify the vertical asymptote(s) to the graph of h(x). 


Factor the numerator and denominator of h(x). 


_ (3x —4)(x+6) 
We) a= 1)at 6) 


Set the factors of the denominator equal to zero and solve for x. 


== 
— > ei 6=0 
x= or 2=6 

1 

x= 

9 


IP you plug 
* = —6 into h(n), it 
makes the numerator 
ANA Aenowminatoy equal 
ZEVO FOV = Ho ts bea 

Vertical asymptote, it has 
to make the Aenominatoy 


€quall zeve but not the 
numevartoy. 


1 
Because (5 is undefined, x = 9 is a vertical asymptote to the graph of h(x). 
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3x? + 14x — 24 


Note: Problems 20.39-20.41 refer to the function h(x) =—.——_———_. . 
2x° + 11x —6 


20.40 Identify the horizontal asymptote to the graph of h(x), if one exists. 


The numerator and denominator both have degree two. According to Problem 
20.35, the horizontal asymptote is the quotient of the leading coefficients of the 
numerator and denominator. Therefore, the graph of h(x) has horizontal 


3 
asymptote h(x) = 2 


3x? + 14x — 24 


Note: Problems 20.39-20.41 refer to the function h(x) =—,——_—_—_ . 
2x° + 11x —6 


Plug the 
x's into the 
Lactovea version 
of W(x) from Problem 
20:34. It makes 
evaluating the 
Lunctions a little 


20.41 Use a table of values to plot the graph of h(x). 


Construct a table of values that includes x-values near the vertical asymptote, 
because the most dramatic changes in the graph of a rational function occur 
near its vertical asymptotes. 


easiey. 3x? +14x — 24 
x i{x) = = 
2x" +1lx-6 
-2| h(-2)=2 
7 
-1})A(-D=- 
(-)=2 
0 h(0)=4 
1 hQ)=-1 
2 
2 h(2)== 
(2)== 
3 h(3)=1 


The graph of A(x) is presented in Figure 20-2. 


Umongous Book of Algeova Pvolblems 


Chapter Twenty — Rational Expressions 


3x? + 14x— 24 1 
Figure 20-2: The graph of h(x) = ee has vertical asymptote x = 5 
3 
and horizontal asymptote h(x) = ms 


x? — n+ 5 
x+1 3 


Note: Problems 20.42-20.44 refer to the function f (x)= 
20.42 Identify all horizontal and vertical asymptotes to the graph of f(x). 
Because /(-1) is undefined, x= -I1 is a vertical asymptote to the graph of /(x). 


The graph of f(x) has no horizontal asymptotes because the degree of its 
numerator is greater than the degree of its denominator. (See Problem 20.35.) 


x? — In +5 


Note: Problems 20.42-20.44 refer to the function f (x)= a 
x 


Only vational 
functions with 
numevators that 
ave exactly one 

Aegvee higher than theiv 


20.43 Identify the equation of the oblique asymptote to the graph of f(x). 


Divide the denominator x + 1 into the numerator x? — 2x + 5 using synthetic or 
long division. 


-l] 1 -2 5 Aenominators may have 
-1 3 an oblique asymptote, 
1 -3 8 but not all of them Ao. 


Oblique asymptotes 
ave sometimes 
callea “slant 
asywmptotes.” 


8 
Thus, (x? —2x+ 5) +(xt+)D=x-3+ er . The equation of the oblique 
x 


asymptote is the quotient, omitting the remainder: y= x— 3. 
ymp q g y 
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x? — n+ 5 


Note: Problems 20.42-20.44 refer to the function f (x)= iy 
x 


20.44 Use a table of values to plot the graph of /(x). 


Ensure that the table of values includes x-values near x = —1, the vertical 


Accovaing 
asymptote of the graph. 


to Problem 
20.42. 


x? —Ix +5 
eS ea 
—3 | f(—3)=—10 
-2| f(-2)=-13 
0 f(0)=5 
1 f()=2 
2 | fae 

3 

10 
5 Hi ears 


The graph of f(x) is presented in Figure 20-3. 


—2x+5 


2 
Figure 20-3: The graph of f (x)= = 
oblique asymptote y = x — 3. 


has vertical asymptote x =—1 and 
xt] 
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RATIONAL EQUATIONS AND INEQUALITIES 


Solve equations using the skills from Chapter 20 


The preceding chapter explored the arithmetic manipulation of rational 
expressions; in this chapter, those skills are harnessed to solve rational 
equations. In addition, this chapter explores direct and indirect variation, 
as well as solving and graphing rational inequalities. 


tse Suve youve worked through Chapter 20 befove you stawt this 
chapter, so that you know how te AAA, sutvact, multiply, 


HIaCHons containing polynomials. You need those skills to so 
Featuring these sovts of fractions, 


NA Aivide 
Wwe equations 


This chapter also Aiscusses Vawiation in th 
Aescribe a Aivect ov Mdivect vaviation vel 
equation and then solve it 


2 fovm of wovad problems. You 
ationship using a vational 


Finally, this chapter explains how to solve ine 
expressions. Basically, you use a slig 
Aescvibed in Problems |4.35- 


qualities that contain vational 
tly modified version of the technique 
14.43 Loy solving quadvatic nequailities, 


Chapter Twenty-One — Rational Equations and Inequalities 


Proportions and Cross Multiplication 
when two fractions ave equal, “x” mavks the solution 


¢ 
21.1 Apply cross multiplication to the proportion Ra 
equivalent statement. 


and generate an 


An equation 
that states 
two fractions ave 

equal is calleA a 
propovtion. 


Cross multiplying a proportion eliminates the fractions from the equation. 
Multiply the numerator of one fraction by the denominator of the other and set 


a C 
a 


ad = be 


the results equal. 


9 


21.2 Solve the proportion for x: eee 


Cross multiply (as described in Problem 21.1) to eliminate fractions from the 


equation. 
x(4) = 2(9) 
4x =18 
18 
x =— 
4 
9 
x=— 
2 
Ose 
21.3 Solve the proportion for x: ae = a 


Distvibute 
3 to the 
tems inside the 
Paveutheses: 3(% — 3) = 
365) +303) = 3x4 


Cross multiply to eliminate fractions from the equation. 


(x -3)-3=15(2) 
3x —-9= 30 


3x = 39 
39 
x=— 
3 
x=13 
oe. 


21.4 Solve the proportion for y: a = 
yy 


Cross multiply to eliminate fractions from the equation. 


y(y) = 9(8) 
y =72 
y=+V36-2 


y=+6/2 
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mire 4 


21.5 Solve the proportion for x: ; 
3 Nad 


Cross multiply to eliminate fractions from the equation. 


(x + 2)(x —2) =3(4) 


x -4=12 
x? =12+4 
x =16 
Vx? =+ 16 
x=t4 
Bar fel 


21.6 Solve the proportion for x: = : 
gO ws) 
Cross multiply to eliminate fractions from the equation. 
(x+5)(x—8)=(x—9)(x-1) 
x” —3x—40 =x" -10x+9 
—3x—-40=-10x+9 
—3x+10x =9+ 40 


7x = 49 
_ 49 
xa 
x=7 


Se Bes 
21.7 Solve the equation for x: ee =0 
wera: gl 


2x —5 
Add to both sides of the equation to create a proportion 
y= 
3x—-2  2x—5 
x+4 x-l 


Cross multiply to eliminate fractions from the proportion. 
(3x —2)(x —1) =(x+4)(2x —5) 
3x” — Bx +2 = 2x° + 3x —20 


(3x? —2x°) + (—5x — 3x) +(2+20)=0 
x” —8x+22=0 


Subtvact 
x’ from both 
sides of the 
equation, 


Unlike 
Problem 
21.6, the x- 
terms wont go 
away, which means 
you end up with a 
quadvatic equation. 
Move all the tevms to 
the left side of the 
equation so that 
the vight side 
equals zevo. 
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Apply the quadratic formula. 


pa TENE) 422) 
2(1) 
_ 8+ V64—88 
2 
_ 8+ y-24 
2 


_ 8+ V-1-4°6 


Reduce the fraction to lowest terms. 


_ 2 (426) 


4 
=4+iJ6 


+1 3 
21.8 Solve the proportion for x: ses 5 
223 Spee 


Cross multiply to eliminate fractions from the equation. 
(x +1)(x* —x—2)=(2-—x)(3) 

x —3x-2=6-3x 

x +(-3x + 3x) =64+2 


Distribute xana 


then Aistvily 
Pee ah ute | to each tevm of os 
2 
x = 
(x )+x¢( *) + x(-2) + Moe?) 4 hese: 12) 3 = 3/8 
x=2 


co eee 


= x 3-9 
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—4 
Note: Problems 21.9-21.10 refer to the equation x + ave =~ 3 
Ai 


21.9 Combine the expressions on the left side of the equation. 


x 3 
The least common denominator of T and ee is x— 1. Write the fractions 
ge 


using the least common denominator and simplify the expression. 


x 
ae 6 coed bee 
xl x-1 
ie 3 
~ x-l x-l 
= x43 
xa] 

Note: Problems 21.9-21.10 refer to the equation x + a =~ 5 z 


21.10 Solve the equation for x. 


3 «i —x+3 Replace 
- the left side 
of the equation 
with the suw 

calculatea in 


Problem 21.9. 


Substitute i + into the equation. 


x—-l x— 


x? —x+3 x-4 
x-1 2 


Cross multiply to eliminate fractions from the equation. 


(x? —x+3)(2)=(x-1)(x-4) 
2x” —2x+6=x° —5xt4 
(2x? — x") + (—2x + 5x) + (6-4) =0 
x +3x+2=0 


Solve the quadratic by factoring. 


(x+2)(x+1)=0 
x+2=0 x+1=0 


x=-2 aos x=-l 


The solution to the equation is x =—2 or x=-1. 
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Solving Rational Equations 
Ditch the fractions ov cvoss multiply to solve 


Note: Problems 21.11-21.12 present different methods to solve the equation 2 7 = " : 


5x — 


This is 
the method usea 
in Problems 2|.2- 

21.10. 


21.11 Apply cross multiplication to solve the proportion. 


Apply the cross multiplication algorithm defined in Problem 21.1. 


3(7) = (5x -1)(4) 


21=20x-4 
21+4= 20x 

25 = 20x 

25 

Be ats 

20 

5 

= Sy 

4 


This is 
the stvategy 
you'll use to selve 
vational equations 
that avent simple 
proportions. When cvoss 
multiplication won't 

do the trick, eliminate 
the fractions using 
the least common 
Aenominatov ana 
go vom there. 


4 


5x1 7 
21.12 Eliminate fractions by multiplying the entire equation by the least common 
denominator and solve. 


Note: Problems 21.11-21.12 present different methods to solve the equation 


Multiply each term of the equation by 7(5x—- 1), the least common denominator. 


eet 


3(7)(5x=T) 47) (5x-1) 
5e<T a 
21=4(5x—-1) 
Distribute 4 on the right side of the equation and solve for x. 


You've not 


tying to get common 
Aenominators 


21=20x—-4 
21+ 4 = 20x 


multiply youve —_ 
a plying by the least 0 
mon Acnominatoy, In other 2. 
wovas, youve multiplying each 
—-=x 
tevm by Sx — I) = wise 21) 


Nor Hexep 


; : The solution to the equation verifies the solution in Problem 21.11. 
(Sx — |) 
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9 
21.13 Verify the solution to the equation 5 my, from Problem 21.2 by multiplying 


the entire equation by the least common denominator and solving for x. 


Multiply both fractions in the proportion by 2’ = 4, the least common 


oa EE 
Gu 


4 
a 
2 

2x = 


x= 


The solutions to Problems 21.2 and 21.13 are equal : = 5 , so both methods 


of eliminating the fractions in a rational equation (multiplying by the least 
common denominator and applying cross multiplication) produce the same 
solution. 


eB wari 
21.14 Solve the equation for x: a as 5 
x 


Multiply the entire equation by 3x, the least common denominator. 


3x \( x 3x \(5 3x\fx+1 
Gree ame 3 
Bx , A 2 Bx (x +1) 
BK B 
x +15=x(x+1) 
x +15 =x +x 


Subtract x2 
from both sides of 
the equation. That 
leaves IS on the left 
Side and x on the 
vight. 


Solve the equation for x. 


x 


2 


21.15 Solve the equation for x: 4+ = 2x, 


Multiply the entire equation by x— 3, the least common denominator, to 
eliminate the fraction. 


Melee 


4x —12+ x = 2x" —6x 
5x —12 = 2x" —6x 


x -3 is the 
least common 
Aenominator 
pecause it is the 
only Aenominator 
(excluding the 
implied Aenommatovs 
of | w the terms 
4 ana 2x). 


Solve the quadratic equation by factoring. 
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2x? +(—6x —5x)+12=0 
2x —11x+12=0 
(2x —3)(x-4) =0 


AAA |2 to, 


lana subtract 
Sx from, both 2x -3=0 
sides of the Soe, hae 4=0 
equation so that only ; x=4 
ga 
2 


zevo appeaws left of 
the equal sign. Then, 
flip-flop the sides of 

the equation so 
LEVO APPEawS On 
the vight side 
stead. 


The solution to the equation is x = 9 or x= 4. 


from Problems 21.9—21.10 


21.16 Verify the solution to the equation x +—— 
oe 
using the least common denominator to eliminate fractions before solving. 


Multiply the entire equation by 2(x— 1), the least common denominator. 


eee cine 


1 1 xy<T 1 
2x (x —1)+ 2(3) =(x—-1)(x—-4) 
2x” —Ix+6=x"> —5x+4 
(2x? — x?) +(—2x + 5x)+(6-4) =0 
x? +3x+2=0 
Solve the equation by factoring. 


(x+2)(x+1)=0 
x+1=0 
x=-1 


x+2=0 
x=-2 


or 


This solution matches the solution in Problem 21.10: x = —2 or x=-l. 


Bee Boe 
21.17 Verify the solution(s) to the equation an aoe ri 0 from Problem 21.7 
x Oa 
using the least common denominator to eliminate fractions before solving. 


Multiply the entire equation by (x + 4)(x— 1), the least common denominator. 


(244) (x-1) [=I (x+4) (xT) [252] -/ee8e-]) 
i eK 1 x<T | 1 1 
(x —1)(3x —2)—(x+4)(2x —5)=0 
(8x? — 5x +2)—(2x? + 3x —20)=0 
Distribute -1 through the second quantity and simplify. 


3x” —5x+2—2x° —3x+20=0 
(3x? — 2x*)+(—5x — 3x) + (2+ 20) =0 
x? —8x+22=0 
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Apply the quadratic formula. 


eet 8) 42) 


Heve’s how to 


2(1) simplify this expres- 
Sion: 
_ 8+ 64-88 sie 


: bt ace 
_ 8+ J-24 ra 
2 
F423 
=4+iv6 ae Eris, 
2 


Note that the solution verifies the solution to Problem 21.7. Pa (Ati fe) 
Se Ee 
5x _ or 8 


21.18 Solve the equation for x: = 5 = : 
=O Be Ieee) ee 


Factor the quadratic denominator: x? — 12x + 20 = (x- 10)(«- 2). 


x 2 5x _x+8 
x-10 (x-10)(x-2) x-2 


Multiply the entire equation by (x - 10)(x—- 2), the least common denominator, 
to eliminate fractions. 


a cr oe orl eam 


x(x —2)+5x =(x—-10)(x+8) 
x” —2x +5x =x" — 2x — 80 


x? + 3x =x" —2x — 80 


Solve for x. 


(x? — x?) +(3x + 2x) = —80 


5x = —80 
80 
x=—-— 
5 
x=-16 
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G? 2x 3 1 


21.19 Solve the equation for x: = = : 
e@ ell marl ell 
(-) 
VAI Factor the quadratic denominator: x? -— 1 = (x+ 1)(x-1). 


2x ee 
(x+1)(x-1) x+1 x-1 


Multiply the entire equation by (x + 1)(x— 1), the least common denominator, to 


eliminate fractions. 


cca a ene cas aed 


1 ro ae 
2x—3(x-1l)=x41 
2x—-—3x+3=x4+1 
—x+3=x4+1 


It looks like 


X= lisa soluti 
ution 
y Solve for x. 


but if you plug it into 
the oviginal equation —x-x=1-3 
to check if, two of the —2x=—2 
three Aenominators -2 
become 0, anA youre ae =) 
x=1 


hot allowed to 
Aivide by zevo, 


There are no valid solutions to the equation. 


4 3 
21.20 Solve the equation for x: = 
eer gel) 


Multiply the entire equation by (x + 2)(x- 5), the least common denominator, to 
eliminate the fractions. 
(+B) (x-5)|[ 4] | +2) 8) [3] _[(«+2)(«-5) [=] 

1 gre? 1 pons 1 1 


4(x—5)—3(x+2)=—-(x+ 2)(x—5) 
4x —20-3x-6= (x? 3x 10) 


(4x — 3x) + (—20 —6) =—x* + 3x +10 
x—26 =—x? + 3x+10 


Set the 
equation 
equal to 0 by 
adding x’ to, anda 
subtvacting 3x 
ana |0 from, both 
sides of the 
equation. 


x” +(x —3x)+(—26-10) =0 
x” —2x — 36 =0 


Apply the quadratic formula. 
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per eV-2)' -40C36) 


24 44°37 


2(1) 
_ 2+ 44144 2 
2 _ 2+ 2v37 
_ 2+ 148 7 2 
a Z(\*\v37) 


=1+ /37 Y 


Direct and Indirect Variation 
Turn a wovd problem inte a vational equation 


Varying 
propovtionally means 
the same thing as 

vavying Aivectly. 


21.21 Assume that the value of x varies directly with the value of y according to 
the constant of proportionality k. Identify two equations that describe the 


relationship between x and y. 


If x and y vary proportionally, then y= kx and ie k, 


Let’s Say 
k=2., Accovaing 
to the equation 

yakx yis always twice 
as big as x. Because 
y is always two times 
AS lavge as x, y +x 
always equals 2. 


Note: Problems 21.22-21.23 refer to the direct variation relationship described below. 


21.22 A professional sports team notes that the ambient crowd noise at home 
games is directly proportional to the attendance at those games. During one 
game, the cheering of a maximum capacity crowd of 75,000 fans averages 90 


decibels. Identify the constant of proportionality k. 


Let a represent attendance and n represent the noise (in decibels) generated by 
that population. If n varies directly with a, then (according to Problem 21.21) 
n= ka. Substitute n = 90 and a= 75,000 into the equation and solve for k. 


n=ka 
90 = k(75,000) 
90 
=k 
75,000 
0.0012 =k 


Note: Problems 21.22-21.23 refer to the direct variation relationship described in Problem 
21.22. 


This value 
of k (and the 
equation n = ka 
that you plug it into) 
come fvow Problem 
21.22. 


21.23 Approximately how loud is a crowd of 62,000 fans? 


Substitute a= 62,000 and k= 0.0012 into the variation equation n= ka to 


calculate n. 


n=ka 
n =(0.0012)(62,000) 
n =74.4 decibels 


The Humongous Book of Algebva Problems 475 


Chapter Twenty-One — Rational Equations and Inequalities 


21.24 Assume x and y vary proportionally. If x = 16 when y=-38, calculate the value of 
ywhen x= 6. 


If x and y vary proportionally, then x= ky. Substitute x = 16 and y=—3 into the 
equation and solve for k. 


x = ky 
16=k(-3) 
16 
——=k 
3 
To cancel out 16 
the coefficient of To determine the value of y when x= 6, substitute x= 6 and k= =e into the 


y multiply beth sides proportionality equation. 
of the equation by 


its veciprocall, 


=) 
Cabal) 


21.25 Assume that the growth of a vine is directly proportional to the time it is 
exposed to light. If the vine is exposed to 72 hours of light and grows 1.5 
inches, how long will the vine grow when exposed to 200 hours of light? 
Round the answer to the hundredths place. 


Let /represent the length the vine grows when exposed to h hours of light. The 
values vary proportionally, so /= kh, where kis a constant of proportionality. 
Substitute /= 1.5 and h= 72 into the equation to calculate k. 


l=kh 
1.5=k(72) 
ca 
72 
0.02083 = k 


To determine how long the vine grows after 200 hours of light, substitute 
h=200 and k=0.02083 into the equation /= kh. 


Rounding 
4,|6666E,.. to 
the hunaveaths 


place gives you fre 
4.17. 1 = (0.02083) (200) 
1=4.16 


The vine grows approximately 4.17 inches when exposed to 200 hours of light. 
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Inverse 
Vaviation is alse 
callea indivect 
Vawiation, 


21.26 Assume that the value of x varies inversely with the value of y according to the 
constant of variation k. Identify two equations that describe the relationship 
between x and y. 


k 
If x and y vary inversely, then y=— and xy=k. 
x 


If x anda 
y Vavy in 
versely, then 
the product of x 
ana y is conustowt. 
For example, let's 
say x= Landay =S, 
so xy = 10. IF y gets 
vigger Y = 10) then 
x has to get smaller 
(x = |) to keep the 
product constant 
(1+ 10 = 10). 


Note: Problems 21.27-21.28 refer to the inverse variation relationship described below. 


21.27 A computer security company determines that the chance a computer is 
infected with a virus is inversely proportional to the number of times the virus 
protection software is updated during the year. 


If a user updates the software 250 times in one year, there is a 1.25% chance 
that the system will become infected with a virus. Calculate the corresponding 
constant of variation k. 


Let wrepresent the number of updates applied in one year and v represent 
the corresponding chance that the computer will be infected during that 
year. Because v varies inversely with u, wv = k (according to Problem 21.26). 
Substitute w= 250 and v= 0.0125 into the equation to calculate k. 


uv =k 
(250)(0.0125) =k 
3.125=k 


You com 
also vefev to 
the coustont of 
propovtionallity in 
Aivect vaviation 
problems as the 
constant of 
Vawiation. 


Note: Problems 21.27-21.28 refer to the inverse variation relationship described in 
Problem 21.27. 


21.28 What are the chances a computer will be infected with a virus during a year in 
which the antivirus software is updated once a month? Round the answer to 
the nearest whole percentage. 


Substitute w= 12 and k= 3.125 into the equation uv = k and solve for v. 


Oe The value of y 
(12)v = 3.125 shoula bea paneeK 
v= pune Fage converted into 
12 A Aecimall, so Avop the 
v = 0.260416 Pevcentage sign ana 


move the Aecimal two 
Places to the left, 
V= 125% = 0.0125. 


There is a 26% chance the computer will be infected with a virus during that 
year. 


Convert the Aecimal into 
a pevcentage by moving the decimal 
point two places to the vight: 
0.2604\¢ = 26.0467, 
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21.29 Assume x and y vary inversely. If x= —9 when y = 4, calculate the value of x 
when y=-—18. 


If x and y vary inversely, then xy = k, where kis the constant of variation. 
Substitute x =—9 and y = 4 into the equation to calculate k. 


xy=k 
(-9)(4)=k 
—36=k 


To determine the value of x when y= -18, substitute y =—18 and k = —36 into the 
equation xy = k and solve for x. 


xy=k 
x(—18) =—36 
—36 
————— 
-18 

x=2 


21.30 A police commissioner determines that the number of robberies committed in 
a downtown tourist district is inversely proportional to the number of police 
officers assigned to patrol the area on foot. 


In June, 80 officers were assigned patrols and 35 robberies were reported. If 
budget cuts to the city’s budget dictate that only 65 officers will be assigned in 
July, approximately how many robberies will occur during that month? Round 
the answer to the nearest whole number. 


Let p represent the number of officers on patrol and rrepresent the corre- 
sponding number of robberies during a given month. Because pand rare 
inversely proportional, pr= k, where kis the constant of variation. Substitute 
p= 80 and r= 35 into the equation to calculate k. 


The wovas 


inversely proportional 
Indicate inverse 


Vawiation, pr=k 
(80)(35)=k 
2,800 =k 


To predict the number of robberies in July, substitute k = 2,800 and p= 65 into 
the equation pr= k and solve for +. 


pr=k 
(65)r = 2,800 
2,800 
r= — 
65 


r = 43.0769230769 


Approximately 43 robberies will occur during July. 
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Solving Rational Inequalities 
Critical numbers, test points, and shading 


Note: Problems 21.31—21.33 refer to the inequality as 


= 
>0. 
x+2 
21.31 Identify the critical numbers of the rational expression. 
The critical numbers of an expression are the values for which the expression 
equals zero or is undefined. A rational expression equals zero when its 
numerator equals zero and is undefined when its denominator equals zero. Set 


the numerator and denominator of the fraction equal to zero and solve the 
resulting equations. 


x—-3=0 
x=3 


x+2=0 
x=-2 


The critical numbers of the rational expression are x = —2 and x= 3. 


Note: Problems 21.31-21.33 refer to the inequality = 
x 


aa 
2 


21.32 Identify the intervals of the real number line that represent solutions to the 
inequality. 


The critical numbers x = —2 and x= 3 (calculated in Problem 21.31) split the real 
number line into three intervals, as illustrated by Figure 21-1. 


Figure 21-1: The critical numbers x = —2 and x = 3 split the real number line into three 
intervals: x < —2, -2 < x < 3, and x > 3. Use open points to mark the critical numbers, 
because the inequality sign “>” does not allow for the possibility of equality. 
Choose one test value from within each interval (such as x =—5 from x< -2, 

x=0 from -2< x< 3, and x=5 from x> 3) and substitute those values into the 


inequality. 
x<-2 —-2<x<3 x>3 
solar, 
—5+2 0-3 OSS g 
-8 0+2 5+2 
nes 3 2 
8 ——>0 False aoe True 
a7 True 2 


The solution to the inequality is x <-2 or x> 3. 


The symbols 
< and > always 
mean Ao not include 
the boundawi e s 
whether you use 
hollow Aots on s 
number line oy 
Acttea lines on 
aA CeovAinate 
plane, 


The test 
points from these 
intervals proAuceaA 
tvue statements, so 
that’s why they make 
up the solution. Use 
the wova “ov” between 
the solution intervals, 
because theve avent 
any wambers that 
ave fewer thom 
-2 ama greater 
than 3. 
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Note: Problems 21.31—21.33 refer to the inequality a >0. 
xt 


21.33 Graph the inequality. 


Darken the segments of the number line identified by Problem 21.32 as 
solutions to the inequality: x <—2 and x> 3. The graph is presented in 


Figure 21-2. 
6 - -4 -3 -2 -1 0 1 2 3 4 5 6 7 


Le 
x+2 


Figure 21-2: The graph of 
Yh ea 0 
Note: Problems 21.34—-21.36 refer to the inequality aia =0. 
ae 


21.34 Identify the critical numbers of the expression. 


Factor the numerator. 


(2x — 3)(x +4) = 
x—5 = 


The critical numbers of a rational expression are the x-values that cause either 
the numerator or denominator to equal zero. Set each of the factors equal to 


zero and solve for x. 


—~3=0 
se : ee 46 x—5=0 
ie =-4 y= 5 
3 
x== 
9 


2x? + 5x —12 
Note: Problems 21.34—-21.36 refer to the inequality ae 20 
aS 


Novmailly 
Sanda > 
mean solid Acts, 
but x =¢ makes 
the Aenominatoy 
Zeve, which is not 
allowed, Anything 
that makes the 
Aenominator zev, 
becomes an open Aot 
on the number line 


21.35 Solve the inequality. 


According to Problem 21.34, the critical numbers of the rational expression are 


x=—-4, x =—,and x=5. Plot the values on a number line, noting that x= 5 is 
represented by an open point, whereas the other two critical numbers are 
plotted as closed points. As illustrated by Figure 21-3, the critical numbers 


divide the number line into four intervals. 
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S 


-7 -6 -5 -4 -3 -2 -l 0 1 2 3 4 5 6 7 


The inequality 
symbols attached 
tox = S ave < awa », 
instead of < and <, 
because x = Sis an 
open Aot on the 
graph. 


Figure 21-3: The critical numbers separate the number line into four intervals: 


3 3 
x<—4, Bice e gard): and x > 5. 


Substitute a test value from each interval (such as x=—6, x=0, x= 3, and x= 8) 
into the inequality to identify the solutions. 


xs—4 adele! eee x>5 
2 2 
2(-6)' +5(-6)-12 2(3)' +5(3)-12 2 = 
acs 2(0)' +5(0)-12 age ee 2(8)' +5(8)-12, 
‘ 0-5 =P 9(9)+15-12 8 

2(36)~ 30712 , . po cd AE ae ated Oy 2(64)+ 40-12 
-11 Lele, -2 er 
72-42 4 ~ 18+3 5 156. 

ae 5 29 True SF 3 7 
Tape. False gone False 5220 True 


3 
The solution to the inequality is -4Sxs 9 or x>5. 


2x? + 5x —12 
oe 


Note: Problems 21.34—21.36 refer to the inequality 2 = 


21.36 Graph the inequality. 
Darken the intervals of the number line identified by Problem 21.35 as solutions 
3 
to the inequality: -4<x< 9 and x>5. The graph is presented in Figure 21-4. 


3 


. 2x? + 5x — 12 
Figure 21-4: The graph of =e 20. 
x — 


The Humongous Book of Algebva Problems 48\ 


Chapter Twenty-One — Rational Equations and Inequalities 


mae 


Note: Problems 21.37-21.40 refer to the inequality ose 
ni 


When you 
selve a vational 
inequality, you want 
the vight side of the 


21.37 Write the left side of the inequality as a single rational expression. 


Express the left side of the inequality using the least common denominator 


2(x-1). 


statement to be Levo. 
It’s not like an equation, Fore a 
wheve you ada = 2 x71 
to both sides (==2)(5)-(5}( 3 |so 
and cross multiply. x-1)\2) \2)]\x-1 
x(e-1)__ 28) 4 
2(x-1) 2(x-1) 
x —x 6 
= =0 
If you Aont know 2(x-1) 2(x-1) 
how to do this, lock at Beier ; 
< 
2(x-1) 


Problems 20.9-20,19. 


Note: Problems 21.37-21.40 refer to the inequality = - = <0. 
me 


21.38 Identify the critical numbers of the rational expression generated in Problem 


21.37. 


Factor the numerator. 


Except : 5 
the factor eee <0 
2(x-1) 


2 from the 
Aenominatoy, 
because 2 by 
itself cant 
equal 0. 


(x —3)(x+2) 
2(x-1) =e 


Set each of the factors equal to zero and solve the resulting equations. 


x—-3=0 x+2=0 x-1=0 
x=3 x=—-2 x=] 


As illustrated by Figure 21-5, the critical numbers x = -2, x= 1, and x = 3 split the 
number line into four intervals: x <-2, -2< x<1,1<x<3,and x23. 


<_+\_t__+_1Y++-00?—_.-_.7-—#*"'9# 1?" 
-1 0 1 2 3 4 5 6 7 


PE sate ade 28. 220 


Figure 21-5: The critical numbers x =—2, x = 1, and x = 3 split the number line into 
four intervals. Plot x = 1 as an open point because tt causes the denominator to equal zero, 


making the rational expression undefined. 
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Note: Problems 21.37-21.40 refer to the inequality 5 — 


21.39 Solve the inequality. 


Substitute a test value from each of the intervals identified by Problem 21.38 
(such as x=-3, x= 0, x= 2, and x= 4) into the inequality to identify the 


solution. 


moe ie 


the test 
values ave 

plugged into the 
Lactovea version 
of the kvaction from 

Problem 2| 38, but you 
coulA also use the 


x<-2 —-2<x<]l1 1<xs3 x23 oviginal inequality. 
(-3-3)(-3+2) = = S 
= 9esap- 2" (0 3)(0+2) _ 5 (2 3)(2+2) _ 9 (4 3)(4+2) _ 9 
9(0—-1) 9(2—1) 2(4—1) 
renee (-3)2) 24 (D4) (6) 
i 2(-1) © 2(1) 2(3) 
aga = <0 = <0 ; <0 
-* <0 True 350 False —2<0 True 1<0 False 
The solution to the inequality is x S$-2 or 1 < x3. 
Note: Problems 21.37-21.40 refer to the inequality . pee <0. 


21.40 Graph the inequality. 


x—-1 


Darken the segments of the number line identified by Problem 21.39 as 
solutions to the inequality: x < —2 and 1 < x< 3. The graph is presented in 


Figure 21-6. 


: 3 
Figure 21-6: The graph of the inequality S —-— <0. 
x 


Note: Problems 21.41-21.44 refer to the inequality 2 < as 
x 


-1 


ey 


21.41 Combine the rational expressions into a single rational expression. 


2x 


Subtract 
x 


Combine the fractions using the least common denominator x(x + 3). 


3 from both sides of the inequality. 


3 2x 


x x+3 


<0 


So that the 
vight side of the 

inequality equals 
zevo, 
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Multiply 
both StAes of 
the thequality by 
-|. That changes 
~2x' into 2x2, which 
is slightly easier to 
factor, Don't fovget to 
reverse the inequality 
SIQN because youre 
multiplying both sides 
of the inequality 
bya hegative 
wumbey, 


x+3)\(3 x\( 2x 
(SSIE-ES) : 
3(x+3)  x(2x) 
x(x+3) 7 x(x +3) 
3x+9 2x” 0 
x(x+3) - x(x +3) 7 
—2x° +3x+9 
x(x +3) 
2x? — 3x —9 
x(x +3) 


<0 


<0 


>0 


2x 
war BD 


21.42 Identify the critical numbers of the rational expression generated by Problem 
21.41. 


Note: Problems 21.41-21.44 refer to the inequality a < 
x 


Factor the quadratic in the numerator. 


2x? — 3x —9 
x(x +3) 
(2x + 3)(x —3) 
x(x +3) e 


>0 


0 


Set each of the factors in the numerator and denominator equal to zero and 
solve the resulting equations to identify the critical numbers. 


2x+3=0 


9 3 x—3=0 r x+3=0 
a x=3 i x=-3 
3 
x= 
2 
The critical numbers of the rational expression are x=-3, x= "9° x= 0, and 


x= 3. 
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2x 


weap 


Note: Problems 21.41-21.44 refer to the inequality eS < 
x 


21.43 Solve the inequality. 


3 
The critical numbers identified in Problem 21.42 (x=-3, x= s , x=0, and 


x = 3), split the number line into five intervals, as illustrated by Figure 21-7. 


All the Aots shoula 
be Pen, because the 
equality sign is <, 


-7 -6 -5 -4 -3 -2 -l 0 1 2 38 4 5 6 7 


Figure 21-7: The critical numbers split the number line into five distinct intervals: 


x<—3, Sey 5s x<0,0<x< 3, andx>3. 


Choose one test point from each interval (such as x = —4, x=-2, x=-1, x= 1, 
and x= 4) to identify the intervals that represent solutions to the inequality. 


x<-3 ogee aes, 
2 2 
[2(-1)+3](-1-3) 
[2(-4) + 3](-4-3) [2(-2) + 3](-2-3) St 13) 
=4(-443) 3-248) (-2+3)(-4) 
(-8+3)(-7) . (=443)(=8) ~1(2) 
—4(=1) -2(1) ME), 9 
22 -1)(— -2 
( a oe, ( a er i 
<> 0 True -3>0 False 2>0 True 
0<x<3 x>3 
[2)+3]0-3) , 
1(1+3) [2(4)+3](4-3) - 9 
(243)(=2) 9 4(4+3) 
1(4) (8+3)() | 
(5)(=2) 5 0 4(7) 
4 (11) (1) 
105 28 zy 
4 11 
5 —>O0O True 
ra False 28 


3 
The solution to the inequality is x <—3 or <5 <x <0 orx>3. 
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Note: Problems 21.41—21.44 refer to the inequality Z < a ; 
x 


x+3 


21.44 Graph the inequality. 


Darken the intervals identified by Problem 21.43 as the solutions to the 


3 
inequality: x < -—3 or 5 <x <0 or x>3. The graph is presented in Figure 21-8. 


2x 
xt3- 


Figure 21-8: The graph of - < 


Umongous Book of Algeova Pvolblems 


Chapter 22 


CONIC SECTIONS 


Pavaloolas, Civcles, Ellipses, ana Hypevbolas 


The conic sections are a collection of equations that contain x and y raised 
to the second power. Among them, only parabolas contain a single vari- 
able that is squared, whereas circles, ellipses, and hyperbolas contain two 
squared variables. In this chapter, the standard form and defining geomet- 


ric characteristics of each conic section are explored. 


This chapter stavts out with a discussion of pavabolas, which ave the 
graphs of quadratic equations that contain x and y: Your goal will be to 
write pavabolas in standova Lovm and \Aentity some of theiv parts, such 
the vertex, the focus, and the Avectvix, * 


a4 : See 
me To put conic sections in standowA form, you need to be able to 
complete the squavwe, If you Aowt know how, veview Problems |4.12-14.19 


Chapter Twenty-Two — Conic Sections 


Parabolas 
Vertex, axis of symmetry, focus, and Aivectvix 


Note: Problems 22.1-22.3 refer to the equation y = x — 2x + 5. 


22.1 Write the equation of the parabola in standard form. 


You'll need to 
complete the 
squave for the 
expression x’ — 2x, 
Move alll of the terms 
that Aowt contain x 
to the left side of 
the equation. 


The standard form of a parabola containing an x*-term is y= a(x— h)* + k, where 
(h,k) is the vertex and ais a real number. Subtract 5 from both sides of the 
equation in order to isolate the x-terms right of the equal sign. 


y-5=x°- 2x 


To complete the square on the right side of the equation, add | to both sides of 


the equation. 


y-54+1=x° —2x+1 
y-4=x° -2x41 


To complete 


é Factor the quadratic expression. 


A the x-coefficient by y- 4=(x-1)2 
WORE 2 SI) ppc) asians 
we the vesult olve for y. 
CIP = |). to keep y= (x-1)24+4 


everything balancea, you 

AVE to AAA | to the 

lett ana vight sides of 
the equation, 


Note: Problems 22.1—22.3 refer to the equation y = x — 2x + 5. 


22.2 Identify the vertex and axis of symmetry. 


The standard form of a parabola containing an xterm is y= a(x— h)’ + k. 

According to Problem 22.1, the standard form of the parabola is y= (x— 1)? + 4. 
Therefore, a= 1, h=1, and k= 4. 
The vertex of the parabola is (h,k) = (1,4). The axis of symmetry, the vertical 
line that passes through the vertex, has equation x = h; the axis of 
symmetry for this parabola is x= 1. 


This is the 
number in vont of 
the paventheses. When 
theve is no numbey, 
a=. 


This is the 
OPPOSITE of the 
number in paventheses. 
The opposite of -| is |. 


This is the 
number added 
to the squavea 
quantity, 
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Note: Problems 22.1-22.3 refer to the equation y = x — 2x + 5. 


22.3 Graph the parabola. 


To transform the equation y= x° into the standard form equation 
y= (x— 1)? +4, subtract | from the input x (which shifts the graph of y= x° one 
unit to the right) and add 4 (which shifts the graph up four units). The graph 
is presented in Figure 22-1. 


Figure 22-1: The graph of y = x° — 2x + 5 has vertex (1,4) and axis of symmetry x = 1. 


Note: Problems 22.4-22.6 refer to the equation x = y’ — 6y + 7. 
22.4 Write the equation of the parabola in standard form. 


The standard form of a parabola containing a y*-term is x= a(y— k)? + h, where 
(h,k) is the vertex and ais a real number. Subtract 7 from both sides of the 
equation to isolate the y-terms right of the equal sign. 


x- 7 =y- 6y 


Complete the square on the right side of the equation by adding 9 to both sides. 


x-74+9=y —6y+9 
x+2=y" —6y4+9 


Factor the quadratic expression. 
x+2= (y— 3)? 


Solve for x. 


x= (y- 3)? -2 


IP youve hot 
Suve how to gvaph 
A Pavabola using 
transformations, look 
at Problems 16.3] 
1632, eee 


Divide the 
y-coefficient by 
two (6 + 2 = -3) 

ana squave the vesult 
(-3]° = 9). AAA that 
number to both sides 
of the equation to 
keep everything 
yalancea. 
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Note: Problems 22.4—22.6 refer to the equation x = y’ — 6y + 7. 


When the 
Pavabola has 
ay’-tevwm instead 
oF am x*-tevm, k is 
the opposite of the 
number inside the 
Paventheses and h is 
the number added 
to ov subtvactea 
from the squavea 
quantity. 


22.5 Identify the vertex and axis of symmetry. 


The standard form of a parabola containing a y*-term is x= a(y— k)? + h. 
According to Problem 22.4, the standard form of the parabola is x= (y- 3)? - 2. 
Therefore, a= 1, h=-2, and k= 3. 


The vertex of the parabola is (h,k) = (-2,3) and the axis of symmetry (y= k) is 


Note: Problems 22.4-22.6 refer to the equation x = y’ — 6y + 7. 


22.6 Graph the parabola. 


When the 
Pavabola contains y’ 
the axis of symmetry 
'S a hovizontal line (not 
A Vertical line like in 
Problem 22.2) that 
Passes through the 
Vvevtex, 


Graph the parabola using a table of values that includes y-values near the axis 
of symmetry y= 3. 


x=y—6y+7 

x=5° —6(5)+7=25-30+7=2 
x= 4? -6(4)+7=16-244+7=-1 
x =3° —6(3)+7=9-18+7=-2 
x=2?-6(2)+7=4-124+7=-1 
x=? —6(1)+7=1-6+7=2 
x=0°-6(0)+7=7 


or Nw OO BP OU 


Plug the numbers 
fvow the left column into 
y and calculate x. 


According to the table of values, the graph passes through the following points: 
(-2,3), (-1,2), (-1,4), (2,1), (2,5), and (7,0). The graph is presented in Figure 


The numbers 
in the left column 
ave the y-values, not 
the x-values. That means 
the top line of the table 
generates the point 
(2,5), not (S,2). 


Figure 22-2: The graph of the parabola x = y’ — 6y + 7 has vertex (-2,3) and axis of 
symmetry y = 3. 
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Note: Problems 22.7-22.9 refer to the equation 3x’ — 12x + y + 21 = 0. 


22.7 Write the equation of the parabola in standard form. By subtracting 


3x? from ana adding 
12x to both sides. 


Isolate the terms containing x on the right side of the equation. 


yt 21 =-3x° + 12x 


In order to complete the square, the coefficient of the xterm must be 1. Factor 


—3, the coefficient of the x*-term, out of the terms right of the equal sign. If you factor a 


negative number 
3) out of a Positive 
number (12) the vesult 
'S negative (A), 


yt 21 =-3(x° - 4x) 


Complete the square by adding 4 to the parenthetical quantity; add —3(4) =-12 
to the left side of the equation to maintain equality. 


y+ 21-12 =—3(x" — 4x +4) 
y+9=-3(x? —4x +4) 


You ada 4 


Factor the quadratic expression. inside paventheses 
7 


y+ 9 =-3(x- 2)? but these parentheses 
ave multiplica by -3, so 
Solve for y. youve actually adding 
2 “3(4) = -12 to the vi 
y=-38(x-2)?-9 e vight 


Side of the equation. 
AAA -|2 to the left 


Note: Problems 22.7-22.9 refer to the equation 3x’ — 12x + y + 21 = 0. side as well, 


22.8 Identify the focus of the parabola. 


The standard form of a parabola containing an x*-term is y= a(x—- h)* + k. 
According to Problem 22.7, the standard form of the parabola is 
y=-3(x—- 2)?-9. Therefore, a= -3. 


Evevy Point on a 
Pavabola is exactly 
the same distance fyom 
its Pocus as it is Lvow 
its Avectvix (which is 
\Aentifiea wm Problem 
22.9). 


1 
Let ¢=|— 


represent the distance between the vertex (h,k) = (2,-9) and the 
a 


focus. 


alla 
4a 


ee ee 
4(-3)} 12 


When a> 0, the focus is c units above the vertex: (h,k + c). When a< 0, the focus 
is c units below the vertex: (h,k -— c). Calculate the coordinates of the focus. 


1 
(ik =(2-9 i The focus 
2 is always inside 
= (2-2 = 3) the “cup” of the 
12 12 pavabola. 
109 
8 
12 
The focus is (2-2) : 
12 
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Note: Problems 22.7-22.9 refer to the equation 3x’ — 12x + y + 21 = 0. 


22.9 Identify the directrix of the parabola. 


The focus 

of a pavabola 
is a point, and the 
Aivectvix is a line. 


The directrix of a parabola that contains an x*-term is a horizontal line. When 


—| units below the vertex: y = k- c. When a< 0, the 


a 
directrix is cunits above the vertex: y= k + ¢. 


a> 0, the directrix is ¢= 


1 
According to Problem 22.8, ¢ = 1D . Because a< 0 (a=-3, according to Problem 


22.8), the directrix is c units above the vertex. 


the ats- 


tance between y=kte 
the vertex anda pee i 
the focus is equal y= . 
to the Aistance oe 
between the vertex ae. # Ti 
ana the aivectvix. Both aie 
of those Aistances ee Ty 


ave lavelea Cc 


The directrix is y= aa : 


Isolate the terms containing yon the right side of the equation. 


—x+9=-2y’+ By 


Factor the coefficient of y* out of the terms right of the equal sign. 
» OS 
-r49=-2[y" -3,| 


Complete the square. 


25 5 25 
+9 = i + 
: 8 a[> 2? =| 
72 25 ( Al 
—x —--—=-? yr 
8 8 4 
2 
-+Z --2[)-3] 
8 4 


Squ 
: me halt of the y-coeP ficient: 
es s 25 
aes ike a = — .AAA that ive 
t 
pe ic AY uside the Paventheses, 


of the Paventhese 
youve actually adding i 2 2s so 


side. Jaa; I} 4 1c ars to the vight 
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Multiply the entire equation by —1 and solve for x. 


This pawalo- 
ola contains y’, 
so the vules alpout 
the focus ana 
Aivectvix in Problems 
22.8 ana 22.9 have to 
be adjustea. Change 
“apove” to “vight of” 
ana “velow’ to “left of.” 
Instead of adding c to 
the y-value of the 
Locus, AAA it to 
the xvailue. 


47 
The equation is in standard form x= a(y—- k)’? + h; therefore, a= 2, h=—, and 


5 
k=—. Calculate c. 


~ |4a 


Sonar 
~14(2)) 8 


Because a> 0, the focus is right of the vertex: (A+ ¢,k). 


The directrix is the vertical line c units left of the vertex: x= h—-c. 


x=h-c 
sa ak 
8 8 
46 
x =— 
8 
23 
x= — 
4 
: 5 F Poe 23 
The focus of the parabola is Or and the directrix is x = ea XY 


22.11 Write the equation of the parabola with vertex (-.0] and directrix x= 0 in 
standard form. 2 


If the vertex is (-3.0]. then h= et and k= 0. The directrix is a vertical line 
2 2 The ends of 
this Pavabola Point 
left Its Aivectyix isa 
vertical line, so that tells 
You tt opens eithey vight ov 
lett, The axis of symumeby 
is the hovizoutal line esse 
through the vevtex: g 
y= 0. 


one half of a unit right of the vertex, so the focus is the point one half of a unit 
left of the vertex along the axis of symmetry: (-1,0),Note that crepresents 
the distance between the vertex and either the directrix or the focus—the 


distances are equivalent—so c=—. 


: 1, 
Substitute c= 9 into the formula ¢= 
a 


to calculate a. 


8 al 


a 


nl 
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Apply cross multiplication to solve the proportion. 


4a=2 
2 

a= 
4 
1 

a= 
2 


1 1 
Substitute a=—, h= 90 and k= 0 into the appropriate standard form 


equation. 


Use this one 


instead of 
yea -h’+k ; ; 
because the Aivectvix x=— ( yr 0) + (- ;| 


is vertical and the 
axis of symmetry is 
hovizontall, 


Circles 
Ceutevy, vadius, anda Aiameter 


Note: Problems 22.12-22.13 refer to the circle with center (2,-1) and radius 4. 


22.12 Graph the circle. 


Plot the center point (2,-1) on the coordinate plane. Next, plot the points that 
are four units above, below, left, and right of the center. Draw the circle that 
passes through those four points, as illustrated by Figure 22-3. 


The points ave 
(2,3), (2-8), 
C21), and (6-1), 


Figure 22-3: Each of the points on the graph of the circle is exactly four units away from 
the center point (2,—1). 
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Note: Problems 22.12—22.13 refer to the circle with center (2,-1) and radius 4. 
22.13 Write the equation of the circle in standard form. 


The standard form for the equation of a circle is (x— h)? + (y- k)? = r, where 
(h,k) is the center of the circle and ris the radius. Substitute h= 2, k=-1, and 


r= 4 into the equation. 


(x—hy +(y—k) =" 
(x-2)' +(y-(-D) = 4 
(x —2)° +(y+1) =16 


Square 
half of the 
xcoefficient: 
B+ 2a gre ig, 
naa that number 
tusiae the left set 
of Paventheses ana 
make suve to ada 

it to the vight side 
of the equation, too, 
Then, squave half of 
the y-coef ficient: 
C6+ 2 = (gpg 
AAA that to the 
SECONA set of 
Paventheses ana 
the vight side of 
the equation, 


Note: Problems 22.14—22.16 refer to the equation x’ + y’ + 8x — 6y = 0. 


22.14 Write the equation of the circle in standard form. 


Use parentheses to group the x-terms and the y-terms. 


(x? + 8x) + (92 — 6y) = 0 


Complete the square twice, once for each parenthetical quantity. 


(x? + 8x+16)+(y’ —6y+9)=0+16+9 
(x+4)' +(y—3) =25 


Note: Problems 22.14—22.16 refer to the equation x’ + y’ + 8x — 6y = 0. 


22.15 Identify the center and radius of the circle. 


The standard form of a circle is (x— h)*? + (y— k)? = °. According to Problem 
22.14, the standard form of this circle is (x + 4)* + (y- 3)? = 25. Therefore, 
h=-4, k= 3, and r = 25. Solve the equation to calculate r. 


Yr? =25 


2 
Vr? = +,/95 h is the opposite 
yk of the number in the 


x paventheses and k 
is the opposite of the 
number in the y 

paventheses. 


The solution r=—5 is discarded, as the radius of a circle must be a positive 
number. The center of the circle is (h,k) = (—4,3) and the radius is r= 5. 
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Note: Problems 22.14—22.16 refer to the equation x’ + y’ + 8x — 6y = 0. 
22.16 Graph the circle. 


According to Problem 22.15, the center of the circle is (—4,3) and the radius 

is 5. Plot the center and then plot the points five units above, below, left, and 
right of the center. Draw a circle that intersects the four points surrounding the 
center, as illustrated in Figure 22-4. 


Figure 22-4: The graph of the circle x° + y’ + 8x — 6y = 0 has center (-4,3) and 
radius 5. 


22.17 Write the equation of the circle 3x° + 3y’ + 12x + 15y— 1 =0 in standard form 
and identify the center and radius. 


Writing the equation in standard form requires you to complete the square. 
Divide each of the terms in the equation by 3 so that the coefficients of x? and 
yare 1. 


the x and 
y-terms have the 
same coefficient in the 
equations of civcles (in 
this case 3). 


3x°  3y? 19x 15y 1 
pi 4 4K 
3 3 3 3 3 


=0 
2 2 1 
x+y sec) 
ae : re ; 
Move the constant to the right side of the equation by adding 3 to both sides. 


, , 1 
x+y t4xt5y= 2 
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Place the x- and y-terms in separate groups. 
; ‘ 1 
(x? +4x)+(y° +5y) = 3 


Complete the square twice, once for each group of terms on the left side of the 
equation. 


5\ 1 5 
(< t4n44)+ (st 45742) = 2442 


4 
2 
(+2) +[y+3] = Ppclee 
2 12 12 12 
i 5\Y 127 
+2) +[y+=] = 
(x+2) ( | D 


The equation is in standard form (x —- h)? + (y—k)? = 7 so the center of the circle 


is (h,k) = (-2-3) . Calculate the radius. 


ee, To vationalize 
~ 419 the Aenominatoy, 
multipl 
_ _ /e7 iply the 
r= 2 numevatov and 
Aenominator by 
= 127 fe 
4:3 
127 
YT — —— 
2V3 
381 
YT => —— 
6 


Note: Problems 22.18—22.19 refer to the circle with center (—6,4) that passes through 
point (-2,3). 


22.18 Use the distance formula d= i (x3 =i y 
the circle. 


ar ( y=, i to calculate the radius of 


K, ana y, 
vefey to the 
x ana y-values 
of point #1, which 
coula be 6,4) OR 
(-273). In other wovas, 
substituting x, = <2; 
y =%, x, = -G, ana 

y, = 4 into the 
distance Formula 
gives you the 
same final 
AMuswey. 


The distance between the center of a circle and any point on that circle is 
equal to the radius. Substitute x, =—6, y, = 4, x, =—2, and y, = 3 into the distance 
formula to calculate the radius. 


r=(x—m) +(2—9) 
= (-2-(-6)) +(8-4) 
= y(-2+6)' +(-1" 


= Jigri 
= 17 
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Note: Problems 22.18—22.19 refer to the circle with center (—6,4) that passes through 
point (-2,3). 


22.19 Write the equation of the circle in standard form. 


The center of the circle is (-6,4), so h=—-6 and k= 4. According to Problem 
22.18, the radius of the circle is r = 7. Substitute h, k, and rinto the standard 


form equation. 


(x — hy +(y—k) aa 
(x-(—6))' +(y-(4))’ =(NI7) 
(x+6)' +(y-4) =17 


Note: Problems 22.20-22.21 refer to the circle that has a diameter with endpoints (3,—1) 
and (-3,7). 


+ + 
22.20 Use the midpoint formula (AS) to identify the center of the circle. 


the xvalue 
of the midpoint is 
the average of the 
endpoints’ x-values, 


The midpoint of a diameter is the center of the corresponding circle. Apply the 
midpoint formula to the endpoints of the diameter to identify the center (h,k) 


of the circle. 


SO AAA them up anda 
divide by 2. Do the (h,k) = (PHC? =1*7) 
same thing with 2 2 
the y's to complete 0 6 
the midpoint. = (2.3 
=(0,3) 


Note: Problems 22.20-22.21 refer to the circle that has a diameter with endpoints (3,—1) 
and (-3,7). 


22.21 Calculate the radius of the circle and write the equation in standard form. 


Apply the distance formula, defined in Problem 22.18, to calculate the radius. 


r=y(%-m) +(n-) 
= (3-0) +(-1-3)" 

3° +(-4)° 

J9+16 


= 25 
=5 


Find the 
distance between 
Re Center (033) ana 
either of the en Apoints 
Foy example, you coula . 
set x = 0 ana y =3 
(the centev) and set 

"= 3 and y, = -1 (the 
sierer ie €nApoints), 
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Substitute h=0, k= 3, and r= 5 into the standard form equation. 
(xh) +(y—k) =r? 
(2-0) +(y-3)' =5 


x? +(y—3)" = 25 


Ellipses 


i 7 i o/s The axes 
Majov and minor axes, centey, foci, anda eccentvicity 


of an ellipse ave 
the perpendicular 
Segments that pass 
through the center 
and extend to the 


22.22 Identify both standard forms of an ellipse and describe the values of the 
constants. 


The standard form of an ellipse with a horizontal major axis is 


(xn) o=4) 


vight le, to, ana 
5 =1; the standard form of an ellipse with a vertical major bottom “edges” of the 
a Y : ellipse. The longer of 
3, hy = %) 
axis 1S Pp + Z =1. 


the two is called the 
marjov axis, ana 
the other one’s 
the minor axis, 


The center of the ellipse is (h,k), a represents the distance between the center 


and a vertex along the major axis, and ) represents the distance between the 
center and an endpoint of the minor axis. 


Note: Problems 22.23-22.24 refer to the ellipse with center (—1,0), vertical major axis of 
length 10, and horizontal minor axis of length 6. 


22.23 Graph the ellipse. 


If the vertical major axis is ten units long, then it extends five units above and 
five units below the center. Similarly, a horizontal minor axis of length six 


extends three units left and three units right of the center, as illustrated by 
Figure 22-5. 


Five units 
Wp = CIS); five units 
Aown = (-1-S); three 
units left = 4,0); 
anda three units 


vig ht = (2,0). 


Figure 22-5: This ellipse has the center (—1,0), a major axis ten units long, and a 
minor axis six units long. 
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Note: Problems 22.23-22.24 refer to the ellipse with center (-1,0), vertical major axis of 
length 10, and horizontal minor axis of length 6. 


22.24 Write the equation of the ellipse in standard form. 


According to Problem 22.22, the standard form of an ellipse with a vertical 


a’ appears 
beneath the y- 
expression when the 
Major axis is Vevtica| 
ANA appears beneath 
the x-expression when 
the major axis is 


2 

—hy —k 

major axis is (x 5 ) + 6 5 =1. The center of the ellipse is (-1,0), so 
a 

h=-1 and k= 0. The values of aand bare half of the lengths of the major and 

minor axes, respectively. Therefore, a= 10 + 2=5 and b=6 = 2 = 3. Substitute h, 


k, a, and b into the standard form equation. 


(xnAy (yk) _, 


2 


hovizoutal, 
a 
iis Go) Ya a) a 
(3) (Gy 
2 2 
(et + oz — 1 
9 25 


Note: Problems 22.25—22.27 refer to the ellipse with equation x’ + 9y’ — 6x — 36y + 36 = 0. 


22.25 Write the equation in standard form. 


Group the x-terms together in a set of parentheses, group the y-terms in a 
second set of parentheses, and move the constant to the right side of the 


equation. 
(x? — 6x) + (99? — 36y) = 0 - 36 


In order to complete the square for the expression 9y* — 36y, the coefficient of 


But it’s not, 

so factov the 
coefficient (7) out of 
both y-tevms. 


the squared term must be 1. 
(x? — 6x) + 9(y? — 4y) =-36 


Complete the square for each of the parenthetical quantities. 


(x* —6x+9)+9(y? — 49 +4) =—36+9+9(4) 
(x-3)' +9(y—-2) =-36+9 +36 
(x-3)' +9(y-2) =9 


To complete 
the squave, you 
hewe to AAA 7 to 
the x-paventheses 
and 4 to the y- 
paventheses. However, 
the y-paventheses ave 
multiplied by J, so youre 
actually adding 1(4), so 
make suve to AAA 
9(4) =36 to the 
vight side of the 
equation too. 


The equation of an ellipse in standard form contains only the constant | on 
the right side of the equation. Divide the entire equation by 9, the constant 


currently right of the equal sign. 
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Note: Problems 22.25—22.27 refer to the ellipse with equation x’ + 9y’ — 6x — 36y + 36 = 0. 


The x 
coovAinate 
of the center 
is the opposite of 
the number in the x 
expression (x - 4)’, The 
y-coovainate of the 
center is the opposite 
of the constant in 
the y-expvession 
y - 2). 


22.26 Graph the ellipse. 


According to Problem 22.25, the standard form of the ellipse is 
9 2 
- —2 
(x-3) , (y-2) 
9 1 
the x-expression (9) is greater than the constant beneath the y-expression (1), 
so the major axis of the ellipse is horizontal. Let a be the greater of the two 


denominators and 0? be the lesser of the denominators: a? = 9 and 0? =1, so a=3 
and b=1. 


=1.The center of the ellipse is (3,2). The constant beneath 


To graph the ellipse, plot the points three units right and left of the center 
(because a= 3 and the major axis is horizontal) and the points one unit above 
and below the center (because )= | and the minor axis is vertical). The ellipse 
is graphed in Figure 22-6. 


Figure 22-6: The graph of the ellipse x° + 9)? — 6x — 36y + 36 = 0 has center (3,2), a 
horizontal major axis of length 6, and a vertical minor axis of length 2. 
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If the major 
axis is hovizontal, the 
Vevtices ave (h - ak) 

and (h + ab), 


Note: Problems 22.25—22.27 refer to the ellipse with equation x’ + 9y’ — 6x — 36y + 36 = 0. 


22.27 Identify the vertices of the ellipse. 


The vertices of an ellipse are the endpoints of the major axis. Consider the 
graph of the ellipse in Figure 22-6. The major axis is the horizontal segment 
with endpoints (0,2) and (6,2), so those points are the vertices of the ellipse. 


Note: Problems 22.28—22.30 refer to the ellipse with equation 9x + 4y + 90x — 48y + 333 = 0. 


22.28 Write the equation in standard form. 
Group the x-terms as one quantity, the y-terms as another quantity, and move 
the constant to the right side of the equation. 
(9x? + 90x) + (4y? - 48y) = 0 — 333 
Factor the coefficients of the squared terms out of each quantity. 
9(x° + 10x) + 4(y° — 12y) = -333 


Complete the square for each quantity. 


9(x* + 10x + 25)+4(y* —12y +36) = —333 + 9(25) + 4(36) 
9(x+5) +4(y-6) =-333 + 2254144 
9(x+5)' +4(y—6) =-1084144 
9(x+5) +4(y-6) =36 

Divide the entire equation by 36 to set the right side of the equation equal to 1. 
9(x+5)° A). _ 36 
36 36 36 
P (x45) A(y-6) _ 36 
g-4 9A 36 
2 —6 2 
(x+5) (9-6) _, 
4 9 


Note: Problems 22.28—22.30 refer to the ellipse with equation 9x + 4y + 90x — 48y + 333 = 0. 


22.29 Identify the center, vertices, and foci of the ellipse. 


The denominator beneath the y-expression is greater than the denominator 
beneath the x-expression, so the major axis of the ellipse is vertical, a = 9, 
and §’ = 4. Thus a= 3 and b= 2. The center of the ellipse is comprised of the 
opposites of the constants within the squared expressions: (h,k) = (—5,6). 


Because the major axis is vertical, the vertices are the points a= 3 units above 
and below the center. 
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(h,k +a) =(—5,6-3) (h,k —a) =(—5,6+3) 
=(-5,3) =(—-5,9) 


If you go 
UP ANA Aown 
from the center to 
veach the vertices, 
you also 90 up and 

Aown (but not quite 
as fav) to veach 
the foci, 


The foci are the two points c units away from the center along the major axis 
such that c= Va* —b° . Calculate c. 


c=Va -0° 
= /9-4 
Zi 


Calculate the coordinates of the foci. 


If the 
marjov axis 
is hovizoutal, the 
foci ave (h - ck) 
ana (h + ck). 


(h,k-+c) =(-5,6+ 5) (h,k—-c) =(—5,6- v5) 


Note: Problems 22.28—22.30 refer to the ellipse with equation 9x + 4y + 90x — 48y + 333 = 0. 


22.30 Calculate the eccentricity of the ellipse. 


wits : : c ‘ : 
The eccentricity of an ellipse is defined as e = —, where cis the distance 


a 
between the center and a focus and ais the distance between the center anda 
vertex. According to Problem 22.29, a=3 and ¢= V5. 


Note: Problems 22.31-22.32 refer to the ellipse with center (4,-1) that passes through the 
origin uf the major axis 1s horizontal and ab = 8. 


22.31 Write the equation of the ellipse in terms of a. 


The standard form of an ellipse with a horizontal major axis is 


(x= ny, = 4) 


Simplify the 


3 5-— =1. Solve the equation ab= 8 for b. complex fraction by 
a a multiplying the top ana 
ab=8 bottom by the veCipvocall 
b 8 of the Aenominator: 
a 


WE cat 

8 2 2 

Substitute h= 4, k=—-1, and b=~— into the equation and simplify. C4 Paes (y +1) 
a — 


64 


(x-4)?  -(C DY sai 


LS 


a (8 / a)’ 

9 2 

a 64/a 

(x-4)  @’(yt+1) 
a 7 ne mi 
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\ Note: Problems 22.31-22.32 refer to the ellipse with center (4,-1) that passes through the 


origin if the major axis is horizontal and ab = 8. 
a th \, 22.32 Write the equation of the ellipse in standard form. 


Substitute x= 0 and y= 0 into the equation from Problem 22.31 written in terms 


of a. 


the ellipse 


(x=4y (yt) 


passes through 
the as = 64 
point (x,y) = (0,0). 2 9 2 
Substitute these (0 ze) a ep =1 
values into the ‘ es , 
equation so that (—4)° re @ (1) = 
the only unknown « 64 
that's left is a. 16a _ 
a 64 


Multiply the entire equation by the least common denominator, 64a’, to 


eliminate fractions. 


es) 


a) \ 1 is 

Use the 64(16)+a° (a?) = 640° 
Zeve proAuct 1,024+ a‘ = 64a’ 
Property. The only 
way (a’ - 32)(o? - 32) 
Coula equal zevo is if 
the factors equal 


Solve the equation by factoring. 


a’ — 64a’ +1,024=0 
(a — 32)(a* — 32) =0 


zevo, 
a’ —32=0 
a =32 
Dowt wovvy Va = J32 
a=~16-2 


about the + 
Sign, because a, b, 
onda c ave positive 
values. 


a=4/2 


8 
Substitute a= 4 2 into the equation b=— to calculate b. 
a 


8 
"= TR 
,- £2 

AN2 
go 

2 
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Rationalize the denominator. 


Substitute h=4, k=-1, a= 4/2 ,and b= J2 into the standard form equation 
for an ellipse with a horizontal major axis. 


(e-Ay 0-8) _, 
a’ b° 

(x= 4) p0=C0) a 

(4v2) (v2) 


(@=4y  y+1) | 


1 
16-2 2 
—4y (y+1) 
(J Os ee 
32 2 
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Hyperbolas 
Transverse anda conjugate axes, foci, vertices, and asymptotes 


Note: Problems 22.33-22.36 refer to the hyperbola graphed in Figure 22-7 below. 


Figure 22-7: The graph of a hyperbola with vertices (4,3) and (4,3). 


22.33 Identify the center of the hyperbola. 


The center, (h,k), of a hyperbola is the midpoint of the segment connecting the 


vertices. Substitute x, = —4, y, = 3, x, = 4, and y, = 3 into the midpoint formula. 


(h,k) = Pee Aes 


2 


NO 


The center of the hyperbola is (0,3). 


Note: Problems 22.33-22.36 refer to Figure 22-7, the hyperbola graphed in Problem 22.33. 


IP you know 
the endpoints 
ofa VERTICAL 
segment, you com 
find its length by 
Subtvacting the y- 
Values ana taking 
the absolute 
value, 


22.34 Calculate the lengths of the transverse and conjugate axes. 


The transverse axis of a hyperbola is the segment whose endpoints are the 
vertices. According to Figure 22-7, the vertices of the hyperbola are (—4,3) and 
(4,3). The length, J, of the horizontal transverse axis is equal to the absolute 
value of the difference of the x-values. 


1, =|x, -—x,|=|4-(-4)| =|4+4|=8 
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Note: Problems 22.33-22.36 refer to Figure 22-7, the hyperbola graphed in Problem 22.33. 


22.35 Write the equation of the hyperbola in standard form. 


Therefore, the transverse axis is 8 units long. To calculate the length of the 
conjugate axis—a segment perpendicular to the transverse axis at the center 
of the hyperbola—draw vertical segments that extend from the vertices to 
the asymptotes of the graph. Plot the intersection points of those two vertical 
segments and the asymptotes. Connect the four intersection points to form a 
rectangle, as illustrated by Figure 22-8. 


The transverse 
axis is hovizontal, So 
Avaw Vevtical lines 
UP AMA Aown frou 
both vertices that 
Stop at the Acttea 
asymptotes. Those 
Points ave the Covners 
of the vectangle in 
Figuve 22-8, 


6 


conjugate axis 


transverse axis 


Figure 22-8: The transverse axis bisects the rectangle horizontally, with endpoints at 
the vertices. The conjugate axis bisects the hyperbola vertically, with endpoints (0,2) and 


(0,4). 


The length, J, of the vertical conjugate axis is the absolute value of the 
difference of the endpoints’ y-values. 


1 =|y, —y,|=14-2|=2 


The center 
is the midpoint of 
both the tvausverse 
and conjugate axes. 
Dividing the length of the 
transverse axis in half 
gives you a, and Alviding 
the length of the 
conjugate axis in half 
gives you b. 


The standard form of a hyperbola with a horizontal transverse axis is 


2 2 

(x-Ay (yok) _, 

are cea such that the center is (h,k), the distance between the 
a 

center and a vertex is a, and the distance between the center and an endpoint of 


the conjugate axis is 0. 


According to Problem 22.33, the transverse axis is 8 units long, so a= 8 + 2 = 4: 
The conjugate axis is 2 units long, so b= 2 + 2 = 1. According to Problem 22.33, 
the center of the hyperbola is (0,3), so h= 0 and k= 3. Substitute a= 4, b= 1, 
h=0, and k= 3 into the standard form equation. 


(x-n_O-H_, 


a b° 
(x-0)? (y-3)" 
e  -£ : 
ES) 
16 in: 


The Humongous Book of Algebva Problems 507 


Chapter Twenty-Two — Conic Sections 


Note: Problems 22.33-22.36 refer to Figure 22-7, the hyperbola graphed in Problem 22.33. 
22.36 Write the equations of the asymptotes in slope-intercept form. 


Consider the rectangle in Figure 22-8; its corners are also points on the linear 
asymptotes. For instance, the asymptote passing through the upper-left and 
lower-right corners of the rectangle passes through points (—4,4) and (4,2). 
Apply the slope formula to calculate the slope of that asymptote. 

No es y _ 2 = 4 —?2 -—2 1 


m= —J — = — 
x —-% 4-(-4) 444 8 4 


This b is the 
y-intercept value 
(o = 4), NOT the 

lb used to veprvesent 
the Aistance 
between the center 
of the hyperbola ana 
an endpoint of the 
conjugate axis. 


1 
The slope of the line is m= cee The asymptote intersects the y-axis at the 


center of the hyperbola, (0,3); therefore, its y-intercept is 3. Apply the slope- 


intercept form of a line. 


y=mxtb 


i 
=--x4+3 
Gs 


1 
The remaining asymptote has slope m= A and y-intercept 3. Thus, it has 


1 
equation y= ia +3, 


Note: Problems 22.37-22.40 refer to the hyperbola with equation x’ — 45" + 2x + 32y — 27 = 0. 


Asymptotes 
Aowt always 
have the same y- 
intevcept. These happen 
to because they 
intevsect on the 


22.37 Write the equation in standard form. 


Group the x-terms in a set of parentheses, group the y-terms in a second set of 
parentheses, and move the constant to the right side of the equation. 


(x? + 2x) + (-4y? + 32y) = 27 


The coefficients of both squared terms must equal 1, so factor the coefficient of 
y° out of the corresponding quantity. 
(x? + 2x) — 4(y? - 8y) = 27 


Complete the square for each parenthetical quantity. 

(x? +2x+1)—4(y? -8y+16)=27+1-4(16) 
(x +1) -4(y-4) =28-64 
(x+1) —4(y-4) =-36 


AAA | to the 
XK-EXPpvession 
and |é to the y- 
expression. Howevey, 
the y-expvession is 
multiplied by -4, 

so youve actually 
adding -4(|6) = -¢4 
to both sides of 
the equation. 


The right side of the equation of a hyperbola in standard form must equal 1, so 
divide both sides of the equation by —36. 
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Put the 
positive fraction 
in fvont of the 
negative 

fvaction. 


The positive rational expression must precede the negative rational expression 
in the standard form of a hyperbola. 


Note: Problems 22.37-22.40 refer to the hyperbola with equation x’ — 4,7 + 2x + 32y — 27 = 0. 


22.38 Identify the center and vertices and sketch the graph of the hyperbola. 


The hyperbola 
Opens Up and Aown. 
When the x-expvession 
is positive (like in 
Problems 2233-22 .3¢) 
the tvansvevse axis 
is hovizontal ana the 
hyperbola opens left 
and vight. 


According to Problem 22.37, the standard form of the equation is 


(y= 4) (x40) : si ime 
G2 ae 1. Because the fraction containing the y-expression is 
positive, the transverse axis of this hyperbola is vertical. 


The standard form of a hyperbola with a vertical transverse axis is 


2 
a 


(y-k) (w= Ayi , 
= 5-— =1. Therefore, the center of the hyperbola is (,k) = (-1,4), 

b 
a= 3,and b= 6. Note that ais not necessarily greater than 0), unlike in the 


equations of ellipses. 
Plot the points three units above and below the center and the points six units 
left and right of the center. Draw a rectangle whose sides pass through those 

four points, as illustrated by Figure 22-9. 


ais 
the squave 
voot of the 
positive fractiow's 
Aenominatov 
(a=V7=%) anddb 
is the squave voot of 
the negative fvactiow's 
aAenominator 

(o = V36 = 6), It 
Aoeswt matter 
which is 
lavgev. 


a’ is below 
the y-expression, so You goa=3 
Units Up and Aown ( because y's measuve 
vertical Aistance), Similawly, is below the 
EXPVESSION, SO You go b = 6 units left ana 
vight (because x's measure hovizontal 
Aistance), 
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If you 

needa a move 
exact graph, solve 
the equation for x 
ana make a table of 
values that includes y- 
values gveatev than 7 
awd less thaw | (the 
yvailues of the 
vertices). 


Figure 22-9: The segment that bisects this rectangle vertically is the transverse axis of 
the hyperbola. The segment that bisects the rectangle horizontally is the conjugate axis. 


Draw the asymptotes of the hyperbola, the pair of lines that extends through 
opposite corners of the rectangle in Figure 22-9. The points a= 3 units 

above and below the center, along the transverse axis, are the vertices of the 
hyperbola: (-1,1) and (-1,7). The graph passes through each vertex, bends away 


from the center point, and approaches (but does not intersect) the asymptotes, 
as illustrated in Figure 22-10. 


Figure 22-10: The graph of x° — 4 + 2x + 32y — 27 = 0 has a vertical transverse axis 


and vertices (—1,1) and (—1,7). Note that the rectangle used to construct the graph is not 
part of the graph. 
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Note: Problems 22.37-22.40 refer to the hyperbola with equation x’ — 4," + 2x + 32y — 27 = 0. 
22.39 Write the equations of the asymptotes in slope-intercept form. 


One of the asymptotes in Figure 22-10 passes through points (—7,7) and (5,1). 
Substitute x, =—-7, y, = 7, x, =5, and y, = 1 into the slope formula. 


yo — Ny 7 -6  -6 
m = = = = = 
x,—-x, 5-(-7) 5+7 12 2 
1 
Substitute m=—— and x- and y-values from one of the points through which 


the asymptote passes (such as x= 5 and y= 1) into the slope-intercept equation 
to calculate the y-intercept. 


y=mx+b 

1 
1=-3(7)+6 

2\1 

5 
l=-—+5) 


— 
+ 


nol rn 
+ 
NO] NT pol] or DO] Ot 
ll 
a> 


1 7 
Substitute m= a and )=— into the slope-intercept formula to generate the 


equation of the asymptote. 


y=mxt+b 

1 ai 
=--x _ 
a aie 


1 
The remaining asymptote has the opposite slope, m= 3° Calculate its 


y-intercept by substituting its slope and the coordinates of one of the points 
through which it passes (such as x= 5 and y= 7) to calculate its y-intercept. 


y=mx+b 
1/5 
7=3(F|+0 
2\1 
7=2 4) 
2 
7-225 
2 
Mee 
2 2 
9 
=p 
2 
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1 9 
Substitute m= 3 and b= 9 into the slope-intercept formula to generate the 


equation of the asymptote. 


y=mx +b 
1 ri 
aaa s 
sie a 


1 7 1 9 
The equations of the asymptotes are y= “9% + 9 and y= 57 + a 


The vertices 
ave above and 
below the center of 
this hyperbola, so the 
foci will be above ana 
below the center as 

well. Unlike ellipses, the 
foci of hyperbolas ave 
favther away from 
the center than 

the vevtices. 


Note: Problems 22.37-22.40 refer to the hyperbola with equation x° — 45" + 2x + 32y — 27 = 0. 


22.40 Identify the foci of the hyperbola. 


The foci of a hyperbola are the points c= Va’ +° units away from the center 
in both directions along the transverse axis. According to Problem 22.38, a= 3 
and b= 6. Calculate c. 


Like the foci 
of an ellipse with 
a vertical majov 
AXIS 


The foci of a hyperbola with a vertical transverse axis are (h,k—-c) and (h,k+ ¢). 


(hk —c) =(-1,4—3v5) (h,k+c)=(-1,44 3v5) 


Note: Problems 22.41-22.43 refer to the hyperbola with equation x — 25y’ — 4x — 21 = 0. 
22.41 Write the equation in standard form. 


Group the x-terms and move the constant to the right side of the equation. 


(x° — 4x) — 25y°=0 + 21 
Complete the square for the x-expression. 
(x? — 4x +4)—25y? =214+4 
(x —2)° —25y" =25 


The right side of the standard form equation must be 1, so divide the entire 
equation by 25. 


(x-2)"  25y" _ 25 
25 2 
Ca a ae 

25 1 
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Note: Problems 22.41-22.43 refer to the hyperbola with equation x’ — 25y’ — 4x — 21 = 0. 


22.42 Identify the center and vertices and sketch the graph of the hyperbola. 


According to Problem 22.41, the standard form of the hyperbola is 
Ce 

25 1 
written in terms of x, so the transverse axis of the hyperbola is horizontal. 


These ave the op- 
Posites of the Constants 
tn the squavea quantities 
Theve’s no Constant iy He 
y? €xPvession, so the y- 
CoovAinate of Hy 
is 0, 


= 1. The positive rational expression left of the equal sign is 


The standard form of a hyperbola with a horizontal transverse axis is 
9 2 
(x-hy _(y-4) 
, ne |, 
a=5,and b=1. 


2 center 


=1. Therefore, the center of the hyperbola is (A,k) = (2,0), 


The vertices of the ellipse are a units away from the center in both directions 
along the transverse axis. The transverse axis is horizontal so the vertices are a 
units left and right of the center: (A- a,k) and (h+ ak). 


ais the 
(h—a,k) =(2—5,0) (h+a,k)=(2+5,0) dauave voto! 
= (—3,0) = (7,0) the positive fractions 


Aenominator and b is 
the squave voot of the 
negative fractiow's 
Aenominatov. 


Plot the vertices and the endpoints of the conjugate axis, (2,1) and (2,-1). 
Draw a rectangle that passes through the endpoints of the axes, as illustrated 
by Figure 22-11. 


the conjugate 
axis is perpendicular 
to the transverse axis, 
50 it’s vertical. The 

endpoints ave b = \ 

unit above ana below 
the center: (nk + ») 
ana (Wk - »)- 


Figure 22-11: The rectangle passes through the endpoints of the transverse axis, (—3,0) 
and (7,0), and the endpoints of the conjugate axis, (2,1) and (2,-1). 


The asymptotes of the hyperbola extend through opposite corners of the 
rectangle in Figure 22-11. The graph passes through the vertices, bends away 


from the center point, and approaches (but does not intersect) the asymptotes, 
as illustrated by Figure 22-12. 
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Figure 22-12: The graph of x° — 25° — 4x — 21 = 0. 


Note: Problems 22.41-22.43 refer to the hyperbola with equation x — 25y’ — 4x — 21 = 0. 
22.43 Identify the foci of the hyperbola. 


The foci are c= Va’? +b° away from the center in both directions along the 
transverse axis. According to Problem 22.42, a= 5 and b= 1. Calculate c. 


c=Va +b" 
=V5° +P 


J25 +1 
= (96 


The transverse axis is horizontal, so the foci are (h—-c,k) and (h+ Gk). 


(h—c,k) =(2—/26,0) (h+c,k) =(2+J26,0) 
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WORD PROBLEMS 


IL two trains leave the station full of consecutive 
integers, how much intevest is eavnea? 


Word (or story) problems encourage a systematic approach to the identifica- 
tion of unknown values. Though there are many categories of word prob- 
lems, the most prolific are included in this chapter. The methods for each 
differ slightly, but all word problems are approached in the same manner: 
identify and define the unknown quantities, discern a relationship between 
the unknown and the known quantities in the problem, define the relation- 
ship using one or more equations, and solve the equations. 


A lot of people hate wova problems, 


because compavea + 
problems, they ave chock-full of wo iy pear aed 


vAs. Why is that a big Aeal? Ju 
f Just when 
You get usea to equations, they've gone. Actually, wova problems still boil 


ae to SoNing equations, with one big Aiffevence: You hawe te come up with 
7 © equations on your own—they've not given to you. However, alter you 
guve out how to set up those equations, the answers avent Lay behina 


Chapter Twenty-Three — Word Problems 


Determining Unknown Values 
Integer and age problems 


23.1 What two integers have a sum of 64, if one of them is three times the other? 


The Problem 

Says that the sum 

of the numbers is 64 

$0 AAA the humbevs he 

And 3x) together ana 

set the SUM equal 
to 64, 


Let x be the smaller of the two integers. The other integer is three times as 
large, so it is equal to 3x. 


ie 


Solve the equation for x. 


4x = 64 
64 
x=— 
4 
x=16 


Consecutive 
integers ave vight 

next to each other 
on the number line, 
Vike 4 ana S ov -12 
ana -|I. 


Recall that x represents the smaller of the two integers. The second integer is 
3x = 3(16) = 48. The two integers described by the problem are 16 and 48. 


What two consecutive integers have a sum of 85? 


Let x be one of the integers and x + 1 be the other. Create an equation stating 
that the sum of the integers is 85. 


x+ (x+1) =85 
The next 
consecutive Solve the equation for x. 
integer after x is 2x +1= 85 
x + |. For example, if 2x = 85-1 
x = J, then the next Ox = 84 
consecutive integer sA 
is 7+ 1 = 10. ee 
x= 42 


The integers are x= 42 and x+ 1 =42+ 1 = 43. 


The counting 
numbers ave |, 2, 
3,4,5, 0.4, basically 
the positive integers, 
Negative integers ave 
excluded, as is zevo, 


23.3 What two consecutive odd counting numbers have a product of 1,443? 


Let x be one of the unidentified numbers and let x + 2 be the other. Create an 
equation stating that the product of the numbers is 1,443. 


x(x + 2) = 1,443 


Distribute x. 


x? + 2x = 1,443 


To go from 
one 0AA number to 
the next, you have to 

skip over the even number 
between them, so ada 2 
to x instead of |. 


Subtract 1,443 from both sides of the quadratic equation. 
x + 2x— 1,443 =0 
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23.4 


Apply the quadratic formula to solve for x. 


_ - 24/2? -4(1)(-1,443) 


2(1) 
_ -2+ 445,772 
7 2 
24/5, 776 
7 2 
A 2E IC 
ie 

Evaluate both values of x. 

_ 2-76 _ —2+76 
9 9 
—78 74 
Aa or eas 
x=—39 x= 37 


Discard the solution x = —39 because it is not a counting number. The odd 


counting numbers are x= 37 and x+ 2 = 37+ 2=39. 


The problem 
States that the 
numbers youve lookin 
fov ave Counting 

numbers, which 

means they've got 
to be positive. 


The product of x= 8 and an unknown integer y is 29 less than the sum of x and 


y. Calculate y. 


The product of x and y is xy, and the sum of x and yis x+y. Construct an 


equation stating that the product is 29 less than the sum. 
xy=x+y— 29 


Substitute x = 8 into the equation and solve for y. 


8y=8+ y—29 
8y-y=-21 
7y=—-21 
—21 
In 
y=-3 
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N Va 23.5 What two positive integers have a sum of 25 and a product of 154? 


6,8 
VAN Let x be one of the positive integers and y be the other. The sum of the numbers 
is 25, so x+ y= 25. The product of the numbers is 154, so xy = 154. Thus, the 


solution to the problem is the solution to the system of equations. 


or 


Youve 
got two 
Aiffevent 
equations, ana 
unlike Problems 
23.1-23.4, both 
of the equations 
coutain two 
vawiables. To solve 
the problem, you 


xy =154 


To solve the system by substitution, solve the first equation for x. 


xt y=25 
x=25-y 


Substitute x= 25 — yinto the second equation of the system. 


need to find an a 
xy =154 
xand ay that 
make both (25—y)y =154 
of the ay 
equations Distribute y. 
25y— y? = 154 


true. 


Set one side of the equation equal to zero. 
y — 25y+ 154=0 


Multiply 
2sy-y' = 154 by 
-| AMMA AAA ISA to 
both SiAes to get 


Apply the quadratic formula to solve the equation. 


this equation, (1) 
_ 25+ 625-616 
2 
_ 25+ V9 
2 
_ 2543 
2 
Evaluate both values of x. 
25-3 254+3 
x = — x= 
2 2 
22 
x=— or x=— 
2 
x=11 x=14 


The positive integers are 1] and 14. 
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23.6 


Six years ago, Nick was three times as old as Erin. Two years later, Nick was 
twice as old as Erin. How old is Erin now? 


Let x be Nick’s current age and let y be Erin’s current age. Six years ago, Nick’s 
age was x— 6 and Erin’s age was y-— 6. At that time, Nick was three times as old 
as Erin. 


x—6=3(y-6) 

x—-6=3y-18 
x—3y=—-18+6 
x—-3y=-12 


eo 1 ONaA aA 
Positive xterm), 


Two years later (four years ago), Nick’s age was x — 4 and Erin’s age was y— 4. At 
that time, Nick was twice as old as Erin. 


x—-4=2(y—4) 

x-4=2y—-8 
x—-2y=—-8+4 
x—-2y=—-4 


The solution to this problem is the solution to the system of equations 
describing Nick and Erin’s ages four and six years ago. 


x—3y=-12 
x—2y=—-4 


Solve the system by elimination. 


Multiply 


x — 3y = -12 
-x + 2% = 4 the © 
_ = —8 equation 
a x-2y=-4 by 
(—1)(-y) =(-1)(-8) -| and then ada 
y=8 the equations 


togethev to get 
-y = -&. To selve 
fov y, multiply 
both sides 

by -l. 


Erin is currently eight years old. 
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23.7 Sara is six years older than Ted. Thirteen years ago, Sara was four times as old 


as Ted. How old is Ted now? 


Use as 
few vaviales 
as possible. 
Instead of saying 
that Savas age is y, 
you can say hev age is 
x + 6 (six yeaws olAev 


Let x be Ted’s current age. Sara is six years older than Ted, so Sara’s age is x + 6 
Thirteen years ago, Ted’s age was x — 13 and Sara’s age was (x + 6) - 13 = x— 7. 
At that time, Sara was four times as old as Ted. 

x—7=4(x—-13) 

x—7=4x—52 

x—4x=—52+7 


thon Tea). You coulant 
Ao that in Preblew 23.¢ a eee 
because Nick anda _45 
Eviws CURRENT x= 3. 
x=15 


ages weve never 
compawea. 


Ted is currently 15 years old. 


In ten years, Mel’s age will be five less than twice Alice’s age. If their current 


23.8 


ages total 65, how much older is Mel? 


(Savers age \3 ; Ly ar : 
Bue aey Se? Let x be Mel’s current age and y be Alice’s current age. In ten years, Mel’s age 
ie A 6 ~ 13)” our will be x + 10 and Alice’s will be y + 10. At that time, Mel’s age will be five less 
times Ted's age |3 
yeaws ago). That 7 is 


than twice Alice’s age. 


x+10=2(y+10)-5 
x+10=2y+20-5 


theve because youve 
tracting |3 £ 
suo fac ing | veut x+10=2y+15 
Sava's age (just like you 
x—2y=15-10 
x—-2y=5 


Aid with Ted’s) and 
hev age stowtea 
out as xt 6. 


Construct an equation stating that the sum of Mel’s and Alice’s current ages 


is 65. 
x+y=65 


The solution to this problem is the solution to the system of equations. 


x-2y=5 
x+y=65 


This Veads 
% +19” (Mel's 
Paola \n ten yeaws) 
~ Gs) “2G + 10) - 5” 
Give less than two 
times Alice's age in 
Fen yeaws). Distyibute 
the 2 and put the 
linear equation in 
StandAava fovm, 
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—-x -— y = —65 
— 3y = -60 
—3y _—60 
-3 —3 
y = 20 


Alice is currently 20 years old. To determine Mel’s age, substitute y = 20 into 
either equation of the system and solve for x. 


x+y=65 
x+20=65 
x = 65-20 
x=45 


Mel is currently 45 years old, 25 years older than Alice. 


Calculating Interest 
Simple, compound, and continuously compounding 


23.9 How much simple interest accrues on a loan of $1,200 at an annual rate of 
4.5% over a three-year period? 


The formula for simple interest is 7 = pri, where zis interest, pis the principal, 
ris the annual interest rate expressed as a decimal, and tis the length of time 
(in years) the principal accrues interest. Substitute p= 1,200, r= 0.045, and ¢= 3 
into the formula to calculate 7. 


i= pri 
i =(1,200)(0.045)(3) 
i=162 


The total accrued interest is $162. 


23.10 If you wish to borrow $3,000 from a friend who will charge you simple interest 
at an annual rate of 7%, and you cannot exceed $3,300 in total debt. What 
is the maximum length of time you have to repay the debt and the accrued 
interest? Round the answer to the nearest whole day. 


You intend to borrow $3,000 but your total debt cannot exceed $3,300. 
Therefore, the maximum total interest you can afford to pay is 

$3,300 — $3,000 = $300. Substitute i= 300, p = 3,000, and r= 0.07 into the 
simple interest formula to calculate the number of years ¢it would take to 
accrue $300 in interest. 


Multiply 
the secona 

equation by -|, ada 
the equations, ana 
solve Lov y. 


Make suve 
you answer the 
question posea by 
the word problem. 

In this case, youve 
supposed to Figure 
out how much olaer 
Mel is than Alice, so 
sudtvact theiv ages: 
x-y=45-20=28. 


The principal 
is the Aollav 
amount that eavus 
intevest. In this 
case, the principal 
is $1,200. 


To change 
4.5% into a 
Aecimal, move the 
Aecimail point two 
places to the left: 
0.04S, 
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300 = (3,000)(0.07)¢ 


Because 300 = 210¢ 
vis an 300 = 
annual 210 


interest vate, 1.42857142857 = ¢ 


tis measuvead in 
yeaws. Theve ave 
BES Aays ina (non 
leap) yeaw, so 
multiply + by 
36S, 


To convert ¢ into days, multiply by 365. 
365 (1.42857142857) = 521.428571429 = 521 


The maximum length of time you can afford to borrow the money is 521 days. 


23.11 Describe the difference between simple and compound interest. 


Simple interest accrues only on the principal, whereas compound interest 
transfers interest accrued into principal each time it is compounded. Consider 
a savings account that pays only simple interest. No matter what length of time 
the money remains in the account, interest is earned only on the principal 
deposited initially. However, a compound interest account would earn interest 


Including 
the ntevest 
youve alveady 
eavnead on your 
initial investment. 
Each time it 
compounds, all the 
intevest youve earned 
is aAAeA to your 
initial investment, 
and you start 
eavuing intevest 
on that. 


on all the money in the account. 


23.12 If $500 is deposited into a savings account with a 3.75% annual interest rate 
compounded monthly, what is the balance of the account ten years later? 
Round the answer to the hundredths place. 


The formula for compound interest is b = oft + 4 , where bis the balance, 
n 


pis the principal, ris the annual interest rate expressed as a decimal, nis the 
number of times the interest is compounded in one year, and tis the length of 
time (in years) interest is earned. Substitute p = 500, r= 0.0375, n= 12, and 

t= 10 into the formula to calculate b. 


0.0375 \20 
= 500(1+ 0.003125)” 
= 500(1.003125)'” 

= 500(1.45414090123) 
= 727.07 


the balance 
is the oviginal 

Aeposit (principal) 
plus all the interest 
it eavnea. In other 

wovds, the balance 
is the total amount 
of money in your 
account. 


b =500(14 


The balance of the account is $727.07. 


lntevest 
is compoundea 
monthly, a total of 

n= |2 times perv yea. 
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23.13 How long will it take an initial investment of $4,000 to grow to $5,000 at an 
annual interest rate of 8% compounded quarterly? Express the answer in 
years, rounded to the thousandths place. 


Substitute b= 5,000, p= 4,000, r= 0.08, and n= 4 into the compound interest 


formula. 
Be ate y The intevest 
ig n ‘Ss Compoundea 
0.08\" Auavterly, n= 4 
5,000 = 4,000(1 + a) times pev yeaw, 
5,000 = 4,000(1.02)" 
Solve for ¢. 
5,000 
, 1.02" 
4,000 
5 
~=1.02" 
4 


Take the natural logarithm of both sides of the equation. 


In = In(1.02’) 


This is the 
Pvopevty ly x= aly i. 
Lvowm Problem 19.18, 


According to a property of logarithms, the power of a logarithmic argument 
can be removed from the argument and multiplied by the logarithm itself. 


5 
ln = 4¢-In(1.02) 


In(5/4) _ 4t- InG@-02) 
Inl.02 Inez) 
0.223143551314 _ 
0.019802627296 
11.2683811081 ~ 4¢ 
11.2683811081 
4 
2817 =t 


It will take approximately 2.817 years for the initial investment of $4,000 to grow 
by $1,000. 
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23.14 If$900 is deposited into a savings account with an annual interest rate 
of 5.5%, how much interest is earned over a two-year period if interest is 
compounded continuously? Round the answer to the hundredths place. 


The wove 
times in a yeaw 
that intevest is 
compounded, the 
wove intevest you 
eavn. You can’t 
Compound intevest 
move often thay 
“continuously,” 


The formula for continuously compounding interest is b = pe’, where bis the 
balance, pis the principal, eis Euler’s number (described in Problem 18.21), ris 
the annual interest rate expressed as a decimal, and tis the length of time (in 
years) interest accrues. Substitute p= 900, r= 0.055, and ¢= 2 into the formula to 


calculate b. 


b= pe” 
b= 900e°) 
b= 9000" 
b = 1,004.65 


You need a 
calculator to 


evaluate ent! The total balance of the account after two years is $1,004.65. To determine the 


total amount of interest earned, subtract the balance from the principal. 


i= $1,004.65 — $900 = $104.65 


A total of $104.65 in interest is earned. 


the problem 
Aoeswt ask fov the 
total balance. It asks 
how much money was 
eavnea on the $100 
investment, so sulbtvact 
900 from the balance 
to calculate the 
wntevest. 


23.15 You wish to deposit $3,500 in a savings account with an annual interest rate of 
6.25%. How much more interest will you earn over a 20-year period if interest 
is compounded continuously rather than annually? Round each balance and 


the final answer to the hundredths place. 


Substitute p= 3,500, r= 0.0625, and t= 20 into the continuously compounding 


interest formula and calculate b. 


_ 3, 500 e282) 20) 
= 3,500” 
= $12,216.20 


Recognize 
the fovmula 
b = pe"? It’s 
the exponential 
growth formula fivst 
Aefined in Problem 
19.36. Continuously 


The continuously compounding interest account earns $12,216.20 - $3,500 = 


$8,716.20 interest. Substitute p= 3,500, r= 0.0625, and t= 20 into the 
compound interest formula to calculate the balance of the account if interest is 


compounded annually (n= | time per year). 


compounding intevest 7 
makes the b= oli + *) 
investment grow m 
exponentially, ee 7 1 0:0625 y 


= 3,500(1.0625)” 
= 3,500 (3.36185342451) 
= $11,766.49 
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The total interest accrued when compounded annually is 


$11,766.49 — $3,500 = $8,266.49. Subtract this amount from the total interest 
earned when compounded continuously (calculated earlier in the problem). 


$8,716.20 — $8,266.49 = $449.71 


The principal earns $449.71 more interest in a continuously compounding 
account than it does in an account that compounds interest annually. 


Geometric Formulas 
Avea, volume, pevimeterv, and so on 


23.16 Calculate the radius of a circle that has a circumference of 10 inches. 


The formula for the circumference C of a circle with radius ris C= 2tr. 


Substitute C= 10 into the formula and solve for 1. 
10 =2zr 


The radius of the circle is 2 = 1.592 inches. 
a 


23.17 Calculate the area of a square that has a perimeter of 50 cm. 


The formula for the perimeter of a square with side length sis P= 4s. Substitute 


P= 50 into the formula and solve for s. 


50 =4s 


50 
Sees 


. The Pevimetey 
_ is the sum of the 
SiAes of a gJeometvic 
Figuve, A Squave has 
four equal sides, so to 
calculate its Pevimetey 
multiply the length of : 
One side by 4, 
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5 5 
Each side of the square is - =12.5 inches long. Substitute s = > into the 


the avea of 
any vectangle 
(including a 
squave, which is 
technically also a 
vectawgle) is equal 
to its length times its 
width. The length 
and wiath of a 
squave ave equal, 
so the avea is the 
length of one 
side squavea, 


formula for the area of a square: A = s°. 


. 625, 
The area of the square is ae in’. 


23.18 Calculate the area of a circle that has a diameter 8 cm long. 


The radius of a circle is equal to half of its diameter: 8 + 2 = 4. Substitute r= 4 
into the formula for the area of a circle: A = Tr. 


A=n(4)? = 16n 


The area of the circle is 167 cm?. 


23.19 If the base of a triangle is one unit longer than its height, and the area of the 


You can write 
triangle is 10 in’, what is the length of the base? 


the answer in 
Aecimail form: 
(12.8)? = 1$6.2¢ in?, 

If the length of the 
Squove’s side is measuvea 
in inches, then the avea 
iS MeasUveAd in squave 


Let / represent the height of a triangle and ) represent the base. The area of the 


1 
corresponding triangle is A= oor Note that the height of the triangle is one 


unit shorter than the base: h = b— 1. Substitute A= 10 and h= b- 1 into the 
formula. 


i 2 
inches (in?), ree bh 
2 
1 
10=—b(b-1 
: (6-1) 


Make suve to 
include units mW your 
fual answers. The 

length is measured in 
centimeters, so the 

avea is measured in 
squave centimeters 


(cw). 


_(Z\1\ a5 
200)={4 | 5] oe 1) 
20 = b(b—1) 
90=b —b 


You coula alse Set b=h + | 


ae plug that inte the formu) 
You'll end up calculating the : 
height. Plug that height into 
b=h+ 1 Gy other Wovas, AAA |) to 


calculate the length of the base 


Multiply 
both sides of 
the equation by 
2 to eliminate 
fvactions. 
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Set the left side of the quadratic equation equal to zero and solve by factoring. 


0=b7 —b-20 
0=(b-5)(b+4) 
b-5=0 b+4=0 
or 

b=5 b=-4 


The sides of a triangle, like the sides of any geometric figure, must have positive 
lengths, so discard the solution b= —4. The base of the triangle is 5 in long. 


The oppo- 
Site sides of q 
rectangle ave equal 
So theve ave two stags 
Low long ana two sides 
Wom long, Calculate 

the pevimetey by 


23.20 If the perimeter of a rectangle is 28 cm and the length of the rectangle is one 
less than twice the width, what is the area of the rectangle? 


The perimeter of a rectangle with length /and width wis P= 21+ 2w; the area is 
A= lw. The length of this rectangle is one less that twice the width, so /= 2w- 1. 
Substitute /and Pinto the perimeter formula and solve for w. 


P=21+ ; 
alae AAding up the lengths 

98 = 2(2w —1) + 2w oF all the sides: 

28 = 4w—2+ 2w Pele bare eo 

98 +2 = 4w + 2Qw 2L + 2w. 

30 = bw 

30 

oD is, 

6 

5=w 


Substitute w= 5 into the length expression. 


l=2w-1 
=2(5)-1 
=10-1 
=9 


Substitute w= 5 and /= 9 into the area formula 


A= lw = (9)(5) = 45 


The area of the rectangle is 45 cm’. 
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23.21 Calculate the radius (in inches) of a right circular cylinder that is one foot tall 
and has a volume of 967 in’. 


the answer's 
supposea to be 
in terms of inches, 
put the height is 
vepovted im feet. 
Multiply h by 12 to 
cowvert | Poot into 
\2 inches. 


The volume of a right circular cylinder with radius rand height his V= mrh. 
Substitute V= 967 and h= 12 into the formula and solve for 7. 


V=arh 
962 = ar’ (12) 


8=r 
+/8 = V7? 

+/4-2=yr 
+2J2=r 


The radius, like any geometric length, must be a positive number, so discard the 
solution r =—2J2. The radius of the cylinder is 22 inches. 


23.22 Calculate the dimensions of a right rectangular prism with volume 60 in’ if it 
has a height of 5 in and its length is three more than four times its width. 


The volume of a right rectangular prism with length J, width w, and height h 
is V= lwh. Note that the length of this prism is three more than four times the 
width, so /= 4w + 3. Substitute V= 60, h=5, and /= 4w+ 3 into the formula to 
solve for w. 


vectangulav 
prism’ is a fancy 
way of saying 
“yox.” 


V=lwh 
60 = (4w + 3)(w) (5) 
60 = (4w + 3)(5w) 
60 = 20w* +15w 
0 = 20w* +15w — 60 


Dividing 
every tevm 
of an equation 
by the same 
nonzero number 
Aoesut affect the 
solution, ana the 
smaller coefficients 
you get as a vesult 
make solving the 


Divide the entire equation by 5, the greatest common factor. 


0 20w* ,l5w _ 60 
5 5 5 5 
0=4w? + 3w—-12 


Apply the quadratic formula to solve the equation. 


—3+,/3° —4(4)(-12) 


w= 


equation a litte 9(4) 
easiev, : 34 J9+192 
7 8 
—3+/201 


8 
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Discard the negative solution. The width of the prism is w= 
Substitute w into the length formula defined above. 


—3+V201 . 
— 8. in. 


l=4wt+3 


-4 480 | 

1 8 
A(-3+J/201 

=O)" |+3 
1 A-2 

3o8 +0) ads 


Use common denominators to simplify the expression. 


_ —3+/201 6 
a ae 
_ (—3+6)+J201 
: 2 
_ 3+ 201 

2 


l 


_ 3+ 201 


The dimensions of the prism are h=5 in, /= Tort = 8.589 in, and 


—3++201 
> ——_ 
8 


= 1.397 in. 


Speed and Distance 
Distance equals vate times time 


23.23 Calculate the average speed (in km/h) of a turtle that travels 2.5 km in four 
hours. 


The formula for distance traveled at an average rate rfor a length of time fis 
d= rt. Substitute d= 2.5 and ¢= 4 into the formula and calculate r. 


2.5=r(4) 
2.5 
Beg 
4 
0.625=r 


The turtle traveled at a rate of r= 0.625 km/h. 
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23.24 How far will a jogger moving at an average speed of 6 mph travel in 75 
minutes? 


The units 
heed to match 
up. The speed is 
written in tevms of 
miles per HOUR so 
time needs to be 
mMeasuvead in hours. 
Either that ov convert 


The speed is reported in miles per hour, so express time in terms of hours, 


5 5 5 
rather than minutes: ¢ = ms = 7 hours. Substitute r=6 and t= 4 into the 
distance formula to calculate d. 


d=rt 
Cmph into © — | 6(5 
alee air 
miles Pev minute and 
keep t = 75. You'll se 
get the same 4 
value fov A, = 15 
2 


15 
The jogger travels or 7.5 miles. 


23.25 If it takes Bus A 3.25 hours to complete a fixed route at an average speed of 35 
mph, how long will it take Bus B (in hours) to complete the same route at an 
average speed of 30 mph? Round the answer to the hundredths place. 


Let d, be the distance Bus A travels (in miles) at rate 7, mph for time ¢, hours. 
Similarly, let d, be the distance Bus B travels at rate 7, mph for time ¢, hours. 
The distance formula for Bus A is d, = r,t,, and the distance formula for Bus B 
is dy = %plp. 


The buses travel the same distance, so d, = d,. Substitute d, = r,t, and d, = 7g, 
into that equation. 


d, =d, 


Tyly = Mply 


Substitute 7 = 35, ¢, = 3.25, and x, = 30 into the equation and solve for 4. 


Multiph 0.79 yb, = hh, 
(the Aecimal part (35)(3.25) = (30) t, 
the answer) by 6g 113.75 = 30-t, 

© APPVoximate minute 113.75 
s: ; 
took just over 3 hours 3.79 = t, 


comp!) 
ete the voute, Bus B will complete the route in approximately 3.79 hours. 
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23.26 If Don travels 320 km ata speed 5 km/h faster than Mike, who travels 300 km 
during the same period of time, what was the average speed of both drivers? 


In Problem 
23.25, the 
Aistances tvavelea 
Weve equal, anda you 
Substituted into the 
equation A, = A,. In 
this Problem, the time 
tvavelea is equal. 
Youve solving for + so 
that you can plug into 
the equation 
t= Lae 


Let d, represent the distance traveled (in kilometers) by Don at a rate of 

7% km/h for ¢, hours. Let d,, represent the distance traveled by Mike at a rate 
of x, km/h for 4, hours. The distance formula for Don’s trip is d, = 7pfp, an the 
distance formula for Mike’s trip is dy = "ity. 


Solve each of the distance formulas for ¢. 
dy = lp Ay, = Nyt 


% ™ 


Both drivers travel for the same period of time, so {, = é,. Substitute the above 
rational expressions into the equation. 


by = ty 
d,_ d, 
' ™ 


Don’s speed is 5 km/h faster than Mike’s speed, so 7, = 7, + 5. Substitute 
dy = 320, dy, = 300, and 7, = 7, + 5 into the equation. 


320 _ 300 
ry +5 Mt 


Cross multiply and solve for %,. 


320 (1%) = (m, +5)300 
320%, = 3007, + 1,500 
3207, — 300m, = 1,500 


20n, = 1,500 
1,500 
t. — 
ro 20 
rg = 75 Dow's speed is 


Wey SHIS+s= 
80 kw/h. 


Mike drove at an average speed of 75 km/h, and Don drove at an average speed 
of 80 km/h. 
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23.27 Jack and Jill are exercising on a 400-meter-long track. Jack walks at an average 
speed of 2 m/sec. After Jack has completed one full lap, Jill starts from the 
same position Jack did, jogging along the same path at an average speed of 
5 m/sec. How long does Jill have to run to catch up to and pass Jack? 


Let d,, represent the distance (in meters) Jack travels at an average rate of 7, 
m/sec for ¢,, seconds. Let d, represent the distance Jill travels at an average rate 
of 7, m/sec for é, seconds. The formula for Jack’s distance walked is dj, = 7b,; 
and the formula for Jill’s distance jogged is dy = tly. 


After Jill has caught up to Jack, she will have traveled the same distance he has. 
At that moment, d,, = d,. Substitute the distance formulas into the equation. 


dys — dy 


Taba = hen 


Jill begins jogging after Jack has completed a lap, a distance of 400 m. It 
will take Jack 400 + 2 = 200 seconds to travel that distance at 2 m/sec. 
Therefore, Jack’s travel time is 200 seconds longer than Jill’s: 4, = 4, + 200. 
Substitute 7, = 2, 7, = 5, and 4, = 4, + 200 into the equation. 


A = vt = (2)(200) = 400 


2 (a + 200) = 5ty 
2t, +400 = 5t, 


400 = 5ty, — Qty 
400 = 3t, 

400 _ 

Boe 


400 5 
Jill will catch up to Jack in ao 133.3 seconds. 


23.28 It takes Phil 10 minutes to swim from the shore to a buoy, at an average speed 
of 3.5 ft/sec. How long will it take Phil to swim back to shore along the same 
route if his speed is slowed to 2 ft/sec by the currents in the water? Express the 


\ answer in minutes and seconds. 
we Let d, = 7,4, represent the distance from the shore to the buoy and d, = 7,t, 
@ @ represent the distance from the buoy to the shore. According to the problem, 
oF 4 Phil swims the same route each way, so the distances traveled each way are 
\, equal. 
d, =, 
Nb = ly 


Because A, = vt, you can 
substitute vt, Pov A, in the equation A, = A,. 
Same thing for A, = v,t,. 
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Time is expressed in minutes but speed is expressed in ft/sec. Convert time 
into seconds, thereby making the units compatible: 10 minutes = 10(60) = 600 
seconds. Substitute 7, = 3.5, ¢, = 600, and 7, = 2 into the equation and solve for 4,. 


(3.5) (600) = (2)(t, ) 


2,100 = 21, 

2,100 

—— t, 
2 

1,050 =1, 


Multiply by 
60 to convert the 
Aecimal pavt of the 


answer back to seconds: 
(60)(0.S) =30. 


It takes Phil 1,050 seconds to swim from the buoy to the shore. Divide 1,050 by 
60 to calculate the number of minutes Phil swam. 


1,050 + 60 = 17.5 minutes 


Phil’s swim from the buoy to the shore lasted 17 minutes and 30 seconds: 


23.29 Two cars are placed at opposite ends of a straight, 0.75-mile-long test track 


to determine the effectiveness of driver’s side air bags in a head-on collision. X Vas 
The first car begins driving toward the second at an average speed of 30 mph, 
and 10 seconds later, the second car begins driving toward the first car at an 

() 


average speed of 40 mph. How long does the first car drive before colliding ty 
head-on with the second car? Report the answer in hours. SS 


Let d, = 7,4, represent the distance traveled by the first car and d, = ml, represent 
the distance traveled by the second car. The cars begin at opposite ends of the 
0.75-mile-long track and will collide when the sum of the distances traveled by 
both cars is 0.75 miles. 


d, +d, =0.75 
Ht, + ty = 0.75 


The second car starts driving 10 seconds after the first car, so at the time of 
collision, the first car will have traveled for 10 seconds longer. Notice that the 
speeds of the cars are expressed as miles per hour, so convert 10 seconds into To convert 
1 fvom seconds 
to minutes, you 
Awide by 60. To 
convert from minutes 
to hours, Aivide by 
60 again. If you want 
to convert straight 
fvom seconds to 
houvs, Aivide 
by (60)(60) = 


1 
herefore, t, = ¢, + 10 seconds, and ¢, =é, + 360 hours. 


hours: 


3,600 360° 


1 
Substitute 7, = 30, 7, = 40, and 4, =4, + 360 into the equation. 


nt, + mt, =0.75 
1 
30)| ¢, +—~ |+ (40) (4, ) = 0.75 
(30)[t, +525 }+(40)(1) 


30 
301, +—— + 401, = 0.75 
360 


1 
70t, +— =0.75 
12 
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75 3 
Express 0.75 as a fraction: 0.75 =—— =—. 
100 4 


0.75 is 
veaa 
“seventy-five 
HUNDREDths.’ 
To convert the 
Aecimall inte a 
fraction, Aivide 
TS by one 
HUNDRED. 


Multiply the entire equation by 12, the least common denominator, to eliminate 


12(704)+{72 (5 |= = (2) 


36 
8402, +1=— 
4 


fractions. 


8401, +1=9 
Solve for 4. 
8401, =9-1 
Multiply by 3,600 to convert te eteat 
seconds: by = — 
| >” 840 
Toe" 3,600) ® 34.29 seconds ; — a 
= 105 


1 
The first car will travel los hours before the collision. 


Mixture and Combination 
Measuring ingvedients th a mixtuve 
23.30 A 12-ounce cup of fruit punch contains 70% fruit juice and 30% water. If 
combined with a 16-ounce bottle of fruit punch that contains 10% fruit juice 
and 90% water, what portion of the mixture is juice? Report the answer as a 
percentage rounded to the hundredths place. 


To solve a mixture problem, multiply the amount of each ingredient by the 


value that describes it (such as its concentration) and add the results. Set the 
sum equal to the total amount of the mixture multiplied by its descriptive value. 


ingredient 1}: |its value}+]ingredient 2): |its value] = [total mixture]: |its value 
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In this problem, the ingredients are 12- and 16-ounce containers of punch, 
which contain 70% and 10% real juice, respectively. Convert the percentages 
into decimals (70% = 0.7 and 10% = 0.1) and substitute the values into the 
equation blueprint above. Let x represent the unknown value, the portion of the 
final mixture that is real juice. 


(12)(0.7) + (16)(0.1) = (12 +16) (x) 


8.44+1.6 = 28x 
10 = 28x To convert 
10 from a Aecimal 
28 =x to a pevcent, move 


the Aecimail point two 
places to the vight. 
Dowt vound to the 
hunaveaths place until 
after you move the 
daecimal. 


0.357142857143 = x 


The mixture is approximately 35.71% fruit juice. 


23.31 Ifa 5-pound bag of mixed nuts that is 45% peanuts by weight is combined with 
a 12-pound bag of mixed nuts that is 40% peanuts by weight, what percentage 
of the mixture is peanuts (by weight)? Report the answer as a percentage 
rounded to the hundredths place. 


Apply the blueprint for mixture and combination problems. 


ingredient 1}: |its value|+]ingredient 2)-|its value] = [total mixture]: |its value 


Multiply the first ingredient, a 5-pound bag, by 0.45 (its descriptive value 45% 
expressed as a decimal). Multiply the second ingredient, a 12-pound bag, by its 
descriptive value, 0.4. The mixture weighs 5 + 12 = 17 pounds; let x represent 
the unknown descriptive value, the percentage of the mixture that is peanuts by 
weight. 


(5)(0.45) + (12) (0.4) = (5 +12)(x) 


2.254+4.8=17x 
7.05 =17x 
7.05 _ 
a 


0.414705882353 = x 


The mixture is approximately 41.47% peanuts by weight. 


23.32 How much extra-virgin olive oil, containing 0.8% acidity, must be added to 4 
gallons of olive oil with an acidity of 2.5% so that the mixture has an acidity of 
2%? Report the answer in gallons, rounded to the hundredths place. 


Apply the blueprint for mixture and combination problems. 


ingredient 1 -[its value] + ingredient 2): [its value] = |total mixture]: [its value 
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Let x represent the unknown amount (in gallons) of the first ingredient, the 
extra-virgin Olive oil; multiply x by its acidity (0.008). Add the amount of the 
second ingredient (4 gallons) multiplied by its acidity (0.025). The total mixture 
is x + 4 gallons and has an acidity of 0.02. 


Even though 
the Percentage 
0.8% contains a 
Aecimal, you still 
need to move that 
Aecimall point two 
places to the left 
to convert the 


(x) (0.008) + (4)(0.025) = (x + 4)(0.02) 
0.008x + 0.1 = 0.02x + 0.08 


Solve for x. 


0.1—0.08 = 0.02x — 0.008x 


Pevcentage into a 0.02 = 0.012x 
Aecimal value: . 
0.8% = 0.008. sa = 
16=x 


In order to give the mixture an acidity of 2%, 1.67 gallons of extra-virgin olive 
oil are required. 


le = 1.ceeee. w |.¢7 


23.33 Two machines at a manufacturing plant are used to fulfill an order for 
widgets. Machine A produces 350 widgets, and machine B produces 800. 
Upon receiving the order, the customer notes that 138 of the widgets have 
Va manufacturing defects. 


ee If engineers determine that approximately 1.5% of the widgets made by 
\ e No machine B are defective, what percentage of the widgets made by machine A 
are defective? 


Let w, = 350 represent the number of widgets made by machine A, w, = 800 
represent the number of widgets made by machine B, 7, represent the 
percentage of widgets made by machine A that contain defects, 7, = .015 
represent the percentage of widgets made by machine B that contain defects, 

w, = 800 + 350 = 1,150 represent the total number of widgets ordered, and 

ry, = 138 + 1,150 = 0.12 represent the percentage of the widgets ordered that were 
defective. Apply the blueprint for mixture and combination problems. 


3 I3¥ out of the 
130 total wia 
gets 
haa Aefects, which is 
= 12% of the ovdAey, 


Wry TWyh, = WY, 
(350)(7, ) + (800) (0.015) = (1,150) (0.12) 
350r, +12 =138 


Solve for 7%. 
350r, =138—-12 


3507, =126 
_ 126 

UN ~ 350 

1, = 0.36 


Approximately 36% of the widgets made by machine A were defective. 
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23.34 A collection of 49 nickels and pennies is worth 85 cents. How many of the 


23.35 A jar of dimes and quarters is worth $32.45. If the number of quarters is 13 less 


If theve ave 
nw uickels and 
a total of 49 
cous ovevall, then 
subtract the wumber 
of nickels vow 49 to 
Find out how many 
pennies theve 
ave. 


coins are nickels? 


Let n represent the number of nickels. The collection contains 49 total coins, 
so there are p= 49 — n pennies. Multiply the total number of each coin by its 
worth (expressed as a decimal) and set the sum equal to 0.85 = 85 cents. 


(number of nickels)(5 cents) + (number of pennies)(1 cent) = 85 cents 
n(0.05) + (49 —n)(0.01) = 0.85 
0.05n + 0.49 —0.01n = 0.85 
0.05n — 0.01n + 0.49 = 0.85 
0.04n + 0.49 = 0.85 


Solve for n. 


0.04n = 0.85 — 0.49 


0.04n = 0.36 
0.36 
n= — 
0.04 

n=9 


There are nine nickels among the 49 coins. 


than three times the number of dimes, how many quarters are in the jar? 


ZA- Sis 
thivteen less than 
thvee times the 

number of Aimes. 


Let drepresent the number of dimes in the jar and g = 3d- 13 represent the 
number of quarters. Multiply the total number of each coin by its value and set 
the sum equal to $32.45. 
(number of dimes)(0.10)+ (number of quarters) (0.25) = 32.45 
d(0.10) + (3d —13)(0.25) = 32.45 
0.10d + 0.75d — 3.25 = 32.45 
0.85d — 3.25 = 32.45 


Solve for d. 
0.85d = 32.45 + 3.25 
0.85d = 35.7 
35.7 
d =—— 
0.85 
d=42 


The collection of coins contains 42 dimes. Calculate the number of quarters. 
q=3d—-13 
= 3(42)—-13 
=126-13 
=113 


The collection of coins contains 113 quarters. 
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23.36 A collection of 44 coins containing pennies, dimes, and quarters is worth 
$5.90. There are twice as many dimes as quarters. How many pennies are in 
the collection? 


Theve ave 
q quarters ana 
2q Aimes. The 
combined number of 
quarters and Ames 
isaqr 2a =%a. the 
total number of coins 
is 44, so subtvact the 
combined number of 
quarters and Aimes 
Pyow 44 to calculate 
the number of 
pemnies. 


Let grepresent the number of quarters, d= 2¢ represent the number of dimes, 
and p= 44 — 3qrepresent the number of pennies. Multiply the total number of 
each coin by its value and set the sum equal to 5.90. 


(number of quarters) (0.25) + (number of dimes)(0.10) + (number of pennies) (0.01) = 5.90 
q(0.25) + 2q(0.10) + (44 — 3q)(0.01) = 5.90 

0.259 + 0.209 + 0.44 — 0.039 = 5.90 

(0.259 + 0.20q — 0.03q) + 0.44 = 5.90 

0.42¢ + 0.44 = 5.90 


Solve for g. 
0.42¢ = 5.90 — 0.44 


0.42q = 5.46 

This is the q eae 
expression fov 22: 

pennies Aetned in 0.42 
qg=13 


the beginning of the 


problem: p = 44 - 3a, ; 
There are q = 13 quarters, 2(13) = 26 dimes, and 44 — 3(13) = 44-39=5 


pennies. 


Work 
How much time does it save to wovk together? 


23.37 Two computer programmers are instructed to write code for an application. 
Working by herself, Donna could complete the task in five days, but when 
working with Chris, she is able to complete the program in three days. How 
long would it take Chris to complete the task by himself? 


To set up a work problem, create one fraction for each of the individuals 
involved. The numerator of each fraction is the length of time the individual 
worked, and the denominator is the length of time it would take that individual 
to complete the task working alone. Add the fractions and set the sum equal to 


Donna’s time worked Chris’ time worked 


Donna’s time to complete Chris’ time to complete 


The sum 
of the fvactions 


always equals |. Chris and Donna worked together for the same length of time, three days. 


Donna can complete the task alone in five days. Let x represent the length of 
time it would take Chris to complete the task alone. 


3 3 
-—4 == 
5 x 


1 
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Multiply the entire equation by 5x, the least common denominator, to eliminate 


fractions. 
Bx\(3\ (5£€\(3 
=(5x)(1 
| 1 B + 1 ri ( x)(1) 
3x +15 =5x 
Solve for x. 
15=5x-3x 
15 = 2x 
15 
iey 
2 


15 
It would take Chris io 7.5 days to complete the task by himself. 


Note: Problems 23.38—23.39 refer to a pair of carpenters named Lisa and Karen. Lisa can 
build a bookshelf in 30 minutes, and Karen can build the same bookshelf in 45 minutes. 


23.38 How long will it take Lisa and Karen to build the bookshelf together? 


Let x represent the length of time Lisa and Karen work together to complete 
the bookshelf. Create a rational expression for each carpenter, dividing x (the 
length of time worked by both) by the length of time it would take each to 
complete the bookshelf alone. Add the fractions and set the sum equal to one. 


Oy 
I" vepresents "| 


Lisa’s time worked Karen’s time worked ; ac ais bookshelL” 
Lisa’s time to complete Karen’s time to complete th 5 Fractions on 
: . e left side of the 
30 * 45 ee CqWAtION vepresent 


Multiply the entire equation by 90, the least common denominator, to eliminate 


fractions. 
Gia (> (=) = (90)(1) 


—x+—x=90 
30 45 

3x+2x = 90 

5x = 90 

90 

r= 

5 

x=18 


Working together, Lisa and Karen complete the bookshelf in 18 minutes. 
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\ Note: Problems 23.38-23.39 refer to a pair of carpenters named Lisa and Karen. Lisa can 
build a bookshelf in 30 minutes. 


Ge 
he Ns 23.39 Karen is injured and can no longer complete the bookshelf alone in 45 


minutes. It now takes Lisa and Karen 28 minutes 48 seconds to complete the 
bookshelf working together. How long would it take Karen to complete the 
bookshelf working alone? 


48 4 
Divide 48 seconds by 60 to convert into minutes: 605 0.8. It takes the 
pair of carpenters 28.8 minutes to build the bookshelf together, and Lisa can 
complete the bookshelf in 30 minutes by herself. Let x represent the length of 


time it would take Karen to build the bookshelf. 


Lisa’s time worked Karen’s time worked = 
Lisa’s time to complete Karen’s time to complete 
28.8 28.8 
a + a Sikh 
30 x 


Multiply the entire equation by 30x, the least common denominator, to 
eliminate fractions. 


Sr} AEP} -90@ 


98.8x + 30 (28.8) = 30x 
28.8x + 864 = 30x 


Solve for x. 
864 = 30x — 28.8x 


864 = 1.2x 
864 
pie 
1.2 
720=x 


: 720 
It would take Karen 720 minutes, or 60. =12 hours, to complete the task alone. 


Note: Problems 23.40-23.41 refer to Rob and Matt, who go into business together mowing 
lawns during the summer. Rob works twice as fast as Matt. 


23.40 If it takes Rob and Matt 90 minutes to mow one lawn together, how long would 
it take each of them to mow it separately? 


Let x be the length of time it takes Rob to mow the lawn alone, and let 2x be 
the time Matt needs to complete the same task. They spend 90 minutes working 


together. 
Rob’s time worked Matt’s time worked 1 
Rob’s time to complete Matt’s time to complete 
90 90 
— + am = | 
x 2x 
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Multiply the entire equation by 2x, the least common denominator, to eliminate 


fractions. 
CMa) ele 


2(90) +90 = 2x 


180+ 90 = 2x 
270 = 2x 
270 
ol eee 
2 
135=x 


Rob could mow the lawn alone in 135 minutes, and it would take Matt 
2(135) = 270 minutes. 


Note: Problems 23.40-23.41 refer to Rob and Matt, who go into business together mowing 
lawns during the summer. Rob works twice as fast as Matt. 


23.41 Rob and Matt are mowing the lawn described in Problem 23.40, a job they can iN Vl 


complete in 90 minutes working together. Twenty minutes after they begin, de 


Rob has to leave and does not return. How long will it take Matt to complete WA ERo 
the remainder of the job alone? 


Rob and Matt begin work together, but Rob works for only 20 minutes. If x 
represents the amount of time it will take Matt to complete the job after Rob 
leaves, Matt works a total of x + 20 minutes~According to Problem 23.40, Rob 
can mow the lawn by himself in 135 minutes and it takes Matt 270 minutes. 


He wovks 20 
minutes with Reb 

and then x minutes 
after Reb leaves. 


Rob’s time worked Matt’s time worked 1 
Rob’s time to complete Matt’s time to complete 
20 x +20 
nae + = 1 
135 270 


Multiply the entire equation by 270, the least common denominator, to 
eliminate fractions. 


>)B)-Ra2} 0 
385 2-20 | 270 (x +20) 
135 270 


40+ x+20=270 


= 270 


x +60 = 270 
x = 270-60 
x=210 


210 
It will take Matt 210 minutes, or 60 = 3.5 hours, to finish mowing the lawn. 
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eating fish. Under normal circumstances, this plecostomus can completely clean the algae 


Via Note: Problems 23.42-23.43 refer to an aquarium that contains a plecostomus, an algae- 
oN from the sides of the aquarium in seven days. 


@ 
@s — 3 23.42 Due to poor maintenance, algae are blooming in the fish tank at an 


Nod) accelerated rate. In fact, if the plecostomus were absent, the algae would cover 
the sides of the aquarium in four days. How long will it take algae to cover the 


sides of the tank despite the efforts of the fish? 


Let x represent the time it will take algae to cover the sides of the aquarium. 
Both the fish and the algae “work” for the entire time period. 


Iusteaa 


of adding algae’s time worked fish’s time worked 1 
the fractions, algae’s time to complete fish’s time to complete 
YOU Subtvact the x i 


x 
fish Pvaction from 4 7 


the algae fraction, 


The ish is actively Multiply the entire fraction by 28, the least common denominator, to eliminate 


Bie against the fractions. 
A'IAE, SO alll of its 28 \( x 28 \ (x 
work is slowing ()(=}-( 1 §)-e9m 
Aown the algae 28 28 98 
=x =v = 

growth, 4 7 

7x —4x = 28 

3x = 28 

28 

x= — 

3 

28 1 . ; . 
In aa 3 days, the sides of the tank will be covered with algae. 


Note: Problems 23.42-23.43 refer to an aquarium that contains a plecostomus, an algae- 
\ eating fish. Under normal circumstances, this plecostomus can completely clean the algae 


g from the sides of the aquarium in seven days. 


oral Se 23.43 The owner of the aquarium described in Problem 22.42 cleans the tank 
Wo and thereby restores the ecosystem. However, two months later, the algae 
\y begin to bloom again. To combat the algae problem this time, the aquarium 
owner adds a second plecostomus to the tank. Working alone under normal 
circumstances, the new fish could clean the sides of the tank in five days. 


coulA take 
over the tank 

in 4 Aays. Neither 
fish con wovk that 
fast—one takes 
Aays to clean the 
AQUAVIWM ANA one 
takes 7—but working 
togethey, they can 
eliminate the 
algae. 


How long will it take both fish, working together, to clean the sides of the 
aquarium as they combat an algae bloom that (if left unchecked) would once 


again cover the sides of the tank in four days? 


Let x represent the time it takes both fish working together to clean the sides of 
the tank. The pair of fish and the algae “work” for that entire period of time. 
Note that the algae is working against the progress of the fish, so its fraction 
should be subtracted from, rather than added to, the fractions representing the 


work of the fish. 
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first fish’s time worked new fish’s time worked algae’s time worked _ 
first fish’s time to complete new fish’s time to complete algae’s time to complete 
x x x 
ae + = - _ =, I 
vi 5 4 


Multiply the entire equation by 140, the least common denominator, to 
eliminate fractions. 


Ta PIG)-c 


140 140 140 


x+ x x=140 

7 5 4 
20x + 28x — 35x = 140 
13x = 140 
140 
x=— 
13 


140 
Working together, it takes the fish ao 10.77 days to clean the sides of the 


aquarium despite the algae bloom. 
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Algeiovac Properties 


Associative Property of Addition: (atb)+c=at (bt c) 
Associative Property of Multiplication: (alp)c = alba) 


Commutative Property of Addition: at b= bra 
Commutative Property of Multiplication: al = ba 


AAdaitive lAentity: a+ d0=Oraz=a 
Multiplicative lAentity: a(l) = lajaa 


AAditive Inverse: at Ca) =-at+a=0 


a= | 


ie ea 1 | 
Multiplicative Inverse: art = Z° 


Se a es 
Distvilbutive Property: alo + od = abtac 
Symumetvic Property: If a=b, then baa. 
Trousitive Property: Ifa=b and b= then a=c. 


Appendix B 


Important graphs and graph transformations 


Appendix B 
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Ow Con 
STAWUTS TVANStTOVM a Unction S| 
H towts + £ £ t vaph 


hovizontally 
5 &(x) hovizonrally 

ovey y-axis ana $s 
axis AVA squishes it 


7 |: squishes R(x) 
OL <i: stverche 
-| f\ < 0: Flips R(x) 
\p <I: Flips £(x) ovev Y~ 


pyerches i hovizonrally 


ovizoutally 


; : : stvetches f 
A< |: saui 
=l< - ishes (x) vevti 
ac aA : - flips £0) over Beal 
8 flips £(x) Web x 


©) vertically 


AXIS anA 
oe squishes j 
AXIS es ity. 
"A stretches it fae 
i 


tically 


cally 


ue of (ox * <) erases gvar Jet of y-axis 
5 ik with vetlection of B(x) acvoss the y-axis 


Arysolute val 
and veplace 
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Key Algebva Formulas 


Lineav Equations 
Slope-intercept form: y= mx +b 
Point-slope form: y - y, = w(x - x) 
Stomaava form: Ax + By = C 


Matvix Fovmulas : 
(7.4 
2x2 Aeterminant: |. |= 74-7 


a be 


3x3 Aeterminomt: [a e £)=aei+ vg + cAh-gec—hfa-iab 


c) nh t 
Cramev’s Rule: ; | ; | 
. Ax + By=C . F DF 
Solution to the syste = Ay= 
on SsySTewW ae x A B ONA y AB 
Do De 


FOIL Methoa: (atblet+A)=actadAt+yet+ba 


Factoving Formulas 
Diffevence of perfect squaves: a’ -b? = (at vb)(a - bv) 
Sum of perfect cubes: a’ + b’ = (at bio’ - ab +b’) 
Difference of perfect cubes: a’ -b’ = (a- bla’ + ab +b’) 


Appenaix C 


bib —-4ac 


Quadvatic formula: P= 1? =*ac _ | 
Za 
Vawiation 
Divect: z =k 


Inverse: xy = k 


Standowa Forms of Conic Sections 
Pavabola with vertical axis of symmetry: y = a(x - bh)? +k 
Pavaibola with hovizontal axis of symmetry: x= aly -k)? +h 
Civcle: k -W? + § - kb) = R? 


Ellipse with hovizoutal major axis: 


2 2 
(x ) ra (y a) si 
a » 


| 


2 2 
Ellipse with vertical major axis: ~ ‘ Oe = 


“vA 
Eccentvicity of an ellipse: e = = 


(x — h)? (y —k)’ 
2 7 2 eH 


b 
(y —k)? (x — h)? 
2 ae - 


= ” = | 


aA » 


Hypevbola with hovizoutal tvausverse axis: 


Hypevbola with vertical transverse axis: 


Intevest 
Simple intevest: i= pvt 


Compound intevest: » =p [+= 
Continuously compounding intevest: b = pe 
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Geowmetvic Formulas 
Avea ok acivcle: A= trv’ 
Civcumfevence of a civcle: C = 211rv 
Avea of avectangle: A=W 
Pevimeter of avectangle: P= 2+ 2W 
Avena of a triangle: A= veh 
Volume of a vight vectangulay prism: V = LWH 
Volume of a vight vectangulaw cylinder: V = trv“h 


Distance = vate x time 


Mixture and Combination: 
(ingredient [)(its value) + (ingredient 2)(its value) = (total mixtuve)(its value) 


Work: __Pevson | time workeA | Pevson 2 time worked 


Pevson l|’s time to complete — Person 2’s time to complete 
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ALPHABETICAL LIST OF CONCEPTS WITH 


PROBLEM NUMBERS 


This comprehensive index organizes the concepts and skills discussed within the book alphabetically. Each 


entry is accompanied by one or more problem numbers, in which the topics are most prominently featured. 


All of these numbers veer to problems, not PAJES, 


second prodblem in Chapter 8. 


A-B 


abscissa: 15.1—15.4 
absolute value 
functions: 15.4-1I5.5, 16.3-16.4, 16.12—-16.14, 
16.28, 16.40-16.44 
linear equations: 4.29-4.26, 5.40—5.44, 7.35 
(of) signed numbers: 1.17-1.21, 1.27-1.30 
additive identity: 1.36, 1.40, 10.3 
age word problems: 23.6—23.8 
area: 23.17—23.20 
associative property: 1.32, 1.35, 1.43 
asymptotes 
horizontal: 20.35, 20.37, 20.40, 20.42 
(of) hyperbolas: 22.36, 22.38—22.39, 22.42 
oblique: 20.43 
vertical: 20.35—20.36, 20.39, 20.42 
augmented matrices: 10.1-10.2, 10.19, 10.23, 
10.25-10.26, 10.32, 10.34, 10.36, 10.38, 10.40 
axioms of algebra: see properties of algebra 
axis of symmetry: 22.2, 22.6 


base (of a triangle): 23.19 


in the ook. For example, 8.2 is the 


C 


carbon dating: 19.40-19.43 
center 
(of a) circle: 22.12, 22.15, 22.17, 22.20 
(of an) ellipse: 22.22-22.24, 22.26, 22.29 
(of a) hyperbola: 22.33, 22.38, 22.40, 22.42- 
22.43 
change of base formula: 18.25—-18.33 
circle: 22.12-22.21, 23.16, 23.18 
circumference: 23.16 
cofactor: 9.32—9.33 
cofactor expansion: 9.34—9.37 
coin word problems: 23.34—23.36 
combination word problems: 23.30—23.33 
common logarithms: 18.17-18.20 
commutative property: 1.34—-1.35 
completing the square: 14.12-14.19, 14.27, 22.1, 
22.4, 22.7, 22.10, 22.14-22.15, 22.17, 22.25, 
22.28, 22.37, 22.41 
complex fractions: 2.41—2.43, 20.30-20.34, 22.31 
complex numbers: 1.7-1.10, 13.37-13.44, 14.19, 
14.26, 14.31 
composite numbers: 1.4 


Index — Alphabetical List of Concepts with Problem Numbers 


composition of functions: 15.18-15.27, 15.32, 
15.34, 19.10-19.11 

compound interest: 23.11—23.13, 23.15 
conic sections 

circle: 22.12—22.2] 

ellipse: 22.22—22.32 

hyperbola: 22.33—22.43 

parabola: 22.1—22.11 
conjugate (of a complex number): 13.42, 13.44 
conjugate axis: 22.34-22.35, 22.38, 22.42 
consecutive integer word problems: 23.1-23.5 
constant: 11.6, 11.8 
constant of proportionality: 21.21—21.25 
constant of variation: 21.21—21.30 
continuously compounding interest: 23.14—23.15 
coordinate plane: 5.1, 5.4—5.6 
counting numbers: see natural numbers 
Cramer’s Rule: 9.38, 9.40—9.44 
critical numbers: 14.35, 14.38, 14.40, 14.42, 21.31, 

21.34, 21.38, 21.42 

cross multiplication: 21.1-21.8, 21.10-21.11, 23.26 


cylinder: 23.21 


diameter: 22.21 
decimals 
converting to/from fractions: 2.3, 2.5, 2.18-2.21, 
4.26-4.28 
converting to/from percentages: 2.1—2.2 
Descartes’ rule of signs: 17.21-17.27, 17.35, 17.38, 
17.41-17.42 
determinant 
(of a) 2 x 2 matrix: 9.26-9.28 
(of a) 3 x 3 matrix: 9.29-9.30, 9.34-9.36 
(of a) 4 x 4 matrix: 9.37 
diameter: 23.18 
difference of perfect cubes: 12.31, 12.33-12.34, 
20.6 
difference of perfect squares: 12.26-12.30, 12.34, 
14.5, 17.39, 20.4, 20.6, 20.13, 20.17, 20.22, 
20.26-20.27, 20.33 
direct variation: 21.21—21.25 
directrix: 22.9-22.11 
discriminant: 3.43, 14.29-14.34 


distance formula: 22.18, 22.21 

distance word problems: 23.23-23.29 

distributive property: 1.38-1.39, 3.23-3.29 

domain: 16.10, 16.13, 16.15—-16.20, 16.26-16.30, 
18.13, 19.3 

double root: 14.9, 14.33-14.34, 14.38 


eccentricity: 22.30 
elements (of a matrix): 9.2—9.3, 9.5-9.6 
elimination technique: 8.19—8.28, 23.6, 23.8 
ellipse: 22.22-22.32 
end behavior: see leading coefficient test 
equations 
absolute value: 5.40—5.44 
exponential: 13.20, 19.19-19.24, 19.37, 19.39- 
19.41, 23.13 
linear: 5.7-5.9, 5.11, 5.13—5.14, 5.21, 5.23, 
5.25, 5.39, 6.21—6.22, 6.24, 6.26, 6.32, 
6.38, 6.41, 6.43, 8.1-8.7 
logarithmic: 18.2-18.10, 18.19, 18.31-18.33, 
19, 25-19, 35 
matrix: 10.37, 10.39-10.41 
quadratic: 14. 1-14.42 
radical: 13.32-13.36, 14.28 
rational: 4.15—4.14, 4.19, 4.23, 21.2—21.20, 
23.37-23.43 
systems of: 8.1-8.28, 9.39-9.44, 10.19-10.24, 
10.26, 10.33, 23.5-23.6, 23.8 
Euler’s number: 18.21 
even functions: 16.25 
even numbers: 1.3 
expressions 
evaluating: 3.40-3.44 
writing: 3.1-3.7 
exponential growth and decay: 19.36-19.43, 
23.14-23.15 
exponentiation: 19.25-19.29, 19.31-19.33, 19.35 
exponents 
basic: 3.83.18, 3.35 
equations involving: 13.20, 19.19-19.24, 19.37, 
19.39-19.41, 23.13 
expressions involving: 19.13, 19.18 
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factoring 
(by) decomposition: 12.42—12.44, 14.8—14.9, 
1442, 17.10, 17.32 
difference of perfect cubes: 12.31, 12.33-12.34, 
20.6 
difference of perfect squares: 12.26—12.30, 12.34, 
145, 17.39, 20.4, 20.6, 20:13, 20.17, 20:22, 
20.26-20.27, 20.33 
(by) grouping: 12.20-12.25, 14.11 
integers: 2.30, 2.32, 12.1-12.8, 12.10, 12.15 
polynomials: 12.14, 12.16-12.44, 17.7-17.8, 
1710, 17.12, 17.30, 17.32, 17.34, 1739 
sum of perfect cubes: 12.31-12.32, 12.34, 20.26 
trinomials 12.35—-12.44, 14.6-14.9, 14.35, 14.38 
focus 
(of an) ellipse: 22.29 
(of a) hyperbola: 22.40, 22.43 
(of a) parabola: 22.8, 22.10 
FOIL method: 11.19-11.25 
fractions 
adding and subtracting: 2.25, 2.27-2.29, 2.31- 
2.32 
complex: 2.41-2.43 
expressed as decimals: 2.3, 2.5, 2.18-2.21 
expressed as percentages: 2.4, 2.6 
improper: 2.8—2.10 
multiplying and dwiding: 2.33-2.43 
reducing to lowest terms: 2.11, 2.13, 2.15-2.18 
functions 
absolute value functions: 16.3-16.4, 16.12- 
16.14, 16.28, 16.40-16.44 
composition: 15.18-15.27, 15.32, 15.34, 19.10- 
1917 
domain of: 16.10, 16.13, 16.15-16.20, 16.26- 
16.30 
evaluating: 15.1, 15.3, 15.5, 15.7, 15.10-15.12, 
15.14-15.18, 15.21-15.23, 15.26, 15.40, 
15.42, 17.3-17.6 
even: 16.25 
identifying: 15.1-15.8, 15.43 
inverse: 15.27-15.37, 19.4, 19.10-19.11 
logarithmic: 18.11-18.12, 18.14-18.16 
odd: 16.24 


operations on: 15.9-15.17 
piecewise-defined: 15.38-15.43 
range of: 16.11, 16.14, 16.20, 16.26—16.30 
rational functions: 16.7-16.8, 16.15, 16.17, 
16.30, 16.33-16.34 
square root functions: 16.9-16.11, 16.16, 16.29, 
16.35, 16.37, 16.39 
symmetry: 16.21-16.30 
Fundamental Theorem of Algebra: 17.1, 17.37 
Fundamental Theorem of Arithmetic: 12.1 


G 


Gauss-Jordan elimination: see reduced-row 
echelon form 
Gaussian elimination: see row echelon form 
geometric word problems: 23.16—23.22 
graphing 
absolute value functions: 16.3—16.4, 16.12- 
16.14, 16.28, 16.40-16.44 
circles: 22.12, 22.16 
ellipses: 22.23, 22.26 
exponential functions: 19.1-19.2, 19.4-19.9 
hyperbolas: 22.38, 22.42 
linear absolute value equations: 5.40—5.44 
linear equations: 5.7-5.9, 5.11, 5.13-5.14, 5.21, 
5,23, 5.25, 5.39, 6.21-6.22, 6.24, 6.26, 6.32, 
6.38, 6.41, 6.43, 8.1-8.7 
linear inequalities: 7.5—7.43, 8.29-8.36, 8.40 
logarithms: 18.11-18.12, 18.14-18.16 
parabolas: 16.1—-16.2, 16.26, 16.31, 16.38, 
17.16, 17.40, 22.3, 22.6 
quadratic functions: 16.1—-16.2, 16.26, 16.31, 
16.38 
quadratic inequalities: 14.37, 14.39, 14.41, 14.43 
rational functions: 16.7-16.8, 16.15, 16.17, 
16.30, 16.33-16.34, 20.38, 20.41, 20.44 
rational inequalities: 21.33, 21.36, 21.40, 21.44 
square roots: 16.9-16.11, 16.16, 16.29, 16.35, 
16.37, 16.39 
(using a) table of values: 16.1—-16.9, 16.12, 
16.26-16.30, 18.11-18.12, 18.15, 20.41, 
20.44 
(using) transformations: 16.31-16.40, 17.15- 
17.16, 17.20, 17.40, 18.14, 18.16, 19.5, 19.9, 
20.38 
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greatest common factor: 2.12, 2.14, 2.16-2.17, [ 
12.9, 12.11-12.16, 12.29-12.30, 12.33 


grouping symbols: 1.22-1.31 
leading coefficient: 11.6, 11.8, 20.36 


LH leading coefficient test: 17.14-17.20, 17.40 
least common denominator: 2.22—2.24, 2.26, 
2.28-2.30, 3.6, 20.9-20.18, 21.9, 21.12-21.20, 


half-life: 19.40-19.43 91.31, 21.41 
horizontal asymptotes: 20.35, 20.37, 20.40, 20.42 — like radicals: 13.21-13.24, 15.15 
horizontal line test: 15.29-15.30, 15.35 like terms: 3.6, 11.9 
hyperbola: 22.33-22.43 linear equations 

graphing: 5.7-5.9, 5.11, 5.13-5.14, 5.21, 5.23, 

| —| = K 5,25, 5.39, 6.21-6.22, 6.24, 6.26, 6.32, 
6.38, 6.41, 6.43 

egg Complexes in one variable: 4.1—4.28, 4.37-4.43 
identity matrix: 10.4-10.7, 10.34-10.38, 10.40— RR are Pes eee pees i 
: iat ; 6.43-6.44 
acenELy aoe) eae re slope-intercept form of: 6.11-—6.20, 6.21—6.26, 
improper fractions: 2.8-2.10, 2.19 6.32, 6.38, 6.41, 6.32, 22,36, 22.39 
acs cor a Fae ical): ce ci Pe standard form of: 5.37-5.38, 6.29-6.36, 6.39, 
indirect variation: see inverse variation 6.42 6.44 
inequalities : 


linear programming: 8.36—8.43 


compound: 7.21-7.30, 7.36 iogarithins 


containing absolute values: 7.27-7.34, 7.36—-7.39 change of base formula: 18.25-18.33 
graphing in the coordinate plane: 7.40-7.43 common logarithms: 18.17-18.20 


graphing on a number line: 7.13-7.17, 7.22, : ele . 
quations: 18.1—-18.10, 18.19, 18.31-18.33, 
7.24, 7.26, 7.28-7.30, 7.32-7.34 19.2519, 35 


linear, in one variable: 7.5—7.12, 7.17—7.20, expressions: 19.12, 19.14-19.18 


FEB ED graphing: 18.11-18.12, 18.14-18.16 
linear, in two variables: 7.40—7.43 natural logarithms: 18.21-18.24 
so ee properties: 18.34-18.44, 19.14, 19.16-19.18, 
inequality symbols: 7.1-7.4 19,28, 19.31-19,32, 19,35 
integer word problems: 23.1-23.5 lonedivision® 1190211396 
integers: 1.2, 1.8-1.9 8 “es, , 
intercepts: 5.18—5.25, 5.37, 6.9, 6.17, 6.44, 18.13, 
19.3 M =e N 
interest 
compound: 23.11-23.13, 23.15 major axis: 22.22-22.24, 22.26, 22.29, 22.31- 
continuously compounding: 23.14-—23.15 99 39 
simple: 23.9-23.11 matrices 
inverse functions: 15.27—15.37, 19.4, 19.10-19.11 adding and subtracting: 9.7-9.15, 10.3 
inverse matrix: 10.34-10.41 augmented: 10.1-10.2, 10.19, 10.23, 10.25- 
inverse properties: 1.40-1.41 10.26, 10.32, 10.34, 10.36, 10.38, 10.40 
inverse variation: 21.26-—21.30 cofactors: 9.32—9.33 
irrational numbers: 1.6, 1.8 determinants: 9.26—9.30, 9.34—9, 37 


elements: 9.2-9.3, 95-9.6 
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equations: 10.37, 10.39-10.41 
identity: 10.4—10.7, 10.34-10.38, 10.40-10.41 
inverse: 10.34—-10.41 
minors: 9.31—9,33 
multiplying: 9.16—9.25, 10.4, 10.7, 10.35, 10.37, 
10.41 
order: 9.1, 9.4 
reduced-row echelon form: 10.18—10.34, 10.36, 
10.38, 10.40 
row echelon form: 10.18—10.21, 10.23, 10.25— 
10.29, 10.32 
row operations: 10.8—10.17 
scalar multiplication: 9.10-9.15 
midpoint formula: 22.20, 22.33 
minor (of a matrix): 9.31—9.33 
minor axis: 22.23-22.24, 22.26 
mixed numbers: 2.7—2.10 
mixture word problems: 23.30-23.33 
multiplicative identity: 1.36, 1.41, 10.4, 10.6 


natural logarithms: 18.21—-18.24 
natural numbers: 1.1-1.2, 1.8-1.9 
number line: 5.1—5.3 


oblique asymptotes: 20.43 

odd functions: 16.24 

odd numbers: 1.3, 1.9, 23.3 

optimizing expressions: 8.36—8.43 

order (of a matrix): 9.1, 9.4 

order of operations: 1.22—1.30, 1.39, 3.30-3.39 
ordinate: 15.1—15.4 


parabolas: 16.1-16.2, 16.26, 16.31, 16.38, 17.16, 
17.20, 17.40, 22.1-22.11 

parallel lines: 5.33-5.34, 6.37, 8.7 

percentages: 2.2, 2.4, 2.6 

perimeter: 23.17, 23.20 

perpendicular lines: 5.35—5.36, 6.40 

pi (z): 1.6 


piecewise-defined functions: 15.38—-15.43 
point-slope form of a line: 6.1-6.10, 6.20, 6.37, 
6.43 
polynomials 
adding and subtracting: 11.9-11.18 
classifying: 11.1-11.8 
leading coefficient of: 11.6, 11.8 
long division of: 11.29-11.36 
multiplying: 11.19-11.28, 11.31 
synthetic division of: 11.37-11.45 
population modeling: 19.36-19.39 
prime factorization: 2.30, 2.32, 12.1-12.8, 12.10, 
12.15, 20.3, 20.5, 20.11 
prime numbers: 1.4, 1.9, 12.1 
principal: 23.9—23.15 
prism: 23.22 
properties of algebra: 1.31-1.44 
proportional variation: see direct variation 
proportions: 21.1—21.11 


quadratic equations: 
(solving by) completing the square: 14.14-14.19, 
14.27 
(solving by) factoring: 14.1-14.3, 14.5-14.9, 
14.11, 14.35, 14.38, 14.42 
(solving using the) quadratic formula: 14.20- 
14.28, 14.30-14.34, 14.40, 23.5, 23.22 
(solving using) radicals: 14.4, 14.10 
quadratic formula: 14.20-14.28, 14.30-14.34, 
14.40, 17.13, 17.37, 21.7, 21.17, 21.20, 23.5, 23.22 
quadratic inequalities 
graphing: 14.37, 14.39, 14.41, 14.43 
solving: 14.35-14.36, 14.38, 14.40, 14.42 


R 


radical equations: 13.32-13.36, 14.28 
radical expressions 
adding/subtracting: 13.21-13.24, 15.15 
classifying: 13.1, 13.3 
dividing: 13.29-13.31 
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multiplying: 13.25—-13.28 
simplifying: 13.2, 13.4-13.12, 13.14-13.20, 
13.22-13.31, 13.37-13.38 
radicand: 13.1, 13.3 
radius: 22.12, 22.15, 22.17-22.18, 22.21, 23.16, 
23.18, 23.21 
range: 16.11, 16.14, 16.20, 16.26-16.30, 18.13, 
19.3 
rational equations: 4.13—4.14, 4.19, 4.23, 21.2- 
21.20, 23.37-23.43 
rational exponents: 13.13-13.20, 18.4 
rational expressions 
adding and subtracting: 20.9-20.19, 21.9, 
21.37, 21.41 
dividing: 20.23—20.28 
graphing: 20.38, 20.41, 20.44 
multiplying: 20.20-20.22, 20.28-20.29 
(containing) signed numbers: 1.26—1.28, 1.30 
simplifying: 15.13, 20.1-20.34 
rational functions 
domain of: 16.15, 16.17, 16.30 
graphing: 16.7-16.8, 16.33-16.34 
rational inequalities 
graphing: 21.33, 21.36, 21.40, 21.44 


solving: 21.31-21.32, 21.34-21.35, 21.37-21.39, 


21.41—-21.43 
rational numbers: 1.5—1.6, 1.8—-1.10 


rational root test: 17.28, 17.31, 17.33, 17.36, 17.43 


real numbers: 1.7—1.10 

rectangle: 23.17, 23.20 

reduced-row echelon form: 10.18—10.34, 10.36, 
10.38, 10.40 

reducing fractions: 2.11, 2.13, 2.15-2.17, 2.35 

relations: 15.1-15.8 

remainder theorem: 17.2-17.5 


roots (of functions): 17.6, 17.9, 17.11, 17.13, 17.29, 


17.30, 17.32, 17.34, 17.37, 17.39 

row echelon form: 10.18-10.21, 10.23, 10.25- 
10.29, 10.32 

row operations: 10.8-10.17 


S 


scalar multiplication: 9.10—9.15 
scientific notation: 3.19-3.22 
set notation: 7.35-7.39 
signed numbers 
adding and subtracting: 1.11-1.13, 1.17-1.21, 
13) 
multiplying and dividing: 1.14-1.16, 1.33 
simple interest: 23.9—23.11 
slant asymptote: see oblique asymptotes 
slope: 5.26-5.39, 6.28, 6.30-6.31, 6.37, 6.40, 
6.43-6.44, 22.36, 22.39 
slope-intercept form of a line: 6.11-6.20, 6.21- 
6.26, 6.32, 6.38, 6.41-6.42, 7.40-7.43, 22.36, 
2ao9 
solving equations: see equations 
speed word problems: 23.23-23.29 
square: 23.17 
square root functions: 16.9-16.11, 16.16, 16.29, 
16.35, 16.37, 16.39 
standard form 
(of a) circle: 22.13-22.14, 22.17, 22.19, 22.21 
(of an) ellipse: 22.22, 22.24-22.25, 22.28, 
22.31-22.32 
(of a) hyperbola: 22.35, 22.37-22.38, 22.41- 
2242 
(of a) linear equation: 5.37-5.38, 6.29-6.36, 
6.39, 6.42, 6.44 
(of a) parabola: 22.1-22.2, 22.4-22.5, 22.7, 
22.10-22.11 
story problems: see word problems 
substitution technique: 8.8—8.18, 23.5 
sum of perfect cubes: 12.31-12.32, 12.34, 20.26 
symmetric property: 1.37, 1.44 
symmetry: 16.21-16.30 
synthetic division: 11.37-11.45, 17.3-17.5, 17.10, 
17.12, 17.30, 17.32, 17.34, 17.37, 17.39, 20.8, 
20.27, 20.43 
systems of equations 
graphing: 8.1-8.7 
solving via Cramer’s Rule: 9.38—9.44 
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solving via elimination: 8.18—8.28, 9.39, 23.6, 
23.8 
solving via matrices: 10.19-10.24, 10.26—10.33 
solving via substitution: 8.8-8.18, 23.5 
systems of inequalities: 8.29—8.36, 8.40 


7 


table of values: 5.10, 5.12—5.17, 5.40, 16.1-16.9, 
16.12, 16.26-16.30, 18.11-18.12, 18.15, 19.1, 
19.6, 20.41, 20.44, 22.6 

transformations: 16.31—-16.40, 17.15-17.16, 17.20, 
17.40, 18.14, 18.16, 19.5, 19.9, 20.38 

transitive property: 1.42, 1.44 


transverse axis: 22.34—22.35, 22.38, 22.40, 22.42— 


22.43 
triangle: 23.19 


variation 


direct (proportional): 21.21—21.25 
inverse (indirect): 21.26—21.30 
vertex 
(of an) absolute value graph: 5.41—5.44, 16.41 
(of an) ellipse: 22.27, 22.29 
(of a) hyperbola: 22.34, 22.38, 22.42 
(of a) parabola: 17.20, 17.40, 22.2, 22.5, 22.8, 
2211 
vertical asymptotes: 20.35—20.36, 20.39, 20.42 
vertical line test: 16.23 
volume: 23.21-23.22 


W-X-Y-Z 


whole numbers: 1.1, 1.8—1.9 
word problems 
age: 23.6-23.8 
coins: 23,.34-23.36 
distance: 23.23-23.29 
geometric: 23.16—23.22 
integer: 23.1-23.5 
interest: 23.9-23.15 
mixture and combination: 23.30—23.33 
work: 23.37-23.43 
work word problems: 23.37-23.43 


zero matrix: 10.3 


zero product property: 14.1, 22.32 
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